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PREFACE 


TN the following work I have tried to write an elementary 
dais-book on those parts of Dynamics of a Particle and 
Rigid Dynamics which ar^ usually read by Students attending 
a course of lectures in \p]^lied Mathematics for a Science or 
Engineering Degree, and by Junior Students for Mathematical 
Honours. Within the lindts with which dt professes to deal, 
I hope it will be found to be fairly complete. 

I assume that the Student has previously read some such 
course as is included in my Elementary Dynamics. I also assume 
that he possesses a fair working knowledge of Differential and 
Integral Calculus ; the Differential Equations, with which he 
will meet, are solved in the Text, and in an Appendix he will 
find a summary of the methods of solution of such equations. 

In Rigid Dynamics I have chiefly confined myself to two- 
dimensional motion, and I have omitted all reference to moving 
axes. 

I have included in the book a large number of Examples, 
mostly collected from University and College Examination 
Papers; I have verified every question, and hope that there 
will not be found a large number of seripus errors. 

For any corrections, or suggesiiions for improvement, I shall 
be grateful. * 

S. L. LONEY. 


feoYAL Holloway College, 

Englkfikld Green, Surrey, 
October 23, 1909. 
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CH’APTER i 


FUNDAMENTAL DEFINITIONS AND PRINCIPLES 

1 . The velocity of a point, is the rate of its displacement, 
so that, if P be its position at time t and Q that at time t + 

... • PQ 

the limiting value of the* quantity as /^t is made very 
small, »is its velocity. 

Sinte a displacement has both magnitude and direction, 
the velocity possesses both also; the latter can therefore be 
represented in magnitude and direction by a straight line, and 
Js hence called a vector quantity. 

t 

2. A point may have two velocities in different directions 
at the same instant; they may be compounded into one 
^velocity by the following theorem known as the Parallelogram 
of Velocities ; 

If a moving point possess simultaneously velocities which are 
represented in magnitude and direction by the two sides of a « 
parallelogram drawn from a point, they are^ equivalent to a 
velocity which is represented in magnitude and direction by the 
diagonal of the parallelogram passing through the point. 

Thus two component velocities AB, AG are equivalent to 
the resultant velocity AB, where AD is the diagonal of the 
parallelogram of which AB, AP are adjacent sides. 

If BAG be a right angle and BAD = 9, then A J5 = A J5 cos 0, 
A (7 =5= AD sin 6, and a velocity v along AD is equivalent to the 
two component velocities v cos 0 along AB and v sin 0 along AG, 

Tfiangle of Velocities. If a point possess two velocities 
completely represented (i,e, represented in magnitude, direction 
and sense) by two straight lines AB and BG, their resultant is 

L. D. 1 
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completely represented by AC. For completing the parallelo- 
gram ABGD, the velocities AB, BG ar^ equivalent to AB, AD 
whose resultant is AG. 

Parallelopiped of Velocities. If a pcrlnt possess tlp*ee 
velocities confpletely represented by three straight lines OA, 
OB, OG their resultant is, by successive applications of the 
parallelogram of velocKies, completely represented by OD, the 
diagonal of the parallelopiped of which OA, OB, OG are con- 
terminous edges. ( 

Similarly OA, OB and 00 are the component velocities of OD. 

If OA, OB, and OG are mutually at right angles and u, v, w 
are the velocities of the moving j^oiat along these directions, the 
resultant velocity is + along a line whose direction 

cosines are proportional to u, v, w and are thus equal tp 


/u^ -f- v^ -\- ’ V w"? 4 - + 1 




Similarly, if OD be a straight line whose direction cosines 
referred to three mutually perpendicular lines OA, OB, OG are 
I, m, n, then a velocity V along OD is equivalent to component 
ve^ipities lV,mV,nV along OA, OB, and OC respectively. 


Change of Velocity. Acceleration. If at any instant 
the velocity of a moving point be represented by OA, and ab 
any subsequent instant by OB, and if the parallelogram OABG 
be completed whose diagonal is OB, then OG ox AB represents 
the velocity which must be compounded with OA to give OB, 
i.e. it is the change in the velocity of the moving point. 

Acceleration is the rate of change of velocity, i.e. if OA, 
OB represent the velocities at times t and t + then the 


limiting value of 


AB 


(i.e, the limiting value of the ratio of the 


change in the velocity to the change in the time), as At becomes 
indefinitely small, is the acceleration of the moving point. As 
in the case of velocities, a moving point may possess simul- 
taneously accelerations in difierent directions, and they may be 
compounded into one by a theorem known as the Parallelogram* 
of Accelerations similar to the Parallelogram of Velocities. 

As also in the case of velocities an acceleration may be 
resolved into two component accelerations. 
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The results of Art. 2 are also true for accele^rations as well 
as velocities. 

4. ilplative Velocity. When the distance between two 
moving pofnts is altering, either in direction or in magnitude or 
in both, each point is said to have a -velocity relative to the 
other. 

Suppose the velocities of two moving points A and B to be 
represented by the two lines AP and BQ (which are not 
necessarily in the same plane), so that in the unit of time the 
positions of the points would change from A and BtoP and Q. 
Draw Bit equal and parallel to AP. The velocity BQ is, by 
the Triangle of Velocities, equivalent to the velocities Bit, BQ, 
ie. the velocity of i> is equivalent to the velocity of A together 
with a velocity BQ. 



The velocity of B relative to A is thus represented by BQ. 

Now the velocity BQ is equivalent to velocities BB and BQ 
[by the Triangle of Velocities), ie. to velocities completely 
represented by BQ and PA. 

Hence the velocity of B relative to A is obtained by com- 
pounding the absolute velocity of B with a velocity equal and 
opposite to that of A. 

Conversely, since the velocity BQ is equivalent to the 
velocities BB and BQ, i.e. to the velocity of A together with 
the velocity of B relative to A, therefore the velocity of any 
point B is obtained by compounding together its velocity relative 
to any other point A and the velocity of A. 

The same results are true for ac^eleratipns, since they also 
are vector quantities and therefore follow the parallelogram law, 

6. Angular velocity of a point whose motion is in 
one ]Aane. 

If a point P be in motion in a plane, and if 0 be a fixed 

point and Ox a fixed line in the plane, the rate of increase of 

1—8 
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the angle xOP^ipet unit of time is called the asgular velocity of 
,P about 0. 

Hence, if at time t the angle 
xOP be 0, the angular velocity 

about 0 is — ^ 
at 

If Q be the position «f‘the point 
P at time t -I- where dd is small, 
and V the velocity* of the point at 
time t, then 

« 

If 

Z POQ = M, and OP = r, 00 -r + Ar, 

then 

r(r + Ar) 8mA0 = 2APOQ=^PQ . OY, 
where OF is the perpendicular on PQ. 

Hence, dividing by At, and proceeding to the limit when At 
is very small, we have 

^dd 

where p is the perpendicular from 0 upon the tangent at P to 
the path of the moving point. 

Hence, if o) be the angular velocity, we have . p. 

The angular acceleration is the rate at which the angular 
velocity increases per unit of time, and 



d . \ d /v.p\ 


Areal velocity. The areal velocity is, similarly, the rate at 
which the area XOP increases per unit of time, where X is 
the point in whidh the path of p meets Ox. It 


^ * area POQ , , 

= Lt-— - = 


6. Mass and Force. Matter has been defined ifco be< 
“that which can be perceived by the senses” or “that which 
can be acted upon by, or can exert, force." It is like time and 
space a primary conception, and hence it is practically im- 
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I * 

pbssible to give it a precise definition. A body.is a portion of 
matter bounded by surfi^ses. 

• • A p&rticle is a portion of matter which is indefinitely small 
inwall its •dimensions. It is the physical correlative of a 
geometrical point. A body which ^s incapable 8f any rotation, 
oi^ which moves without any rotation, may for the purposes of 
Dynamics, be often treated^ a particle. 

The mass of a body is the quantity of matter it contains. 

A force Uk that which changes, or tends to change, the state 
of rest, or uniform mqtion, of a bo^y. 

\ 0 

7 . If to the same mass ®^pply forces i6 succession, and 
they generate the name v^ocity in the same time, the forces 
are said to \>e equal. 

If th^ same force be applied to two different masses, and if 
it pro9uce in them the same velocity in the same time, the 
masses are said to be equal. 

It is here assumed that it is possible to create forces of 
equal intensity on different occasions, e.g. that the force 
•necessary to keep a given spiral spring stretched through the 
same distance is always the same when other conditions are 
unaltered. 

Hence by applying the same force in succession we can 
obtain a number of masses each equal to a standard unit of 
mass. 


8 . Practically, different units of mass are used under 
different conditions and in different countries. 

The British uniii of mass is called the Imperial Pound, and 
consists of a lump of platinum deposited in the Exchequer 
Office. 

The French, or Scientific, unit of mags is /called a gramme, 
and is the one-thousandth part df a certain quantity of platinum, 
called a Kilogramme, which is deposited in ^he Archives, 

One gramme = about 15*432 grains 

= •0022046 lb. 

One Pound = 453*59 grammes. 

9. The units of length employed are, in general, either a 
foot or a centimetre. 
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A centimelye is the one-hundredth part of*a metre which * 

= 39‘37 inches •* 

= 3*2809 ft. approximately. 

The unit of time is a second. 86400 seconds ar^ equal t© a 
mean solar da^, which «is t^e mean or average time taken by 
the Earth to revolve once^on its axis with regard to the Sun.* 

The system of unitS in which h centimetre, gramme, and 
second are respectively the units of length, mass, and time is 
called the C.G.s. system of units. 

10. The density of a body, w^ien uniform, is the mass of a 
unit volume of the body, so that* if m is the mass of a volume 
F of a body whose d^sity is p, *then m— Fp. When the 
density is variable, its value at any point of the £ody is equal 
to the limiting value of the ratio of the ^ass of a v^y small 
portion of the body surrounding the point to the volume of 
that portion, so that 

p = Lt. y , when F is taken to be^ indefinitely small. 

The weight of a body at any place is the force with which 
the earth attracts the body. The body is assumed to be of such 
finite, size, compared with the Earth, that the weights of its 
component parts may be assumed to be in parallel directions. 

If m be the mass and v the velocity of a particle, its 
Momentum is mv and its Kinetic Energy is The former 

is a vector quantity depending on the direction of the velocity. 
The latter does not depend on this direction and such a quantity 
is called a Scalar quantity. 

11. Newton’s Laws of Motion. 

Law I. Every body continues in its state of rest, or of 
uniform motion in a straight line, except in so far as it be 
compelled by impressed force te change that state. 

Law //. The raite of change of momentum is proportional 
to the impressed force, and takes place in the direction in which 
the force acts. 

Law III. To every action there is an equal and opposite 
reaction. 

These laws were first formally enunciated by Newton in his 
Principia which was published in the year 1686. 
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* 12. If P ]| 2 e the force which in a particje . of mapw m 
produces an acceleratioi^*/, tlfen Law II states that 
d 

' where \ is some constant, 

= \mf. 

If the unit of force be s,o chosen tl\^t it shall in unit mass 
produce unit ‘acceleration, this becomes P = mf. 

If the mass be not constant we must have, instead, 

The unit of force, for^the Foot-Pound-Second system, is 
called a Poupdal, afM that for the C.G.S.l3ystem is called a Dyne. 


13. •The accelercjjjiion of a freely falling bddy at the Earth's 
surfacfe is denoted by which has slightly different values at 
different points. In feet-second units the value of g varies 
from 32*09 to 32*25 and in the c.G.s. system from 978*10 to 
983*11. For tfie latitude of London these values are 32*2 and 
981 very approximately, and in numerical calculations these are 
the values general!/ assumed. 

If W be the weight of a mass of one pound, the previous 
article gives that 

W — l,g poundals, 

so that the weight of a lb. = 32*2 poundals approximately. 

So the weight of a gramme = 981 dynes nearly. 

A poundal and a dyne are absolute units, since their values 
are the same everyjvhere. 

14. Since, by the Second Law, the change of motion pro- 
duced by a force is in the direction in which the force acts, we 
find the combined effect of a set of forces on the motion of a 
particle by finding the effect of each force just as if the other 
forces did not exist, and then compounding these effects. This 
is the principle known as that of the Physical Independence of 
Forces, 

From this principle, combined with the Parallelogram of 
Accelerations, we can easily deduce the Parallelogram of 
Forces. 



8 


Dytuimics of a Partide 


16. Impiijpe of a force. Suppose thafc at time t the 
value of a force, whose direction* is cop'stant, is P. Then the 

impulse of the force in time r is defined to^be J f .dt. 

From Art. 12 it follows that the impulse 

“a 




the momentum generated in the direction 
of the force in time r. • 


Sometimes, as in the casetof blows and impacts, we have to 
deal with forces, which are very ^reat and act for a very short 
time, and we cannot measure the ma^itude^f the forces. We 
measure the effect of such forces by the momentufti each pro- 
duces, or by its in^ulse during the time of its action. • 

^ • 

16. Work. The work done by a force is equal tp the 
product of the force and the distance through which the point 
of application is moved in the direction of th^ force, or, by 
what is the same thing, the product of Che element of distance 
described by the point of application and the resolved part of 
the force in the direction of this element. It therefore = JPds, 
where ds is the element of the path of the point of application 
of the force during the description of which the force in the 
direction of ds was P. 

If X, Y, Z be the components of the force parallel to the 
axes when its point of application is {x, y, z), so that Z = P ^ , 
etc. then 


l(Xda;+Vdi/ + £d^)=j(P-£diC 

= tlje work* done by the force P. 


Fds 


The theoretical units of work are a Foot-Poundal and an 
Erg. The former is the work done by a poundal during a dis- 
placement of one foot in the direction of its action ; the lalter 
is that done by a Dyne during a similar displacement of one cm. 

One Foot-Poundal = 421390 Ergs nearly. One Foot-Pound 
is the work done in raising one pound vertically through one foot. 



FurMamental Definitions and Principles 9 

% * 

17. Power,. The rate of work, or Power, of an agent is the 

work that would be doUf by it in a unit of time. ^ 

• • Th^ unit of power used by Engineers is a Horse-Power. An 
agent is s%id to be Vorking with one Horse-Power, or H.P., when 
it would raise 33,000 pounds through o|ie foot paer minute. 

18. The Potential Energy of a body due to a given system 
of forces is the work the system can do on the body as it passes 
from its present configuration to some standard configuration, 
usually calllH the zero position. 

For example, since the a^trac^ion of the Earth (considered 
as a uniform sphere of radius^a and density p) is known to be 

7 . ^ . ;^*at a distance x from the cehtre, the potential energy 


of a unk particle at a distance y from the ce«tre of the Earth, 

= /J ( - = I wa* (i - i) . 

the surface of the earth«being taken as the zero position. 


19. From the definitions of the following physical quantities 
in terms of the units of mass, length, and time, it is clear that 
their dimensions are as stated. 


Dimensions in 


Quantity 

Volume Density 
Velocity 

Acceleration 

Mass 

1 

length 

-3 

1 

1 

Time 

-1 

-2 

Force 

1 

1 

^2 

Momentum * 

i 

1 

-.1 

Impulse 

1 

1 


Kinetic Energy 

1 

2 

~2 

Power or Rate of Work 
Angular Velocity 

. 1 

\ 


-3 

-1 
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MOTION IN A« STRAIGHT LINE 

* • ^ 

20. Let the distance of a moving poist P from a fixed 
point 0 be a: at any time t Let its distance similarly at time 
^ be a? + AiP, that FQ = Ao?. • 


t 

The velocity of P at time t • 

= Limit, when A^ = 0, of 

At 

= Limit, when = 0, of ^ ^ . 

A^ at 

Hence the velocity ^ ^ • 

Let the velocity of the moving point at time ^ + A^ be 

V + At;. 

Then the acceleration of P at time t 

A?; 

= limit, when At = 0, of ^ 

A^ 

""dt • 


21. Motion in a straight line with constant accelera- 
tion /. 

Let X be the distance of the moving point at time t from 
a fixed point in the straight line. 
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%-f ■ 

** “• . . dx 

Hence, oij integration, « = ^=/i+4 

^here is an arbitrary constant. » 

Integrating again, we have • ^ 

^ = 4 * - 4 ^ + 5 


( 1 ). 

( 2 ). 

( 3 ). 


where B is ^ arbitrary constant. 


dx 


Again, on multiplying (1) by 2^, and integrating with 

o 


respect to we have a 

»^=(§y=2>+G 

where G is an arbitrgfy constant. 

These three equations contain the solution of all questions 
on motion in a straight line with constant acceleration. The 
arbitrary constants A, J5, C are determined from the initial 
conditions. • 

Suppose* for example that the particle started at a distance 
a from a fixed point 0 on the straight line with velocity u in 
a direction away from 0, and suppose that the time t is 
reckoned from the instant of projection. 

We then have that when ^ = 0, then v—u and a? = a. Hence, 
the equations (2), (3), and (4) give 

u-A, a-B, and u^ = G + 2fa. 


Hence we have 

(c-a — ut-h J/i*, 


and = + 

the three standard equations of Elementary Dynamics. 

• • 

22. A particle moves in a Straigjit line OA starting from rest 
at A and moving with an acceleration wh/kh is always directed 
towards 0 and varies as the distance from 0; to find the motion. 

Let X be the distance OP of the particle from 0 at any 
time t ; and let the acceleration at this distance be fix. 

The equation of motion is then 
d?x 
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[We have a, negative sign on the ^ght-haad side because 

^ is the acceleration in the directioA of x increasingp i.e, jn 

the direction OP ; whilst fjia is the acceleWion tf)wards Q, 
i,e, in the direction PQ] 


A' 


-i 4 1- 

p/. o 




A 


dx 


Multiplying by 2 ^ and integrating, we have • 


dx 


If Oil be a , then ^ = 0 when a? = a, so that 0 = — /la* 4- 0, 
^ cut • 


and 


••• 

dt ^ • 


.( 2 ). 


[The negative sign is put on the right-hand side because 
the velocity is clearly negative so long as OP is positive and P 
is moving towards 0.] 

Hence, on integration, 


where 


j. / f dx 1 ® yw 


0 = cos~^ - + Oi, i,e. Cl = 0, 
a 


if the time be measured from the instant when the particle 
was at A. 

a: = a cos (3). 

When the particle arrives at 0, xis zero ; and then, by (2), the 
velocity = - a Xhe particle thus passes through 0 and 
immediately the acceleration alters its direction and tends to 
diminish the velocity; also the velocity is destroyed on the 
left-hand side of 0 as rapidly as it was produced on the right- 
hand side ; hence the particle comes to rest at a point A' such 
that OA and OA^ are equal. It then retraces its path, passes 
through 0, and again is instantaneously at rest at A. The whole 
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motion of the .^article is thus an oscillation from A to A' and 
back, continually repeai^ed ov6r and over again. 

' o Tho time from .d. to 0 is obtained by putting x equal to zero 

iff (3). This gives cos = 0, ie, t = 2 ^ * 

The time from A to A' and ?)ack again, i,e. the time of a 


27r 


complete ‘oscillation, is four times this, and therefore = 

This reffult is independent of the distance a, i,e, is inde- 
pendent of the distance from thp centre at which the particle 
started. It depends solely On the quantity ji which is equal 
to the acceleration at un,^t distance from the centre. 

23. Motion of the kind investigated in the previous article 
is called Simple Hs^puonic Motion. 

27r 

The time, — , for a complete oscillation is called the 

^//Jb 

Periodic Time of the motion, and the distance, OA or OA', 
to which the particle vibrates on either side of the centre of 
the motion is called the Amplitude of its motion. 

The Prequencj^ is the number of complete oscillations that 

the particle makes in a second, and hence = — « -• } ■ r -- — = ^ . 
^ Periodic time 27r 

24. The equation of motion when the particle is on the 
left-hand side of 0 is 


— 


= acceleration in the direction P'A 


/a . P'O = (— a?) = — fix. 

Hence the same equation that holds on the right hand of 0 
holds on the left hand also. 

As in Art. 22 it is easily sgen that the mbst general solution 
of this equation is 2 , 

a? = a cos + (1), 

which contains two arbitrary constants a and e. 

® don 1 

This gives ^ + «) (2). 

• • 2*7r 

(1) and (2) both repeat when t is increased by — , since the sine 

tjfi 
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and cosine of an angle always have the same, value when the 
angle is increased by 27r. • ^ • 

‘ Using the standard expression (1) for the dispIacem«nVih,a 
simple harmonic motion, the quantity e is caHe^ the ]Qppo6!h, the 
angle -f e ig called the Argoment, whilst the Fhaae of tfie 
motion is the time that^as elapsed since the particle was at its 
maximum distance in the posjtive^ direction. Clearly a? is a 
maximum at time wWe V/4^o + «==0. 

Hence the phase at time t 


V/% 


Motion of the* kind considered^ in^ this article, in which the 
time of falling to a given point is the samS whatever be the 
distance through which the particle falls, is called Tauto- 
chronous. * 


26 . In Art. 22 if the particle, instead of being alt rest 
initially, be projected from A with velocity V in the positive 
direction, we have 

Hence F»+/x(o^-a^) 

t= a^), where 6* = a® H (1), 

H' 

... g = 


tmd 


iV^=;-cos*"^^+(7i, where 0 = — cos’’’^ + (7i 


. (I 


,00 


. t tsjfju = cos~^ ^ — COS”^ J ^ • 

From (1), the velocity vanishes when 

/ F* 


and then, from (2), 


^ y O' • ^ A 

tVM*=cos t = -r 

b V/A 


cos- 






.( 2 ). 


The particle then retraces its path, and the motion is the 
same as in Art. 22 with b substituted for (u 
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«> 

*26. Compi^janding of two simple harmonic motions of 
the same period and theisame straight line. 

• Thf most general displacements of this kind are given by 
a cos {nt and Wcos {nt +• €'), so that 

a? = a cos (nt + e) + 6 cos (nt + # 

= cos nt (a cos e 4- 6 cos e') — sin nt (a sin e + 6 sin e'). 

Let a cos € & cos e' = A cos E 

and a sin e + i sin e' = A sin E 

so that 



: 4- 2ab cos (e — t), and tan E = 


a sin €4-6 sin e' 


XI. — - ▼ U/ T” V T AMI/ I C C CbUU. UCItXX f / • 

ft cos e + 0 008 e 

Then « =*/l cos (ni + 

c 

so that the composition of the two given motions gives a similar 
motion “of the sam^ period whose amplitude and epoch are 
know]^. 

If we draw OA (= a) at an angle € to a fixed line, and 


OB (=b) at aij angle and complete the parallelogram OACB 
then by equations (1) We see that 00 represents A and that it 
is inclined at an angle E to the fixed line. The line repre- 


senting the resultant of the two given motions is therefore the 


geometrical resultant of the lines representing the two com- 
ponent motions. 

So with more than two such motions of the same period. 


27. We cannot compound two simple harmonic motions of ^ 
different periods. 

The case when the periods are nearly but not quite equal, is 
of some considerable importance. 

In this case we have 

^ == a cos (nt 4- e) 4“ 6 cos (n't + e'), 

o 

where n'-nm small, = \ say. * 

Then « == a cos (nt 4- e) 4- 6 cos [n^-f c/], 
where e/ = Xt 4- e'. 

By the last article 

A cos (nt-hE) (1), 

il* = aH 6* 4- 2ah cos (e - e/) 

« a* 4- 6^ 4- 2a6 cos [c — e' — — n) t] (2), 


whore 
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and 


tan E = 


a sin € -f J sin c/ 


..( 3 ). 


a cos € + b cos'c/ 

^ a sin € + 6 sin [e' H- (n' — n) {] 
a cos € 4- 6 cos [e' + (w - rif) 

Th6 quantifies A and E are now not constant, but they 
vary slowly with the time, since n' — « is very small. 

The greatest value o£ A is when 5 — e' — (n' ’-n) t = any even 
multiple of tt and then its value is a + 6. 

The least value of A is when e — e' ~ (n' ~ ^ = any odd 

multiple of tt and then its value is a — i. ^ 

At any given time therefore the motion may be taken to be 
a simple harmonic motion of the same approximate period as 
either of the given component motions, but' with its amplitude 
A and epoch E gradually changing from definite minimum to 
definite maximunU values, the periodic times of these changes 

being . 

^ n —n 

[The Student who is acquainted with the theory of Sound 
may compare the phenomenon of Beats.] 

28. Ex. 1. Shew that the resultant of two simple harmonic vibrations 
in the same direction and of equal periodic time, the amplitude of one 
being twice that of the other and its phase a quarter of a period in advanc^ 
is a simple harmonic vibration of amplitude Jb times that of the first and 

whose phase is in advance of the first by ^ of a period. 

Ex. 2. A particle is oscillating in a straight line about a centre of 
force 0, towards which when at a distance r the force is m . 7iV, and a is 

d \/3 


the amplitude ‘Of the oscillation ; when at a distance 


from 0, the 


particle receives a blow in the direction of motion which generates a 
velocity wa. If this velocity be away from 0, shew that the new amplitude 
^ g a/ 3. 

Ex. 3. A particle P, of mass w, moves in a straight line Ox under 
X force nifM (distance) directed towards a point A which moves in the 
straight line Ox with constant acceleration a. Shew that the motion of F 
< Sfl* 

is simple harmonic, of jperiod ^ , about a moving centre which is always 
at a distance - behind A. 

ft 

Ex. 4. An elastic string without weight, of which the unstretched 
length is I and the modulus of elasticity is the weight of n ozs., is sjospended 
by one end, and a mass of m ozs. is attached to the other ; sheTw that the 

time of a vertical, oscillation is 2fr ^v/ — • 

V ng 
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Ex. 6. Orie end of an elastic string, whose modulus of elasticity is X 
and whose unstretched length is is fixed to a poifit oa a smooth 
horizontal table and the oth jr end is tied to a particle of mass m which 
is lying bn^the table. The particle is pulled to a distance where the 
extension of the string is h and then let go ; shew that the time of a 


complete oscillation is 2 



Ex. 6. An endless cord consists of two portions, of lengths 2^ and 2^' 
respectively, knotted together, their masses per unit of length being m and 
It is placed in stable equilibrium over a small smooth peg and then 
slightly displaced. Shew that the time of a complete oscillation is 


27r 




ml+nJV 


Ex. 7. Assuming that the earth attracts \^oints inside it with a force 
which varies ac the distance from its centre, shew that, if a straight 
frictionless airless tunnel be made from one point of the earth’s surface to 
any other point, a train ' ^ould traverse the tunnel in slightly less than 
three-quarters of an hour. 


29. Motion when the motion is in a straight line and the 
acceleration is proportional to the distance from a fixed point 0 
m the straight line and is always away from 0. 

Here the equation of motion is 


d^x 


( 1 ). 


Suppose the velocity of the particle to be zero at a distance 
a from 0 at time zero. 

The integral of (1) is 


(^) where 0 = + 

dx 


dt 


= — a*) 


^(2), 


the positive sign being taken in the right-hand member since 
the velocity is positive in this case. ’ 

c dx 

= = + V«“-a>]+5, 

where * 0 = log [a] + B. 






I.. D. 
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/. X + \/a^ — a® = 
0?— — a* = 


a& 

( , 

tt* ( 


Hence, by addition, 

a , 


a?+ — a* 


= a«“ 




•( 3 ), 


As < increases, it follows from (3 that x continiially increases, 
and then from (2) that the velocity continually increases also. 

Hence the particle would continually mow^i along the 
positive direction of the axis <of x and with continually increasing 
velocity. , 

Equation (3) may be written in ^he form 
x — aGOsh{*sfJit), 
and then (2) gives v = a sinh (V 

80. In the previous article suppose that the particle were 
initially projected towards the origin 0 with velocity V ; then 

dx ^ 

we should have ^ equal to — F when a? — a ; and equation (2) 

would be more complicated. We may hoVvever take the most 
general solution of (1) in the form 

X = (4), , 

where G and D are any constants. 

dx 

Since, when ^ = 0, we have x^a and ^ — F, this gives 

a=0+2), and — F = 

^1/ F> 


(4) gives 


and D • 





( 5 ) 

-;^sinh(v7l0 

( 6 ) 


= a cosh fit) - 
In this case the particle will arrive at the origin 0 when 



i.e. when 


i.e. when 


Motion in a itraight Ivm 

1 , F + a 

“"2 V/A V-aJfj,* ^ 


-In the particular case when F^aV/w- this value of t is 
infinity. • 

If therefore the particle were projected at distance a towards 
the origin wij^h the velocity a\//A, it would not arrive at the 
origin until after an infinite time. 

Also, putting F= a Vm (^X we have 

and v = ^ = — 

The p&rticle would- therefore always be travelling towards 0 
with a* continually decreasing velocity, but would take an 
infinite time to get there. 

31. A particle moves in a straight line OA with an accelera^ 
ifion which is always directed towards 0 and varies inversely as 
the square of its distance from 0; if initially the particle were 
at rest at A, find the motion. 


Let OP be x, and let the acceleration of the particle when 
at P be ~ in the (direction PO. The equation of motion is 
therefore 

« acceleration along 0P|= — ^ (1). 


Multiplying both sides by 2 ^ and integiating, we have 

2u 

where 0 = — + (7, from the initial conditions. 


8—8 
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Subtmting, (§)’=2/*(i-i). 


dx 

dt 


.( 2 ), 


the negative sign being prefixed because the motion of P is 
towards 0, ie. in the direction of x decreasing. 

Hence ^ — f a / — dx. 

To integrate the right-hand side, put a? = acos*0, and we 
have f 

t = f 2acos^sindd5 
Y a J sm 6 


= a J (1 4- cos 26) d6 = a(6-\‘ ^ sin 20) 4- Oj 


= a cos“^ 



Vaa?- 4- (?!, 


where 0 = acos“^(l)4“0 4-C', i»e, 0^=0. 

\/f] <3)- 

Equation (2) gives the velocity at any point P of the path, 
and (3) gives the time from the commencement of the motion. 

The velocity on arriving at the origin 0 is found, by putting 
fl; = 0 in (2), to be infinite. 

Also the corresponding time, from (3), 




2fi 


[a COS” 


‘.01 = --^ 
2V2/i- 


The equation of motion (1) will not hold after the particle 
has passed through 0; but it is clear that then the acceleration, 
being opposite to the direction of the velocity, will destroy the 
velocity, and the latter will be diminished at the same rate as 
it was produced on the positive side of 0. The particle will 
therefore, by symmetry, come to rest at a point A' such 
that AO and OA' are equal. It will then return, pass again 
through 0 and come to rest at A. 



Motion under the Earth's Attraction 21 

The total time of the oscillation = four times the time 


from A to 0 = 2ir 


yv‘ 


32. By the consideration of Dimensions only we can shew that the 

timeoc — . For the only quantities that din appear in the answer are 
a and /x. Let then the time be aP/Lt«. 

Since acceleration, whose dimensions are [Z] [T] 2 , 

the dimensions of /x are [Z]® [^]“* ; hen . to the dimensions of a^^/x* are 

Since this is a time we have*;? +3^=0 and -2q=l, 


?=-2®“d ^=2- 


Hence the required time oc 




33. As an illustration of Art. 31 let us consider the motion 
of a particle let fall towards the earth (assumed at rest) from 
a point outside it. It is shewn in treatises on Attractions that 
the attraction on a particle outside the earth (assumed to be 
a homogeneous sphere), varies inversely as the square of its 
distance from the centre. The acceleration of a particle outside 

the earth at distance og may therefore be taken to be ~ . 

oc 

If ft be the radius of the earth this quantity at the earth’s 
surface is equal to g, and hence —,—g, i.e. g. = go?.. 

Co 

For a point P outside the earth the equation of motion is 
therefore 

(Poo ^ go? 

dP ^ 


•( 1 ). 


• • \dt) ~ 


2ga^ 


+ a. 


If the particle started from rest ^ at a distance 6 from the 
centre of the earth, this gives 



and hence the square of the velocity on reaching the surface of 
the earth = 2ga ^ (3). 
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Let us novr assume that there is a hole going down to the 
earth's centre just sufficient to admit of the passing of tbe 
particle. 

On a particle inside the earth the attracoion can be shewn 
to vary directly as tbo distance from the centre, so that the 
acceleration at distance cn from its centre is where /tja « its 
value at the earth’s surface ~ g. 

The equation of motion of the particle when inside the earth 
therefore is 

d^x a 

and therefore 

\dt) a 


Now when a = a, the square of the velocity is givon by (3), 
since there was no instantaneous change of velocity -at the 
earth’s surface. 

On reaching the centre of the earth the square of the 
velocity is therefore ga Ts — . 


34. Bs, 1. * A particle falls towards the earth from infinity ; shew 
that its velocity on reaching the earth is the same as it would have 
acquired in falling with constant acceleration g through a distance equal 
to the earth’s radius. 

Ex. 2. Shew that the velocity with which a body falling from infinity 
reaches the surface of the earth (assumed to be a homogeneous sphere of 
i^ius 4000 miles) k about 7 miles per second. 

In the case of the sun shew that it is about 360 miles per second, the 
radius of the sun being 440,000 miles and the distance of the earth from 
it 92,500,000 miles. 

Ex. 3. If the earth’s attraction vary inversely as the square of the 
distance from its centre, and y be its magnitude at the surface, t}ie time 
of falling from a height h above tbe surface to the| surface is 

where a is the radius of the earth and the resistance of the air is neglected. 
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23 


If A be small c^^pared with a, shew that this result ^is approximately 




36. It is clear that equations (2) aijd (3)* of* Art. 31 cannot 
be true after the particle has passed 0; for on giving x negative 
values these equations give* impossible values for v and t 

When the particle is at P', to the left of 0, the acceleration 

is , i,e. ^ , towards the right. Now means the accelera- 
tion towards the positive direttion^of x. Hence, when P' is on 
the left of 0, the equation of motion is 

d^X jUL 


giving a different solution from (2) and (3). 

Thfe general case can be easily considered. Let the accelera- 
tion be fjL (distance)^ towards 0. The equation of motion 
when the particle is oi^ the right hand of 0 is clearly 


d?x _ 


/X . x^. 


When P' is on the left of 0, the equation is 

d?x . 

= acceleration in direction OA 

^fJL{P'0)^--fl{-x)\ 

These two equations are the same if 

— /Lt , a;" = /A ( — xY, i,e. if ( — 1)" == — 

2n *4" 1 

if n be an odd integer, or if it be of the form * where 

p and q are integers ; in these cases the saipe equation holds 
on both sides of the origin ; otherwise it does not. 


36. Ex, A small heady of mass roy moves on a straight rough wire under 
the action of a force equal to m\k times the distance of the head from a fixed 
point A outside the wire at a perpendicular distance a from it Find the 
motion if the head start from rest at a distance c from the footy Oy of the 
perpendicular from A upon the wire. 

Let P bo the position of the bead at any time <, where 
OP^x and AP^g, 



f 
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Let R be the normal reaction of the wire an^ /ii the coofficient of friotion. 
Resolving forces perpendicular to the wirjj, we have 
R^myjy sin OP A ^nifia. 



Hence the friction fiiR^mjjLfiia, 

The resolved part of the force Jong the wire 
' — m/xy cos OP A = mfix. 

Hence the total acceleration = /x/iia - fjuc. 

The equation of motion is thus 

Mi«) f“(i)> 

SO long as P is to the right of 0. 

[If P be to the left of 0 and moving towards the left, the equation o 

motion is 

d\x 

acceleration in the direction OC 
— as in the last; article, 

and this is the same as (1) which therefore holds on both sides of 0 . ) 
Integrating, we have 

where 0= -ft{c-fiiay+0. 

*....(5), 


and therefore, as in Art. 22, — 


where 0«»cos”^^ — i.e, Ci^O. 

c—fiia 


Vfi^=cos“* 

o 


a? — /txjOt 

c - /iia ' 


(2) and (3) give the velocity and time for any position. 

From (2) the velocity vanishes when a; - fxia= ± (c~ /uia), 
t,e. when c = 0(7, and when a? ~ - (c - 2afii), 

ue, at the point where 0(7' = o — 2afii , 

and then from (3) the corresponding time 



c — fjLia 


yjfi 


cos~^ (-- 1) 


tr 


( 3 ), 
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The motion nol^ reverses |bnd the particle comes to jest at a point (7" 
on the right of 0 where OC* *= OC- 4/utia. 

'Finally,. when one of the positions of instantaneous rest is at a distance 
whmh is eq#al to 05 liss than fiia from 0, the particle remains at rest. 
For at this point the force towards the centre is less Mian the limiting 
fription and therefore only just sufficient fricfton will be exerted to keep 
the particle at rest. ^ • 

It will be noted that the periodic time ^ is not affected by the 
friction, but t|^ amplitude of the motion is altered by it. 


37. Biff. A particle, of mass rfsts in equilibrium at a point N, 
being attracted by two forces equal to {distance)^ cmd mg!^ (distance)^ 
towards two fixed centres .0 and (f. If ths particle bjs slightly displaced 
from N, and if n be positive, shew that it osculates, and find the time of a 
small oscillation. 



P 




Let 0(/==a, ON-^d and^0'=c^', so that 




(1), 

since there is equilibrium at N. 


d d' a 

(2). 

• • /i /X+/X 


Let the particle be at a distance x from N towards 0\ 
The equation of motion is then 


(3). 

If X is positive, thp right-hand side is negative ; if is negative, it is 
positive ; the acceleration is towards JS in either case. 

Expanding by the Binomial Theorem, (3) gives 

(d^+nd^-^x+ ...)+ {d%- nd'e-^x-^ ...) 

+ terms involving higher powers of x 

If a? be so small that its squares and higher powers may be neglected, 
this gives 

d^x 


.( 4 ). 
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Hence, as in 22, the time of a small pscillation* 

If n be negaJivejj the right-hand member of (4) is positive and the 
motion is not one of oscillation. 


EXAMPLES ON CHAPTER II. 


1. A particle moves towards ^ centre of attraction starting from rest 
at a distance a fi’om the centre ; if ili velocity when at any distance x 

* _ ^2 . 

from the centre vary as W — p- , find the law of fprce. 

▼ t X“ 

t 

2. A particle starts from rest at A and moves towards a centre of 
force at 0 ; if the time to any position P varies fnversely as the distance 
ilP moved through, shew that the attraction towards 0 varies as tfie cube 
ofAP. 

3. Prove that it is impossible for a particle to move, from rest so that 
its velocity varies as the distance described from the commencement of 
the motion. 

If the velocity vary as (distance)**, shew that n cannot be greater 


4. A point moves in a straight line towards a centre of force 

[ ^ 1 

((distance)®/ ’ 

starting from rest at a distance a from the centre of force ; shew that the 
time of reaching a point distant b from the centre of force is ^ ^ 


and that its velocity then is^ 




5. A particle fajls from rest at a distance a from a centre of force, 
where the acceleration at distance a? is ; when it reaches the centre 

c 2^4 

shew that its velocity is infinite and that the time it has taken is . 

v3/i 

3. A particle moves in a straight line under a force to a point in it 

varying as (distance)^*; shew that the velocity in falling from rest at 
infinity to a distance a is equal to that acquired in falling froxn rest at 

a distance a to a distance g. 
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7. A particle •.whose is w, is acted upon by tf force mfi 

towards* the origin ; if it start from rest at a distance a, shew that it will 
arrive at tllfc originjn^time T^r-* 


• 8. A particle moves in a straight line with an acceleration towards 

a fixed point in the straight *line, which is equal ^ ^ when the 

particle is at a distance x from the given point ; it starts from rest at 
a distance af shew that it oscillates between this distance and the 

distance ^ , and that its periodic time is • . 

o 

9. A particle m6ves with an acceleration which is always towards, 
and equal to fA divided by the distance from, a fixed point 0. If it start 

from restoat a distance a from O, shew that it will ariive at 0 in time 
o 




Assume that j J 


10. A partible is attracted by a force to a fixed point varying 
inversely as the wth power of the distance ; if the velocity acquired by it 
in falling from an infinite distance to a distance a from the centre is equal 
to the velocity that would be acquired by it in falling from rest at 

d 3 

a distance a to a distance -, shew that n=-. 


11. A particle rests in equilibrium under the attraction of two centres 
of force which attract directly as the distance, their attractions per unit of 
mass at unit distance being ft and fA ; the particle is slightly displaced* 

2fr 

towards one of them ; shew that the time of a small oscillation is — . 

Vfl + fA' 

12. A mass of lo5 lbs. hangs freely from the end of a rope. The mass 
is hauled up vertically from rest by winding up the rope, the pull of which 
starts at 150 lbs. weight and diminishes uniformly at the rate of 1 lb. wt. 
for each foot woimd up. Neglecting the weight of the rope, shew that the 

mass has described 60 feet at the end «f time secs, and that its 

• o 

velocity then is 20 ft. per sec. 

13. A particle moves in a straight line with an acceleration equal to 
ft the nth power of the distance from a fixed point 0 in the straight line. 
If it be projected towards 0, from a point at a distance a, with the velocity 
it would have acquired in falling from infinity, shew that it will reach 0 

2 /n^ ^ 
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14 . In the previous question if the p|irticle started from rest at 
distance a, shew that it would reach 0 in (me 



according as is > or < unitj’. • 

• 

15. A shot, whose mass is 60 lbs., is fired from a gun, 4 inches in 
diameter and 8 feet in length. The pressure of the powder-s^s is inversely 
proportional to the volume behind the shot and changes from an initial 
value of 10 tons’ weight per squafe inqh to 1 ton wt. per sq. inch as the 
shot leaves the gufi. Shew that the muzzle velocity of the shot is 
approximately 816 feet per second, having given log^ 10 = 2'3026. 

16. If the Moon and Earth were at rest, shew that the least velocity 
with which a partick could be projected from the Moon, in order to reach 
the Earth, is about IJ miles per second, assuming their radii to be 1100 
and 4000 miles respectively, the distance between their centres 240,000 

miles, and the mass of the Moon to be ^ that of the Earth. 

81 

f 

17. A small bead can slide on a smooth wire AB^ being acted upon 
by a force per unit of mass equal to /i~the squaxe of its distance from 
a point 0 which is outside AB. Shew that the time of a small oscillation 


about its position of equilibrium is 
distance of 0 from AB. 


27r a 

^ lA , where h is the perpendicular 


18. A solid attracting sphere, of radius a and mass i/, has a fine hole 
bored straight through its centre ; a particle starts from rest at a distance 
h from the centre of the sphere in the direction of the hole produced, and 
moves under the attraction of the sphere entering the hole and going 
through the sphere ; shew that the time of a complete oscillation is 

where y is the constafit of gravitation. 


19. A circular wire of radius a and density p attracts a particle 


according to the Newtonian law y ^ particle be placed on 

the axis of the wire at a distance h from the centre, find its velocity*when 
it is at any distance x. 

If it be placed on the axis at a small distance from the centre, shew 


that the time of a complete oscillation is a 
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, 20. In the pMceding question if the wire repels instead of attracting, 
and the particle o& placed ^ the plane of the wire at^a small distance 

ffo^ itsHsentre, shew that the time of an oscillation is 2a 

V yp 

zl. A particle moves in a straight line with an acceleration directed 
towards, and equal to p times the distance fr6^m, a point in the straight 
line, and with a constant acceleration / in direction opposite to that of 
its initial motion ; shew that its time of oscillation is the same as it is 
when /does not exist. 

22. A parficle P moves in a straight line OCP being attracted by 

a force mp . PC always directed toj^ards><7, whilst C moves along OC with 
constant acceleration /. If initially C was at rest at tb® origin and P 
was at a distance c from 0 an^ il2oving with velocity F, prove that the 
distance of P fji;om 0 at any time Hs ^ 

o + cos sin 

o ^ 

23. ®Two bodies, of masses M and are attached to the lower end 
of an elastic string whose upper end is fixed and hang at rest ; Jf' falls oflf ; 
ahew that the distance of M from the upper end of the string at time t is 


a+ft-hccos 




where a is the unstretclied length of the string, and b and o the distances 
by which it would be stretched when supporting M and M' respectively. 

24. A point is performing a simple harmonic motion. An additional 
acceleration is given to the point which is very small and varies as the 
cube of the distance from the origin. Shew that the increase in the 
amplitude of the vibration is proportional to the cube of the original 
amplitude if the velocity at the origin is the same in the two motions. 

25. One end of a light extensible string is fastened to a fixed point 
and the other end carries a heavy particle ; the string is of unstretched 
length a and its modulus of elasticity is n times the weight of the particle. 
The particle is pulled down till it is at a depth b below the fixed point 
ind then released. Shew that it will return to, this position at the end of 

time 2\/~r^ +cosec-i/? + \//>‘-^-ll, tthero = — -(w + 1), provided 
^ J o a 

that p is not > \/ 1 4- 47i. 

If|>>Vi+47i, shew how to find the corresponding time. 

26. An endless elastic string, whose modulus of elasticity is X and 
natural length is 2 w<j, is placed in the form of a circle on a smooth 
horizontal plane and is acted upon by a force from the centre equal to 
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ft, times the distance per unit mass of the string. Shjfw that its radius 
will vary harmonically about a mean lengtl ^— , where m is the 
mass of the string, assuming that 2irX >m/iC. 

Examine the case when 2jrX=sm/ic. 

t 

27. An elastic string of mass m and modulus of elasticity X refts 
unstretcbed in the form of a aiircle whose ^radius is a. It is now acted on 
by a repulsive force situated in its centre whose magnitude per unit mass 
of the string is 

(distance)* * 

Shew that when the circle next c^mes^to rest its radius is a root of the 
quadratic equation# 



28. A smooth d>lock, of mass with its upper and li^wer faces 
horizontal planes, is free to move in a groove 7n a parallel plaue, and 
a particle of mass m is attached to a fixed point in the upper faqp by an 
elastic string whose natural length is a and modulus B, If the system 
starts fipom rest with the particle on the upper face and the string 
stretched parallel to the groove to (n+l) times its natural length, shew 

that the block will perform oscillations of amplitude the 


periodic time 2 



a Mm 

B{M+my 


29. A particle is attached to a point in a rough plane inclined at an 
angle a to the horizon ; originally the string was unstretched and lay 
along a line of greatest slope ; shew that the particle will oscillate only if 

the coefficient of friction is < ^ tan a. 


30. A mass of m lbs. moves initially with a velocity of u ft. per sec. 
A constant power equal to B horse-power is applied so as to increase its 
velocity ; shew that the time that elapses before the acceleration is 

reduced to ~ th of its original value is • 


31. Shew that the greatest velocity which can be given to a bullet of 


mass M fired from a smooth-bore gun is 



{m log wi -f 1 — m}, where 


changes of temperature are neglected, and the pressure 11 in* front 
of the bullet is supposed constant, the volume V of the powder in the 
cartridge being assumed to turn at once, when fired, into gas of pressure 

wll and of volume V, 



Motion in a (straight line. Examples 31 

32. Two masses, mi and 7 W 2 , are connected by a spring of such 
a *streDgth that \^n mi is ^Id fixed perforins n ccpplete vibrations 

jtej seooiai. Shew that if be held fixed, Wi will make n ~ , and, if 

bo4h be fr^, they •will make vibrations^ per second, the 

vibrations in each case being in the line of file spring. 

33. A bod;^ is attached to dne end of an inextensible string, and the 
other end moves in a vertical line with simple harmonic motion of 
amplitude a and makes n complete oscillations per second. Shew that 

the string will not remain tight during the motion unless n^< -r ^ . 

^ • 47r^a 

34. A light spring is kept compressed by the action of a given force ; 
the force is suddenly reversed; *prove that the greatest subsequent 
extension of tl^e spring is three times its initill contraction. 

35. Tjvo masses, M and wi, connected by a light spring, fall in a 
vertical line with the spMng unstretched until M strikes an inelastic table. 

hf -X- O-m 

Shew that if the height through which M falls is greater than — 

the mass M will after an interval be lifted from the table, I being •the 
length by which ^he spring would be extended by the weight of M, 

38. Two uniform spheres, of masses mi and m^ and of radii oi and oj, 
are pierced with their Centres at a distance a apart and are left to their 
mutual attractions ; shew that they will have come together at the end of 
time 

where R is the radius, and D the mean density of the Earth. 

If mi=wi2=4 lbs., inches, and a = one foot, shew that the 

time is about 3 hours, assuming i2=4000 miles and i)=350 lbs. per cubic 
foot. 

['Vy’hen the spheregi have their centres at a distance the accelera- 
tion of mi due to the attraction of ^hat of m^ due to is 

y ^ , Hence the acceleration of relative to mi is y — and the 
equation of relative motion is 

37. Assuming the mass of the Moon to be ^ that of the Earth, that 

their fadii are respectively 1100 and 4000 miles, and the distance between 
their centres 240,000 miles, shew that, if they were instantaneously 
reduced to rest and allowed to fall towards one another under their 
mutual attraction only, they would meet in about 4^ days. 



82 


Dynamics of a Particle 


38. A particle is placed at the end of the axis a thin attracting 
cylinder of radios a and of infinite length;^ shew thajClts kinetic energy 

w «'l? ^ “j” O? 

when it has described a distance x varies as log^ . 


r 

39. AB is a(ixniform string of mass M and length 2a ; every elenfbnt 
of it is repelled with a foi^'e, =;*. distance, acting from a point 0 in the 
direction of AB produced j stjpw that the acceleration of the string is the 
same as that of a particle placed at its middle point, and ^hat the tension 
at any point P of the string varies as AP . PB. 


40. Shew that the curve which is such that a particl^ will slide down 

each of its tangents to the horizontal axis in a given time is a cycloid 
whose axis is vertical. ^ 

c 

41. Two particles, of ipasses m and m', are connected by an elastic 
string whose coefficient of elasticity is X ; they are placed on a smooth 
table, the distance J?etween them being a, the natural length of^the string. 
The particle m is projected with velocity F abng the direction,, of the 
string produced ; find the motion of each particle, and shew thajb in the 
subsequent motion the greatest length of the string is a*f Vj>^ and that 
the* string is next at its natural length after time Trjc?, where 

„ wim' a r 
^ m + m' X * 


42. Two particles, each of mass wx, are attached to the ends of at. 
inextensible string which hangs over a smooth pulley ; to one of them, 
another particle of mass 2wi is attached by means of an elastic string of 
natural length a, and modulus of elasticity %mg. If the system be 
supported with the elastic string just unstretched and be then released. 


shew that A will descend with acceleration ^sin^ 




43. A weightless elastic string, of natural length I and modulus X, 
has two equal particles of mass m at its ends and lies on a smooth 
horizontal table perpendicular to an edge with one particle just hanging 
over. Shew that the other particle will pass over at the end of time t 
given by the equation 





CHAPTEE III 

UNIPLANAR MOTION WHERE, THE ACCELERATIONS 
PARALLEL TO FIXffl) AXES ARE GJVEN 

• 

38. Let coordinates of a particle referred to axes Ox 
and Oy be x and y at time t, and let its accel^ations parallel 
to the axes at this inslgint be X and F. 

Thejequations of motion are then 

d^x ^ 

» 

Integrating each of these equations twice, we have two 
equations containing four arbitrary constants. These latter 
are determined from the initial conditions, viz, the initial values 

« dx . dy 
of^,y,^and/-. 

From the two resulting equations we then eliminate t, and 
obtain a relation between x and y which is the equation to the 
path. 


39. Parabolic motion under gravity, supposed constant, the 
resistance of the air being neglected. 

Let the axis of y be drawn vertidtlly upyard, and the axis 
of X horizontal. Then the horizontal acceleration is zero, and 
the vertical acceleration is — g, 

Hei^ce the equations of motion are 


d^x 

dt^ 


= 0 , 


and 


dP 


^-9 


(1). 


L. B. 


3 
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Integrating with respect to t, we have 

g = and + .. 

tegratii^g a second time, 

* 

as-At + B, and y=a—g~ + Gt + D 


If the particle be projected from the origin with a velocity 
14 at an angle a with the horizon, then when it = 0 we have 

^ = y =5 0, ^ = t4 cos a, and ^ ^ sin a. 

Hence from (2) and (3) we have initially i4cosa=:^, 
u sin a = (7, 0 = By and 0 = 2). ' t 

(3) gives a? = 14 cos at, and y = ^4 sin at — ^ yt*. 
Eliminating^t, we have 

a ic* • 

V = a; tan a — ~ ~r r— , 

^ 2 t4« cos* a ’ 


which is the equation to a parabola. 

« 

40. A particle describes a path toith an acceleration which 
is always directed towards a fixed point and varies directly as* 
the distance from it; to find the path. 

Let 0 be the centre of acceleration and A the point of 
projection. Take OA as the 
axis of X and OY parallel 
to the direction of the initial 
velocity, F, of projection. 

Let P be any point on 
the path, and let MP be the 
ordinate of P. 

The acceleration, fi.PO, 
along PO is equivalent, by 
the triangle of Accelerations, 
to accelerations along PM 

and MO equal respectively to fi , PM and /4 . MO, 

Hence the equations ot motion are 

d?X 

•••: 




( 1 ). 

( 2 ). 
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The 8olutioEiG|^of these equations are, as in Ar<i 22, 

^ cos [ V/it *+■ (3), 

ana • y — Ccm [V/*t + D] (4). 

• • • 

The initial conditions are that when f— 0, then 

x^OA^a, g=*0. y = 0, and 

Hence, frc^ (3), a — A cos B and 0 =* — -4 sin B. 

These give JS = 0 and A^a. ^ 

Also, from (4), similarly welbave ^ 

0=^CcobD, and*F=- (7yjiiSinD. 
i)=5. and C 

/. (3) and (4) give x = a co3(\f fit) (6), 

and y = cos ^ j = ^ sin ( V/it) (6). 




• The locus of P is therefore an ellipse, referred to OX and 
OF as a pair of conjugate diameters. 

V 

Also, if the ellipse meet OF in B, then 

F sss V/A X semi-diameter conjugate to OA, Since any point 
on the path may be tgtken as the point of projection, this result 
will be always true, so that at any point the velocity 

— semi-conjugate diameter. 

[This may be independently derived from (5) and (6). For 
(Velocity at P}^=:x^+yi+\xy cos tam 
asaV sin* {is//it) -f F* cos* (jjfit) - BaVJp. sin (J'p.t) oos {ijlit) cob w 

~ - a* cos* sin* sin cos oos 

ooswj ss/^t ^a* + ~ - OP*^ 
ee/4 X square of semi-diameter conjugate to OP.] 


8~a 
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From eqq^itions (5) and (6) it is clear tJjat the values' of 

27r ' 

X and y are the same at time ^ ^ 

* , 27r * 

Hence thds time o^describing the ellipse 

I t 

41. It a particle possess two ‘simple harmctfiic motions, in 
perpendicular directions and of the same period, it is easily 
seen that its path is an ellipse. % 

If we measure the time^from the time when the a:-vibration 
has its maximum value, we havb 

« 

, x^acosTti ( 1 ), 

# 

y — bcoa(nt-\’ e) ( 2 ), 


and 


where a, 6 are constants. * 

(2) gives ^ = cos nt cos € — sin nt sin e = - cos e — sin e /y/ 1 — — . 


i.e. 


2xy V* • « 

^ cos € + = sin^ e. 

a® ab b^ 


.(3). 


This always represents an ellipse whose principal axes do 
not, in general, coincide with the axes of coordinates, but 
which is always inscribed in the rectangle x — ± a, y = ±b. 


The figure drawn is an ellipse where e is equal to about ~ . 

o 

If e = 0, equation (3) gives “ ~ | th® straight line A G. 

• X "U ' • • 

If e = TT, it gives - + t = 0, i.e, the straight line BD. 

Ct 0 

• * TT 

In the particular case when ^ = 2 ' when the phase of the 

y- vibration at zero time is one-quarter of the periodic time, 
equation (3) becomes 

i.e, the path is an ellipse whose principal axes are in the direction 
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• • 

of 4;he axes of a;^and y and equal to the amplitudes of the 
component vibrations in t jfese directions. 

*J[f in addition a = 6, i,e, if the amplitudes of the component 
vibrations aie the game, the path is a circle. 



42. If the period of the y- vibration is one-half that of the 
^-vibration, the equations are 

X nt, and y = 6 cos (2ni + e). 

Hence, by eliminating t, we have as the equation to the 
path • 



On rationalization, this equation becomes one of the fourth 


Y 
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The dotted curve in the figure is^he patlf when € = - ^ , is, 

when the phase of the y- vibration at zero time is ne^tive ^^nd 
equal to one-quarter of the period of the j^-vibratioti. ^ 
When e tt,** is, yhen the phase of the y- vibration at zero 
time is one-half of the y-period, the path becomes 

i.e. the parabola GED, 

When € = 0, the path is^similarly the parabola 

For any other value of e the path is more complicated. 
Curves, su(Si as the preceding, obtained by coihpounding 
simple harmonic motions in two directions are known as 
Lissajous* figures. For other examples with different ratios of 
the periods, and for different values of the ^zero phases, the 
student may refer to any standard book on Physics. 

These curves may be drawn automatically by means of 
a pendulum, or they may be constructeci geometrically. 


48. Ex. 1. A point moves in a plane so that its projection on the axis of x 
performs a harmonio vibration of period one second with an amplitude of oiw 
foot; also its projection on the perpendicular axis of y performs a harmonio 
vibration of period two seconds with an amplitude of one foot. It being given 
that the origin is the centre of the vibrations, and that the point (1, 0) is on 
the path, find its equation and draw it. 

Ex. 2. A point moves in a path produced by the combination of two 
simple harmonio vibrations in two perpendicular directions, the periods of the 
components being as 2:3; find the paths described (1) if the two vibrations 
have zero phase at the same instant?, and (2) if the vibration of greater period 
be of phase one>quarter of its period when the other vibration is of zero phase. 
Trace the paths, and find their equations. 


44. If in Art. 40 ther acceleration be always from the fixed 
point and varying^as the distance from it, We have similarly 




- Kr- 

iej = acosh and y = ^8inhv/it 
— « 1, so that the path is a hyperbola. 
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46. A particle describee a catenary under a force which acts 
parallel to its cuds; find ^he law of the force arid the velocity at 
dny point of the path. 

Taking the directrix tod axis of the catenary as the axes of 
X 9nd y, we have as the equation to the catenar}* 

y = ^'\eo + e-^j ( 1 ), 

Since there is no acceleration parallel to the directrix, 


• ^ = 0 
•• dt^ , 

dx* 

\ -j7 const. = 

it 


U 


.( 2 ). 


Differentiating equation (1) twice, we have 


( ^ dx 1 / ® 

r-® V-' 


and 


dt 2 

d^y 1 / f dx 

3l;25r + * •j®-*"?*'- 

Ato (velocity)- - (g)’ + (g)’ . «• + 1 -e'!)’ 

wV - --V w’ . 

= cj =-f, 


(3). 


so that the velocity = - y. 

c 

Hence the velocity and acceleration at any point both vary 
as the distance from the directrix. 


46. A particle moves in one plane with an acceleration 
which is always towards and perpendicular to a fixed straight 
line in the plane and varies inversely as the cube of the distance 
from it ; given the circumstances of projection, find the path. 
Take the fixed straight line as the axis of x. 

Then the equations of motion are 



o 

1! 

(1). 

ana 

jj. 

dV‘ y“ 

(2). 

(1) pves 

x^ At ’\‘B 

(8). 
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dy 


Multiplying (2) by ■£ and integra^iing, we Aave 


(; 


dt) 


f 


\ + G. 


.( 4 > 


Let the particle be projected from a point on the axis of y 
distant h from the origin with component velocities u and v 
parallel to the axes. Then when ^ = 0 we have 


^ = 0, y = h. and § = i;. 


fh^v 


A=^u,B = 0, and 

(3) and (4) give ' 


x-ut, and ^ j ~ (fev - /*)» ’ 

Eliminating t, we have as the equation to the path 


t 


X hH Y ^ 


u /i- 






(/i~62y2)2- 

This is an ellipse or a hyperbola according as /a 5 b^v\ 
If /a = 6V, then (7=0 and equation (4) becomes 

^ 6^ 

V/^ 


2^ /ji 


H-i) = 


2\/ya 


OS 

Hence the path in this case is = 2 V/^ “ , a parabola. 

I w 

The path is thus an ellipse, parabola, or hyperbola according 

as V , i.e. according as the initial velocity perpendicular 

to the given line is less, equal to, or greater than the velocity 
that would be acquired in falling from infinity to the given 
point with the given acceleration. 

For the square of the latter = “f 2^^^/= =g^. 

»' 00 J \JI Joo ® 

Cor. If the particle describe an ellipse and meets the 
axis of X it will not then complete the rest of the ellipse since 
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the velocity parallel to the axis of x is always constant and in 
the same direction; it i^ill proceed to describe a portion of 
abotheifegual ellipse. 


*47. If the velocities and accelerations at mny instant of 
particles mj, ... parallel to any straight line fixed in 

space be ViyV 2 ... and fufi ..^to find tlte velocity and acceleration 
of their centre* of mass. 

If Xiy x^y ... be the distances of the particles at any instant 
measured along this fixed line from a fixed point, we have 

_ _ miXi # m^x^ + . . . 

Different^ting with respect to t, we*have 


dx -f + . . . 

V 9= -j- = 

at mi + rwa + . . . 


(1), 


and 


~ T/lj + 7H2 4“ . . . 


( 2 ), 


where v and f are the vetocity and acceleration required. 

Consider any t^^o particles, mi and m^y of the system and 
the mutual actions between them. These are, by Newton's 
Third Law, equal and opposite, and therefore their impulses 
rf*esolved in any direction are equal and opposite. The changes 
in the monaenta of the particles are thus, by Art. 15, equal 
and opposite, i.e. the sum of their momenta in any direction 
is thus unaltered by their mutual actions. Similarly for any 
other pair of particles of the system. 

Hence the sum of the momenta of the system parallel to 
any line, and hence by (1) the momentum of the centre of 
mass, is unaltered by the mutual actions of the system. 

If Pi, P^y ... be the external forces acting on the particles 
mu m 2 ... parallel to the fixed line, we have 

^i/i + ^ 2 /a + ... = (Pi + Pa+ ...*|) + (th^ sum of the com- 
ponents of the internal actions on 
the particles) 

= 4- P 9 + ..., 


since the internal actions are in equilibrium taken by them- 
selves. 
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Hence eqi^^ation (2) gives 

(7Hx+ ...) y*= 4- ^^2+ •••> 

i.e. the motion of the centre of mass in any \ji^en direction is the 
same as if the whole qf the particles of the system were collected 
at it, and all the external forces of the system applied oi it 
parallel to the given direction, • 

Hence also ’If the surri of the external forces acting on any 
given system of particles parallel to a given dir^tion vanishes, 
the motion of the centre of gravity in that direction remains 
unaltered, and the total momentuin of the system in that direction 
remains constaift throughout the motion. 

This theorem is known as the I^riilciple of the Conservation 
of Linear Momentum. 

As an example, if a heavy chain be facing freely the motion 

of its centre of mass is the same as that of a freely falling j^article. 

EXAMPLES ON CHAfTER III 

1. A particle describes an ellipse with an acceleration directed towards 
the centre; shew that its angular velocity about a focus is inversely 
proportional to its distance from that focus. 

• 

2. A particle is describing an ellipse under a force to the centre ; if 
V, Vi and V2 are the velocities at the ends of the latus-rectum and major 
and minor axes respectively, prove that v^v2^^vi^(2v2^-vi\ 

3. The velocities of a point parallel to the axes of x and y are ti+wy 
and v+a/x respectively, where w, v, <0 and <0 are constants ; shew that its 
path is a conic section. 

4. A particle moves in a plane under a constant force, the direction of 
which revolves with a uniform angular velocity ; find equations to give 
the coordinates of 4ihe particle at any time t. 

6. A small ball is projected into the air ; shew that it appears to an 
observer standing at \]ie point of projection to fall past a given vertical 
plane with constant velocity. 

6. A man starts from a point 0 and walks, or runs, with a oonstant 
velocity u along a straight road, taken as the axis of x. His dog starte at 
a distance a from 0, his starting point being on the axis of y which is 

perpendicular to Ox^ and runs with constant velocity ^ in a direction which 
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i« always towards bis master. Shew that the equation to his path is 

If X«»l,*shew that^he path is the curve 2 4* 

[The tangent at any point P of the path 8f the dog meets Ox at the 


point where the man then is, sq that ^ ^ ^ , 

ax ut-x 

• dx ^ .. 

-j-=ut~~x=^\8-x, 
dy 


Also 


ds u 

dt^ X* 


d r Sf] . ds dx . . d^x . /, . fdx\^ . 


7. A particle is fastened to one end, B, of a light«thread and rests or 
a horizontal plane ; the other <5ndfJ A, of the thread is made to move or 
the plane witji a given constant velocity in*a given straight line ; shew 
that the path of the particle in space is a trochoid. 

{Shew that AB turi]^ round A with a constant an^ilar velocity.] 

8. * Two boats each move with a velocity v relative to the water anc 
both cross a river of breadth a running with uniform velocity V, The^ 
start together, one boat crossing by the shortest path and the other in th< 
shortest time. Shew that ^he difference between the times of arrival i 
either 


a 

V 


( . ,-li or 

1(^2 - ) ‘’W-l 


(»>- F*)i 



according as F or v is the greater. 

[The angle that v makes with V being the length of the pat] 

VF2+^^-h2Ft;cosd , j- i.* • ® wu 

is a. ; — and the corresponding time is — ; — In 

v sin d r o V sin ^ 

condition for a minimum path gives 

(?;cosd+ F)(Fcosd+t;)=0.] 


9. A particle moves in one plane with an acceleration which is alway 
perpendicular to a gi^^en line and is equal to (distance from the line)- 
Find its path for different velocities of projection. 

If it be projected from a point distant 2a from the given line wit) 




a velocity “ parallel to the given line, shew that its path is a cycloid. 


10. If a particle travel with horizontal velo^ty u and rise to sue) 
a height that the variation in gravity must be taken account of aa far a 
small quantities of the first order, shew that the path is given by th 
equation 

a -y={a-k) cosh 

where 2a is the radius of the earth ; the axes of x and y being hoHzonte 
and vertical, and A, k being the coordinates of the vertex of the path. 




11. A particle moves in a plane with an acoelerati(^ which is parallel 

to the axis of y ahd varies as the distance f^om the axis of x ; shew that 
the equation to its path is of the form y = Aa* + when the accgleraticjp 

is a repulsion. ^ ^ 

If the acceleration is attractive, then the equation is of the mm 

^y— A cos \ax + B\ 

12. A particle moves uncffer the action of a repulsive force perpen- 
dicular to a fixed plane and proportional to the distance* from it. Find 
its path, and shew that, if its initial velocity be parallel to the plane and 
equal to that which it would have acquired in moving fr«m rest on the 
plane to the point of projection, the path is a catenary. 

• t 

13. A particle, describes a rectangular hyperbola, the acceleration 
being directed from the centre ; shew that^he angle 6 described about the 
centre in time t after leaving the vertex is given by the equation 

tan 6 = tanh (V 

where fx is acceleration at distance unity. • ^ 

14. A particle moves freely in a semicircle under a force perperfdicular 

to the bounding diameter ; shew that the force varies inversely as the cube 
of the ordinate to the diameter. • 

• 

16. Shew that a rectangular hyperbola can be described by a particle 
under a force parallel to an asymptote which varies as the cube of its dis- 
tance from .^he other asymptote. 

16. A particle is moving under the influence of an attractive force 


m~ towards the axis of x, ■ Shew that, if it be projected from the point 


(0, k) with component velocities U and V parallel to the axes of x and y, 
it will not strike the axis of x unless /a> W, and that in this case the 


distance of the point of impact from the origin is 


Uk'^ 


17. A plane has two smooth grooves at right angles cut in it, and two 
equal particles attracting one another according to the law of the inverse 
square are constrained to move one in each groove. Shew that the centre 
of mass of the two particles moves as if attracted to a centre of force 
placed at the intersectiod of the grooves and attracting as the inverse 
square of the distance^ 
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UNIPLAN AR. MOTION REFERRED TO POLAQ COORDINATES 
CENTRAL FORCES 

48. In the present chanter, we shall consider cases of 
motion which are most readily solved by th^e use of polar 
coordinates. We must firf|t dbtain the velocities and accelera- 
tions of a mpving point along and perpendicular to the radius 
vector drawn from a fixed pole. 

49i Velocities ctnd accelerations of a particle along and 
perpertdicular to the radius vector to it from a fixed origin 0. 

Let P be the position 
of the particle^at time,|ft, 
and Q its position at time 

t *4” t 

Let XOP^e, XOQ^ 

5 + OP = r, = r 
+ Ar, where OX is a fixed 
line. 

Draw QM perpendi- 
cular to OP. 

Let u, V be the velocities of the moving point along and 
perpendicular to OP, Then 

Distance of particle measured along the line OP 
u = Lt ^ + A^ — the similar distance at time t 

T OM — OP j. (r+ Ar) cos AO — r 

A <=0 A ^=0 

ir Ar\ • 1 — 

= Lt , small quantities above the first order 

being neglected, 

dr 

dt 



( 1 ). 
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Distance of particle measured perpendicular Jo the^, 
t; = Lt line OP at time ^ ’f —the similar distance^at time t 

A<-0 ^ • • 


SSS Lit == Lit ^ A. X * 

A^»0 A^-0 

= JLt * . ^ ^ neglecting small quai^ities of the 


y in the limit 
at 


second grder, 


\€U 


The velocitiei^along and 

perpendicular to OP being ♦ K ^ 

u and Vy the velocities along \ 

and perpendicular to OQ 

are u 4- Aw and v + Av. '' 

Let the perpendicular 
to OQ at Q be produced to 
meet OP at L. * 

Then the acceleration of o ; 

the moving point along OP 

its velocity along OP at time t + A^ — its similar 
_ velocity at time t 

A<=0 

T . r + Aw) cos Ad — (v + Av) sin A0 — u] 


= Ltf< 
At~0l 


(u + Am) . 1 — (p + A«) . ^0 — u 


on neglecting squares and higher powers of Ad, 

^^Au — vA 0 du dd . .. 

= Lt - »-j; , m the limit, 

A^=0 


\AiUi W/V . .v T •i. 

^ , IP the limit. 


tPr (de\ 

* ’‘UJ 

by ( 1 ) and ( 2 ). 
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, Also the acceleration of the moving point perpendicular 
to OP in the direction 4f increasing * . 

^i& .velocity perpendicular to OP at time < + — its 

• * similar velocity at time t ^ * 




At^O 




- Lt sin A0 + (v + Av) cos - vl 

a^=oL J 

T 4. r(^ + ^'•) • + (v+ Av) . 1 — v“] 

“iSioL ^ J ■ 


= « “ + ^ . in tile limit. ^ ^ . by (1) and (2), 


ItZ [^ddl 
r dt ^ dtj 


.( 4 ). 


on neglecting squares and higher powers of A^,** 

dO dv . . dr d6 

o drdd . d?d ,1 ti 

Cor. If a, a constant quantity, so that the particle is 
describing a circle of -^ntre 0 and radius a, the quantity 
(3) =s — a6^ and (4) = ad, so that the accelerations of P along 
the tangent PQ and the radius PO are ad and ad\ 

50. The results of the previous article may also be obtained by resolving 
4he velocities and accelerations along the axes of x and y in the directions of 
the radius vector and perpendicular to it. 

For since x=r cos $ and y =r sin $, 


and 


Also 


dx dr . . yjdd 

dy dr , ^ , .dd 
^=-8me+roo8^^_ 


.( 1 ). 


dh! (J»r , ^drd0 k ^ ./d0\^ . ^d*0 

-r« = — oOOB tf-2 sm tf-roos9 ( ) -rsintf 


dto dfi 


{dt/ 

Kdt) 


dt* 

dV 

d?j 


d^v dh' . ^drd$ ^ ^ /d$\^ • ^ d®d 

The component velocity along OP 

dx A . dy . ^ dr . 

=dt ‘•yw* 


.( 2 ). 


and perpendicular to OP in the direction of 9 increasing it 
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• • 

The component acceleration along OP 




S)’> 


and perpendicular to OP it 

d^y „ - ft dr dd d^0 / 

““ Jt ^+’' di» • <2). 


, rdt\^ dtj 


61. By the use of Arts. 4 and 49 we can obtain the 
accelerations of a moving point referred to rectangular axes Ox 
and Oy, which are not fixed^in space, but which revolve in any 
manner about the origin 0 in thiir own plane. 



Let OA be a line fixed in space, and, at time t, let 6 be the 
inclination of Ox to OA, Let P be the moving point; draw* 
PM and PN perpendicular to Ox and Oy. 

By Art. 49 the velocities of the point M are ^ along OM 

CUv 

and 00 ^ along MP, and the velocities of N are ^ along ON 

do 

and y ^ along PN produced. 

Hence the veloaty of P parallel to Ox 

= the velocity of N parallel to Ox + the velocity of P 
relative to N, 

» vel. of N parallel to Ox +• the vel. of M along OM 
dO dx 



Revolving Axes 40 

^ So the velocity of P parallel to Oy 

= vel. of M parallel td Oy + the vel. of P relative to M 
= vel. .of M parallel to Oy + the vel. of N along ON 

m 



• ^ • f d0\ 

Again, the accelerations hf M are, by Art. 49, ^ ~ ® 

\ d / d0\ 

along OM, an<i - ^ f ^ j along ilfP, and the accelerations 

of N are along b^, along PN 

produced. 

Hence the’acceleration of P parallel to Ox ■ . 

• ** 

= acceleration of N parallel to Ox + acceleration of P 
^ relative to N 

= acceleration of N parallel to Ox -f acceleration of M 
along OM 


1 d / ^de\ , d^x [d0\^ 
'' y dty dt) ^ dt^ ^ \dt) 


Also the acceleration of P parallel to Oy 
= acceleration of M parallel to Oy + acceleration of P 
relative to M 

= acceleration of M parallel to Oy -f acceleration of N 
along ON 

~ xdt\ dt) y \dt} 

Cob. In the particular case when the axes are revolving 

• dO 

with a constant angular velocity to, so that -r 7 =(o, these 

• dt 

component velocities become 

along Ox, 


^ + xm along 0y\ 


and 
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r, *■ 

also the component accelerations are 

g along 0®, 

and " W~ ^ 


52. Ex, 1. Shew that the path of a point P which possesses two constant 
velocities u and v, the first of which is in a fixed direction and the second of 
which is perpendicular to the radius OP drawn from a fixed point 0, is a conic 

'* u ^ 

whose focus is 0 and whose eccentricity is ~ . 

With the first figure of Art. 49, let h he the constant velocity along OX and 
V the constant velocity perpendicular to OP. 

Then we have r 

dr j rde . ^ 1 dr u cos 0 

— = w cos 6, and sin $. /. - -r« ^ . 

dt ^ at r df V’-u sin 0 

/. log r = - log (v-u sin $) + const., 
i.e, r(v-u sin 0) = const. = Iv, 

if the path cut the axis of a? at a distance 1. Therefore the path is 


u . 

1 — sinfl 


i.e. a conic section whose eccentricity is - . 

Ex, 2. A smooth straight thin tube revolves with uniform angular velocity w 
in a vertical plane about one extremity which is fixed; if at zero time the tube be 
horizontal^ and a particle inside it be at a distance a from the fixed end, and be 
moving with velocity V along the tube^ shew that its distance at time t is 

a cosh (o>t) + {^- (««) + 2 »*» "*• 

At any time t let the tube have revolved round its fixed end O through an 
angle wt from the horizontal line OX in an upward direction; let P, where 
OP^r, be the position of the particle then. 

. By Art. 49, ^ 

^ -f«3= acceleration of P in the direction OP 

= - p sin (at, since the tube is smooth. 

The solution of this equation is 


r = + + (—pain tat) 

= L cosh ((at) + M sinh ((at) + ^ sin 


.wxiere A and B, and so L and M, are arbitrary constants. 
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The initial oonditions are that and fssF when tail* 

/. a=s^f and V=M(a + ^ • 

•■=“ «««•' *’*+[£ - ("*)+ ^ "*• 

If 12 be the normal reaotion of the tube, then 

*--^008 c*;t==sthe acceleration perpendicular Ho OF 

= (r^w), by Art, 49, =2fa» 

SB law® sinh (wt) + (2 Fw ~ g) cosh (wi) + g cos wt. 


EXAMPLES 

1. A vessel steams at a constant speed v along a straight line whilst 
another vessel, steaming at a constant speed F, keepa the first always 
exactly abeam. Shew thct the path of either vessel relatively to the 

. V 

other is e$ conic section of eccentricity 

2. A boat, whijh is rowed with constant velocity w, starts from 
a point A on the bank of a ri^^r which flows with a constant velocity nu ; 
it points always towards a point B on the other bank exactly opposite to 
A ; find the equation to the path of the boat. 

If n be unity, shew that the path is a parabola whose focus is B, 

3. An insect crawls at a constant rate u along the spoke of a cartwheel, 
of« radius a, the cart moving with velocity v. Find the acceleration along 
and perpendicular to the spoke. 

4. The velocities of a particle along and perpendicular to the radius 
from a fixed origin are Xr and fjkB ; find the path and shew that the 
accelerations, along and perpendicular to the radius vector, are 

and 

5. A point starts from the origin in the direction of the initial line 

with velocity ^ and moves with constant angular velocity w about the 

origin and with constant negative radial acceleration - /. Shew that the 
rate of growth of the radial velocity is never positi;.^, but tends to the 
limit zero, and prove that the equation of the path is a>V=«/(l 

6. A point P describes a curve with constant velocity and its angular 
velocity about a given fixed point 0 varies inversely as the distance from 
0 ; shew that the curve is an equiangular spiral whose pole is 0, and that 
the acceleration of the point is along the normal at P and varies inversely 
as OP. 


4—2 
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7. A point P describes an equiangular spiral with constant angular 
velocity about* the pole 0 \ shew that its Acceleration varies as OP and is 
in a direction making with the tangent at P the same coustai^< angle^at 
OP makes. 


8. A poir4 moves in a given straight line on a plane with constant 
velocity F, and the plan^ moves with constant angular velocity o> abopt an 
axis perpendicular to itself* through a given point 0 of the plane. If the 
distance of 0 from the given straight line be a, shew that the path of the 
point in space is given by the equation 

» + - C03->-, 

^ c 

referred to 0 as pole. 

[If 6 be measured from the line to which the given line is perpendicular 

at zero time, then F^. ^2 and d=ft)^+cos"i - .1 . 

r ■' 


9. A straight smooth tube revolves with angular velocity o) in a hori- 
zontal plane about one extremity which is fixed ; if at zero time a particle 
inside it be at a distance a from the fixed end and moving with velocity V 

y 

along the tube, shew that its distance at time t is a, cosh 0 )^ + — sinh tat. 


10. A thin straight smooth tube is made to revolve upwards with 
a constant angular velocity ci> in a vertical plane about one extremity 0 ; 
when it is in a horizontal position, a particle is at rest in it at a distance 
a from the fixed end 0 ; if o) be very small, shew that it will reach 0 in 



11. A particle is at rest on a smooth horizontal plane which com- 
mences to turn about a straight line lying in itself with constant angular 
velocity <0 downwards ; if a be the distance of the particle from the axis of 
rotation at zero time, shew that the body will leave the plane at time t 
given by the equation • 

a siiih -H -i-i. cosh ^ cos 

2oi)2 0)2 


• 12. A particle falls from rest within a straight smooth tube which is 
revolving with uniform ang^ilar velocity o> about a point 0 in its length, 
being acted on by^’ force equal to wp (distance) towards 0. Shew that 
the equation to its path in space is 


r — a cosh 




«as ft^o)^. 


shew that the path is a circle. 


13. A particle is placed at rest in a rough tube at a distance a trom 
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oner end, and the tube starts restating horizontally with a ^niform angular 
velocity o) about this end. She^ that the distance of the particle at time t is 

• ae " • [cosh (a)< . sec c) + sin e siiih {a>t sec e)], 

where tan € is >the coe^cifent of friction. 

14. One end of a rod is made to revolve with uniform angular 
velocity a> in the circumference of a circle of nadius a, whilst the rod itself 
revolves in the o^osite direction* about that end with the same angular 
velocity. Initially the rod coincides with a diameter and a smooth ring 
capable of sliding freely along the rod is placed at the centre of the circle. 
Shew that the distance of the ring from A at time t is 

^ [4 cosh cos 

[If 0 be the centre of the circk and P, where il P=r, is the position of 
the ring at time t when both OA and AP have revolved through an angle 
d, (= 0 )^), in opposite directions, the acceleration of A is along AO and 
the acceleration of P relative to 0 is r — rd\ by Art. 49, i.6. r — rco*. Hence 
the total ‘acceleration of P along ilP is r -rco^ + ao)* cos and this is 
zero sinceHhe ring is sfnooth.] 

15. P§ is a tangent at § to a circle of radius a ; PQ is equal to p and 
makes an angle 6 with a fiiod tangent to the circle ; shew that the 
accelerations of P along and perpendicular to QP are respectively 

p-pS^+aS, and ~(p^^)+a^K 

[The accelerations of Q along and perpendicular to QP are ah and ; 
the accelerations of P relative to Q in these same directions are 

and 

16. Two particles, of masses m and m', connected by an elastic string 

of natural length a, are placed in a smooth tube of small bore which is 
made to rotate about a fixed point in its length with angular velocity w. 
The coefficient of elasticity of the string is Shew that, 

if the particles are initially just at rest relative to the tube and the string 
is just taut, their distance apart at time ^ is 2a — a cos oat. 

17. An elastic string is just stretched against a rou^ wheel of radius 
a, which is set in rotation with uniform angular velocity a>. Shew that 
the string will leave the wheel and expand to a maxiihum radius r given 
by 

r* {r—a)_ Ma^oa^ 
r-\-a ~ 27rX * 

where M and X are the mass and modulus of elasticity of the string. 

18. A uniform chain AP is placed in a straight tube OAB which re- 
volves in a horizontal plane, about the fixed point 0^ with uniform angular 
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velocity <». Shfw that the motion of the ipiddle point of the chain isthe 
same as would be the motion of a particle jj^laced at this middle point, and 
that the tension of the chain at any point P is PB^ tvhere »^is 

the mass of a unit length of the chain. 

53. A particle moves in a plane with an acceleration which 
is always directed to a fixed point O in the plane ; to obtain^ the 
differential equation of its path. 



Referred to 0 as origin and a fixed straight line OX 
through 0 as initial line, let the po^ar coordinates of P be (r, 0), 
If P be the acceleration of the particle directed towards 0, we 
have, by Art. 49, 

« 

Also, since there is no acceleration perpendicular to OP, we 
have, by the same article. 

Id/ ^d6\ - ' 

-rsra)-“ <2>- 

dO 

(2) gives const. = h (say) (3). 

M h ' 1 

**■ d^{ “ ~ ^ equal to - . 

m, h— — h — 

dt dt\u)~ u* dt~^u»dd' dt~ dd' 

^ ^ ( -k r. ^ dd , d*u 
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Hence equation (1) becomes 

~ - . AV = - P, 

d*w , P -t ■» ... 

W- 

Again, if p be the perpendicular from the origiri 0 upon 
bhe tangent at P, we have 


pH ^ ■“ 




dwy 


Hence, differentiating with respect to 6, we i».ve 

— % —A. 9 

p‘de~‘^'^dd;^ ^ de'd^' 

1 dp r , d^u] du Y . d’wN f 1\ 

dr ~ j ~ V ddv \ rV 


1 dp _ d'hi 
dr~^ ^ d§^’ 

Hence (4) gives ^ ^ 

Equation (4) gives the path in terms of r and 6, and (5) 
gives the (p, r) equation of the path. 


.( 6 ). 


64 . In every central orhit, the sectorial area traced out hy 
the radius vector to the centre of force increases uniformly per 
unit of timey and the linear velocity varies inversely as the 
perpendicular from the centre upon the tangent to the path. 

Let Q be the position of the moving particle at time t -f A^, 
so that Z POQ = A^ and OQ = r 4- Ar. 

The area POQ = \ OP . OQ sin POQ 

= i r (r + Ar) sin Aft 

Hence the rate of description of sectorial r.rea 
T . ir (r + Ar) sin A^ t . fi / a \ 

= i r*^, in the limit, 
at 

= the constant ^ A by equation (3) of the last article. 
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The constant h is thus equal to twice the sectorial area 
described per unit of time. ^ 

Again, the sectorial area POQ = in the limit J ^-PQ x per- 
pendicular from 0 on PQ, and the rate of its 'description 


T,1 As*" 


perpendicular from 0 on PQ, 
< 


Now, in ther limit when Q is very close to P, ' 


= the velocity t;, 

^ I 

and the perpeijdicular from 0 on PQ 

= the perpendicular from 0 orf the tangent at P =p. 

, . h 

/. h = v.p, t.e. V = — . 

Hence, when a particle moves under a force to a fixed 
centre, its velocity at any point P of its path varies inversely 
as the perpendicular from the centre upon the tangent to the 
path at P. 

Since and in any curve 
P 

=«“+(S) ’ 


66. A particle moves in an ellipse under a force which in 
always directed towards its focus; to find the law of force, and 
the velocity at any point of its path. 

The equation to an ellipse referred to its focus is 


^ 1 4- e co§ 0 ^ I 

d^u e 


COS0 •... 


/ 1 \ 


Hence equation (4) of Art. 63 gives 

r- 1-. -1 




I 


.( 2 ). 


The acceleration therefore varies inversely as the square of 
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the distance of the moving particle from the focus and, if it be 

* ^ ^ h =.V fix semi-latus-rectum (3). 

Also • 

[«’ + (Sy] = [(i + f + (f ^y] 

a a, !ii fol+ecos^ •l-e’l 

= j[l + 26Cos» + e’] = /t 2 j j— 

,by (1),..^....» (4), 


where 2a is the major axis of the ellipse. 

It follows, since (4) depends only on ij-he distance r, that the 
velocity at any point of the path depends only on the distance 
from the focus and tj^at it is independent of the direction of 
the motion. 

It also follows that the velocity V of projection from any 
point wTiose distance from the focus is Vq, must be less than 


2/1 ® 

— , and that the a of the corresponding ellipse is given by 
^0 



Periodic time. Since h is equal to twice the area described 
in a unit time, it follows, that if T be the time the particle 
takes to describe the whole arc of the ellipse, then 
X T = area of the ellipse == irab. 


Also 

Hence 


h = s/ fix semi-latus-rectum = fi ^ • 


r= 


27ra6 27r 


= -7-a2 


h fi 


56 . - 6 ^^* Find the law of force towards the pole under ivhich the curve 
''^=a‘^co8nd can he described. 

Here cos n^=l. 

Hence, taking the logarithmic dififerential, we obtain 
du 


dd 


= u tann^. 


d^a _ du 
*** W^^de 
d^u 


tan + nu sec^ n6 = u [tan® n6 + n sec® nd]. 
+ tt = u (71 + 1) sec® n$ss[n + 1) a2»*tt®'»+i. 
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Hence equation (4) of Art. 68 gives 

«.«, the curve can be described under a force to the pole varying invergely as t)fe 
(2n + 8)rd power of the distance* 

. . j « f ' 

Particular Ca^es, Let n= so that the equati(Si to the carve is ^ 

g 2a 

i,e. the carve is a parabola referred to its focus as pole. 

Here 


P«i. 


1 ^ c g 

II. Let n=ir , so that the equation is r = - (1 + cos $), which is a cardioid. 

J « 2 


Here 


Poc^. t 


III. Let n=sl, so that the equation to the curve is r^gcosd, i.e, a circle 
with a point on its circumference as pole. 

1 


Here 


Pa 




IV. Let ns 2, so that the curve is r3~g3cos2^» t.c. a lemnisoate of 
Bernouilli, and Pa^* 


V. Let nss - 2, so that the curve is the rectangular hyperbola g*=r*cos 2^, 
the centre being pole, and Pa since in this cas^(n + l) is negative. The 
force is therefore repulsive from the centre. 


EXAMPLES 

A particle describes the following curves under a force P to the polo, 
shew that the force is as stated : 


1. 

Equiangular spiral ; 


2. 

Lemniscate of Bernouilli ; 

Px-..* 

r 

3. 

Circle, pole on its circumference ; 


4 

a • 

-rrgwtf, n0, cosh ndf or sin nS ; 

^ € 


5. 

r^cos n6==aP^ 

P 

6. 

A cos wd + P sin nS ; 


7. 

r«aa sin rtd; 

^ 2nW 

8. 

«M-tanh(;^)or ooth(A); 
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au 


cosh ^-2 coal 

or 


LO. 


cosh^+1 
cosh 2^-1 


COSJ 


or 


e+2 


i 


^-1 
cosh 2^4-1 . 
cosh 2^ - 2 * 


/>0D. 


JPoc^. 

r 


'%’cosh 26 

^11. Find the law of force to an internal point under which a body will 
describe a circle. Shew that the hodograph of ^ch motion is an ellipse. 

*[Use formula (6) of Art. 53. ^The hodognaph of the path of a moving 
point P is obtained thus : From a fixed point 0 draw a straight line OQ 
parallel to, and proportional to, the velocity of P ; the locus of the point 
Qy for the difiere^t positions of P, is the hodograph of the path of P.] 


12. A particle of unit mass describes an equiangular spiral, of angle 
a, under a -force which is always®in a direction perpendicular to the 
straight line joining the particle to Jhe pole of the spirtll ; shew that the 

force is and that the fate of description of sectorial area about 

the pole is I V/A sin a . cos a . 

13. ‘In an orbit desAibed under a force to a centre the velocity at 
any point is inversely proportional to the distance of the point from the 
centre of force ; shew that the path is an equiangular spiral. 

14. The velocity at any ppint of a central orbit is - th of what it would 
be for a circular orbit at the same distance ; shew that the central force 
varies as and thaf the equation to the orbit is 

r»*-i an cos - 1) 


67. Apses. An apse is a point in a central orbit at which 
the radius vector drawn from the centre of force to the moving 
particle has a maximum or minimum value. 

By the principles of the Differential Calculus u is a maximum 


or a minimum if ^‘is zero, and if the first differential coefficient 


of u that does not vanish is of an even order. 

If p be the perpendicular from the centre of force upon the 
tangent to the path at any point whose distance is r from the 
origin, then 

\de) • 


~==u» 


When ^ is zero, 



so that the perpendicular in 


the case of the apse is equal to the radius vector. Hence at an 
apse the particle is moving at right angles to the radius vector. 
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68 . Whmfhe central acceleration is a single-valued function 
of the distance (i.e. when the acceleration is a function of th^ 
distance only and is always the same at the same distance) , every 
apse-line divides the orbit into two equal and^im/ilar portions 
thus there can%niy he Uvo apse-distances. 


Let ABC be a portion* of the path having three consecutive 


apses and C and let 0 be the 
centre of force. 

Let V be the velocity of the 
particle at B. Then, if the velocity 
of the particle were reversed at k, 
it would describe the path BP A. 
For, as the acceleratioSi depends 
on the distance from 0 only, the 
velocity, by equations (1) and (3) 
of Art. 53, would depend only on 
the distance from 0 and not on the 
direction of the motion. 



Again the original particle starting^from B and the reversed 
particle, starting from B with equal velocijty F, must describe 
similar paths. For the equations (1) and (3) of Art. 53, which 
do not depend on the direction of motion, shew that the value 
of r and 6 at any time t for the first particle {i.e. OP' and 
Z BOP') are equal to the same quantities at the same time t 
for the second particle {i.e. OP and /I BOP). 

Hence the curves BP'G and BP A are exactly the same ; 
either, by being rotated about the line OB, would give the 
other. Hence, since A and G are the points where the’ radius 
vector is perpendicular to the tangent, we have OA ==0G. 

Similarly, if D were the next apse after G, we should have 
OB and OD equal, and so on. 

Thus there are only two different apse-distances. 

The angle between any two consecutive apsidal distances is 
sailed the apsidal angle. 


69. When the central acceleration varies as some integral 
power of the distance, say /iw", it is easily seen analytically that 
there are at most two apsidal distances, 
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For the equation of motion is 
d?u 




•'* 2 LW 




: j^n-1 4.<>orJfet. 

n — 1 • 


The particle is at an •apse when ^==0> and 'then this 
equation gives 

H- (7 = 0. 

2* /t • 

Whatever be the values oiji or C this equation cannot have 
more than two changes of ^ign, and h^ce, by Descartes’ Rule, 
it cannot have more than two positive roots. 


60L a particle r/loves with a central acceleration y - j - ^ — - 
^ (dxstancef 

to fin(f the path and to distinguish the cases. 


The equation (4) of Art. 53 becomes 


d^u 


% 


d^u 


h?'^' de^ 




.(1). 


Case I. Let A* < p, so that ^ — 1 is positive arid equal 
to say. 

d^u 

The equation (1) is ^ = n%, the general solution of which is, 
as in Art. 29, 

u = Ae'^^ + Be~~^ = L cosh nO M sinh nd, 
where Ay B,ot L, M are arbitrary constants. 

This is a spiral curve with an infinite number of convolutions 
about the pole. In the particular case when^A or B vanishes, 
it is an equiangular spiral. 

Case II. Let A* = /a, so that the equatioS (1) becomes 

dhb ^ 

— =0 

A0 -{-B = A{0-a), 
where A and a are arbitrary constants. 
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This represents a reciprocal spiral in general. In the 
particular cai^e when A is zero, it iu a circle. 


Case III. Let h* > fi, so that ^ - 1 k negative^ 'and eq^l 


dhi 


to - n®, say. ' ^ ^ 

The equation (1) isotherefore the solution of 

which is 

A cos {nO E) — A cos n{6 ^ a^. 

where A and a are arbitrary constants. 

The apse is given by 6 A, 

61. The equations (4) or (6) of Art. 53 will give the path 
when P is given and also the initial conditions of projection. 

Ex, 1. A particle moves with a central accelerq^ion which varies inversely 
as the cube of the distance ; if it he projected from an apse at a distance a from 
the origin with a velocity which is times the velocity for a circle of ^radius 
shew that the equation to its path is 

e 

rcos - 7 p:=a. 

Let the acceleration be pAjfi. 

If Ti be the velocity in a circle of radius a with the same acceleration, then 

F,2 n 

— = normal acceleration = ~ . 
a a® 

••• 

Hence, if F be the velocity of projection in the required path, 




*j2fJL 


The differential equation of the path is, from equation (4) of Art. 58, 


dhi __ fiu^ __ 

Hence, multiplying by ^ and integrathig, we have 


w- 


The initial conditions give th»^ when u=i , then ^ = 0, and v = 

^04 a aa A 

Hence (1) gives ^ ^ | fts 0. 

h^~ 2 fi and = 
from equation (1) we have 

/duy , 2 1 

{TeJ a + aS* 
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adu 


: = sin^i au + y. 


** \/2 

9 be measured ftrom the initial radius vector, thenj9=J when tt=i, and 

the^jsfore 7 ss - sin* ^ (1) =s - J . 

. fir dn * 9 

• •.au=BmL-+^J=co8^. 

Hence the patois the curve r oos-^ = a. 

If we take the negative sign on the right ^and side of (2), we obtain the same 
result. 

Ex, 2. A particle^ subject to a Jbrce producing an acceleration 

towards the origin^ is projected from the point (a, 0) with a velocity equal to the 
velocity from infinity at an angle oot“^2 with the initial line. Shew that the 
equation to the path is 

^ • r=a (1 + 2 sin ^), 

and find tfie apsidal angle and distances. 

The “ velocity from infinity means the velocity that would be acquired by 
the particle in falling with the given acceleration from infinity to the point under 
consideration. Hence if this velocity be V we have, as in Art. 22, 


P + ri 1 1 ana ri in 

2^ J*** '*L3®»'^2*4j„“^L3o*''’2asJ’ 


SO that 


P’2— ^ 

3a3- 


.( 1 ). 


The equation of motion of the particle is 

«■ 

If Pq be the perpendicular from the origin upon the initial direction of pro- 
jection, we have PQ=a sin a, where cot a=2, i,e, . 

Hence, initially, we have 




Hence (2) gives, initially, from (1) and (3) 
6fA h^ 

80 that C=0 and . 

8a 


fc* 6 r 1 1 "1 „ 

’ “ 2 a«~'‘ Lsa* 


Froni» (2) we then have 
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On putting , this equation gives ^ 


and hence 




dr 


i + r) {3a -r) 

Putting r=a+y, we have d= /— T:^==Bin-i J^+ 7 . 


If we measure 6 from the initial radius vector, then 0 when rsa, and 
hence 7 = 0 . 

Therefore the path is /— a (lt> 2 sin 6). 

dv 

Clearly ^=0, f.e. we have an apse, yrhen 
» . IT 3ir 5tr 


'2 * 2 ’ 


etc. 


Hence the apsidal angle is v and the apsidal distances are equal to Sa and 
a, and the apses are both on the positive directions of the axis of y at 
distances 3a and a from the origin. The path is a limaqon and cai^ be easily 
traced from its equation. 


EXAMPLES' 


1. A particle moves under a central repulsirs force | = j 

and is projected from an apse at a distance a with velocity V. Shew that 
the equation to the path is rcosy>d=a, and that the angle B described in 
time t is 


ltan-i[^ <], where . 


2. A particle moves with a central acceleration, 


r , and is 


~ (distance)® * 

projected from an apse at a distance a with a velocity equal to n times 
that which would be acquired in falling from infinity j shew that the other 

apsidal distance is . 

If w = 1, and the particle be projected in any direction, shew that the 
path is a circle passing through the centre of force. 

3. A particle, moving with a central acceleration ^dls^nce)3* 

projected from an apse at a distance a with a velocity V ; shew that 
the path is 

rcoshl-f—^^^ — rcos \ — 
according as F is > the velocity from infinity. 
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ix A particle moving under a constant force from a centre is projected 
in a direction perpendicular lo the radius vector with* the velocity 
ac(}uired in falling to the point of projection from the centre. Shew that 
its path is ^ 

and 4 hat the particle will ultimately move in a straight line through the 
origin in the same way as if its paiJh had always been this line. ’ 

If the velocity Of projection be double that in the provious case, shew 
that the path is 

5 . A particle moves with a central acceleration ^ > being 

projected from an apse at a distance a with ‘‘twice the velocity for a 
circle at that distance ; find the other apsidal distance, and shew that the 
equation to the path is 


d 1 

tan”i (t V3) ~ ^ tan“i 


(VI-). 




6. A particle moves with^a central acceleration being 

projected from an apse at distance a with a velocity %\l\ka\ shew that 
it describes the curve r* [2+ cos V3d]=3a2. 

7. A particle moves with a central acceleration being 

projected from an apse at distance c with a velocity ^ \ shew that 

its path is the curve 

8 . A particle moves under a central force wX [3aV+8aw2j . 
projected from an apse at a distance a from the centre of force with 
velocity a/ToX ; shew that the second apsidal distance is half the first, 
and that the equation to the path is 


2r=a j^l 4*sech 


9. A particle describes an orbit with a central acceleration 
being projected from an apse at distance a yith a velocity equd to that 
from infinity ; shew that its path is 

r=:a cosh-, where 

X 

Prove also that it will be at distance r at the end of time 








L. a 


6 
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10. In a central orbit the force is /iw® (3 + 2ahL ^) ; if the particle be 
projected at a distance a with a velocity in a direction maVing 
tan"^ ~ with the radius, shew that the equatioL to the palfa is r^a 


11. A particle moves under a force mp. (a*~ 6®) a>6, and 

is projected from an apse^t a di8tan€“e a +6 with velocity Vft-r(a+6); 
shew that its orbit is r = a + fe cos B, 


12. A particle moves with a central acceleration \ 

it is projected with velocity 9X from an apse at a distance % from the 

3 

origin ; shew that the eqiiati6n to ^ts path is 
1 /au-irb 6 

V3V 


13. A particle, subject to a central force per unit of mass equal to 

p {2 (a^ ^ 146 — ^7 

is projected at the distance a with a velocity in a direction at right 
angles to the initial distance ; shew that the path is the curve . 

cos^ ^4-62 sin^ B. 

' / a® \ 

14. A particle moves with a central acceleration fi ( w*- -^ 24 ^ j ; 

it is projected at a distance a with a velocity ^ y times the velocity for 

4 

a circle at that distance and at an inclination tan""* r to the radius vector. 

o • 

Shew that its path is the curve 

,1 2 2 3 **® 


15. A particle is acted on by a central repulsive force which varies as 
the wth power of the distance ; if the velocity at any point of the path be 
equal to that which would be acquired in falling from the centre to the 
point, shew that the equation to the path is of the form 

n+3 ^ 

2 3 /» . 

cos const. 

16. An elastic string, of natural length I, is tied to a particle at one 
end and is fixed a^its othei^ end to a point in a smooth horizontal table. 
The particle can move on the table and initially is at rest with the string 
straight and unstretched. A blow (which, if directed along the string 
would make the particle oscillate to a maximum distance 2^ fromjihe fixed 
end) is given to the pai-ticle in a direction inclined at an angle a to the 
string. Prove that the maximum length of the string during the ensuing 
motion is given by the greatest root of the equation 

0?* -- siiv* a =* 0. 
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17. A particle of. mass mys attached to a fixed point by an elastic 
st^ng of natural length a, the coefficient of elasticity being nmg ; it is 
projected frqm an apse at a distance a with velocity J'2,pgh ; shew that 
thc^ther ap^al distsyictf is given by the equation 

nr^ (r — a) — 2pha (r + a) = < 1 . 

18. A particle acted on by a repulsive ^central force 

is projected from an apse at a distance c with velocity ^ ; shew that 
it will describe a tfcree-cusped hypocycloid and that the time to the cusp 


IS 3 


[Use equation (6) of Art. 53, and v® have 8p^=9c^ — r^ 


Also hdt—p . ds—pdr, ■ , giving ht* 

isjr^-p^ 

To integrate, put s= -f- 8c^ cos^ 


pc rdr / ! 
Jc "^V 


9^2 _ ;.2 


19. Find the path described about a fixed centre of force by a particle, 
when the acceleration toward the centre is of the form ^ 4- in terms of 
the velocity V at an apse whofjp distance is a from the centre of force. 

20. Shew that the only law for a central attraction, for which the 
velocity in a circle at any distance is equal to the velocity acquired in 
falling from infinity to that distance, is that of the inverse cube. 


21. A particle moves in a curve under a central attraction so that its 
velocity at any point is equal to that in a circle at the same distance and 
under the same attraction ; shew that the law of force is that of the 
inverse cube, and that the path is an equiangular spiral. 

22. A particle moves under a central force w/x-f- (distance)” (where 
n>l but not = 3). If it be projected at a distance in a direction 
making an angle ^ with jibe initial radius vector with a velocity equal to 
that due to a fall from infinity, shew that the equation to the path is 


n— 3 n-3 

r * sin^=A ^ sin 



If »>3 shew that the maximum distance from the centre is 


2 

iScosec””^^, 

and if ii<^3 then the particle goes to infinity. 

23. A particle moves with central acceleration and the 

velocity of projection at distance ^ is F; shew that the particle will 

ultimately go off to infinity if V^> ^ ^ . 


5—2 
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24. A pai;ticle is projected from an ape at a distance a with a velbcity 

~ and moves with a central attraction equal to 

^ whefe ^?>3, 

per unit of mass ; shew that it will arrive at the centre of force in time 

25. In a central orbit if (cw + cos sh^,w that the path is 

one of the conics 

(cu + cos( = (* 4- 6 cos (2^4- a). 


26. A particle, of mass m, mpves under an attractive force to the 
pole equal to “ sin^ B. ^It is projected with velocity 
at a distance a. Shew that the equation to the orbit is r (l4-cos^d)cs=2a, 


and that the time of a complete revolution is (3a)^ x 


V/i’ 


27. If a particle move with a central acceleration ^ (I sin* 6) 

i ^ 

find the orbit and interpret the result geometrically. 

[Multiplying the equation of motion, 
cos 0 and sin B in succession and integrating, we have 

A* {u cos B + u sin d) =ft sin B {1+^^ sin^ B) “ ^4- A, 
and A® (A sin ^ - -it cos ^) = - cos ^ (1 4 *^^ sin* " ^4- (1 + A*) 4- 5. 

Eliminating A, we have 

A*M=fi(l+^^sin*d)^-r(l+^*)+il sin B-Bcos 6,] 

28. A particle moves in a field of force whose potential is /xr”® cos B 
md it is projected at distance a perpondiculai; to the initial line with 

2 

irelocity - i shew that the orbit described is 
r = a sec j^V2 log tan J • 

29. A particlejs describing a circle of radius a under the action of a 
x>nstant force X to the centre when suddenly the force is altered to 
K+fi Slant, whore fi is small compared with X and t is i-eckoned from the 
instant of change. Shew that at any subsequent time t the (Jistance of 
the particle from the centre of force is 

\/ ^ {* \/l) ”']• 

What is the character of the motion if 3X % 
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[Use equations (1) and (2) of Art. 63 ; the second gives 
and the first then becomes * 

r =-=3 -X~uSm»/. 

* 

Put r=a 4*f where f is small, and neglect squajes of if. ] '• 


62. A particle describes •a path which is nearly ,a circle 
about a centre offeree (= pxiP) at its centre; find the^condition that 
this may he a stable motion. 

The equation of motion is 


d^u 




A*. 


If the path is a circle of radius 


1 


then h^ = fic^ * 


( 1 ). 

•( 2 ). 


Suppose the particl^to be slightly displaced from the circular 
path in «uch a way that h remains unaltered (for example, 
suppose it is given a small additional velocity in a direction 
away from the centre of^ force by means of a blow, the 
perpendicular velocity being unaltered). 

In (1) put w = c + 4 ?, where x is small ; then it gives 


d^x 

de^'^ 


c + a? = 


(c 4- 

^n-8 


= c + (w — 2)a7-i- 


(3). 


Neglecting squares and higher powers of », %.e. assuming 
that « is always small, we have 


5^ 


— (3 — n) a?. 


If » be < 3, so that 3 — n is positive, this gives 
mss A cos [V3 — n ^ + B], 

If « be > 3, so that » — 3 is positive, the solution is 
® = ^isV*"** + 

so that K continually increases eis 9 increases ; hence x is not 
always small and the orbit does not continue to be nearly 
circular* 

If n < 3, the approximation to the path is 
« = c + cos [Vs — nd + 5] 


( 4 ). 
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The apsidal distances are givep by the equation ^ = 0. 

i.e. by 0 «= sin [V3 -nd + B]. f 

The solutions of this equation are a Series of ^angles, /be 

difference between ^their successive values being . 

» ^ v3 — n 

This is therefore the apsidal angle of the paj;h. 

If n = 3, this apsidal angle is infinite. In this case it 
would be found that the motion is unstable, the particle 
departing from the circular path altogether and describing 
a spiral curve. 

The maximum and minimum yalues of a, in the case w < 3, 
are c+A and c — -d/so that the motion is included between 
these values. 


^ 

63. The general case may be considered in thfe same 

manner. Let the central acceleration be <f> (u). 

The equations (1) and (2) then become 

d^u 


h^' V? 


and 


A’C* = fl<f> (c) 


•( 6 ). 

.( 6 ). 


Also (8) is now 

<f>(c + a!) 
4>{cy {c + xf 


C 

<j>{c) 


>—2x + x > neglecting squares of x. 


(Bx 

W 




and the motion is stable 9 nly if 

o4>' (c) 


< 3 . 


^(o) 

In this case the apsidal angle is 


TT ■ 


(, cf(c)U 

r"WJ • 
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64 , If, in addition to the central acceleration P, we have 
an acceleration T perpendicular to P, the equations of motion 


are 


and 


(ddy 
rdt\ dt) 


,dd 


Let III this case h is not a constant. 

dt 

nnk /o\ fv 7 8 

Then(2)give8 T = u . -j-. =‘ hu» ^ 


dt 

dr __ dr dd 
dt ~ dO dt 
d 


dd‘ dt 
i du 
y?dB 


dO 


du 

W* 


, d^r d ( . du\ dO , _ 


j d^u ^ du~ \ 

^'dd^'^Jede] 


.d'^a T du 


by equation (3). 

Therefore (1) gives 


%,e. 


— P. 

dd^ udd 

p Tdu 
dhi , u dd 

d^'^^ 


This may also be written in the form 

-P Tdu 


d‘‘u 


d. 

de ^ __ 
d& 

from equation (3). 


ulde 


+ M 


~ dd^^' dd~ tt*’ 


dd' 


•( 1 ). 

.( 2 >. 

.(3). 


.( 4 ). 


EXAMPLES 

1. J)ne end of an elastic string, of unstretched length a, is tied to 
a point on the top of a smooth table, and a particle attached to the other 
end can move freely on the table. If the path be nearly a circle of radius by 

shew that its apsidal angle is approximately n- 




b-a 
4b ’-‘du* 
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% If the nearly circular orbit 'of a particle be 
shew that the apsidal angle is nearly. 

[Using equation (6) of Art. 63 we see that P varies j the 
result then follows from Art. 62 .] * •> - ^ 

3 . A particle moves with a central acceleration ^ ^ J ®hew that the 

apsidal angle is w -r yy/ 1 + ^2 , where - is the constant areal velocity. 


4 . Find the apsidal angle in a nf arly circular orbit under the central 
force ar”‘+6^. 


5 . Assuming that the moon is acted on by a force to the 

earth and that the effect of the sun’s disturbing force is to caase a force 
X distance from the earth to the moon, sfiew that, the orbit being 

nearly circular, the apsidal angle is nearly, where ^ is a 

mean lunar month, and cubes of m are neglected. 

I 


6. A particle is moving in an approximately circular orbit under the 
action of a central force ^ and a small constant tangential retardation/; 

3 f 

shew that, if the mean distance be a, then ^=71^4-5-^®, where and 

it Qt 

the squares of / are neglected. 


7 . Two particles of masses M and m are attacked to the ends of an 
inextensihle string which passes through a smooth fixed ring, the whole 
resting on a horizontal table. The particle m being projected at right 
angles to the string^ shew that its path is 

The tension of the string being Ty the equations of motion are 



42 T 

( 3 ;. 


and 
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(2) gives 


Mid then (1) and (3) give ^ ^ • 

' ■ ■■■ 

8iDC^ T is zero initially, when r=a. 

This equation and (4) give • 

and C vanishes if 3 be measured from the initial radius victor. 

a=rcos [\/ is^the path. 

8. Two masses M, m are connected by a string which passes through 
a hole in a smooth horizontal plane, the mass m hanging vertically. 
Shew tha* M describes on the plane a curve whose differential equation 


i'^i} 


1 


Prove also that the tension of the string is 

9. In the previous question if w=if, and the latter be projected on 


the plane with velocity 


from an apse at a distance a, shew that 


the former will rise through a distance o. 

10. Two particles, of masses M and w, are connected by a light 
string ; the string passes through a small hole in the table, m hangs 
vertically, and M desc^bos a curve on the table which is very nearly 
a circle whose centre is the hole; shew that the apsidal angle of the 

orbit of is IT 


11. A particle of mass m can move oh a smo 9 th horizontal table. 
It is attached to a string which passes through a smooth hole in the 
table, goes under a small smooth pulley of mass M and is attached to 
a point in the under side of the table so that the parts, of the string 
hang vertically. If the motion be slightly disturbed, when the mass m 
is describing a circle uniformly, so that the angular momentum is un- 
changed, shew that the apsidal angle is v 


fM+Am 
Urn • 
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12. Two particles on a smooth horizontal table are attached by* an 
elastic string, of natural length a, and are initially at rest at a distance a 
a,part. One particle is projected at right angles to the string. /Shew that 
if the greatest length of the string during the subsequent ylotion be 

then the velocity of proj^tion is , where m is the harmonic mean 

between the masses of the particles and X is the modulus of elasticity of 
the string. 

[Let the two {larticles be A and B of masses M an'd M\ of which B 
LS the one that is projected. When the connecting stijng is of length r 

the acceleration of A 


r-a 

a 


To get the relative 


ind therefore of tension T. such that T=\ 

« f 

T T 

is along AB^m and that of B is — , along BA, 

notion we give to both R and A an acceleration equal and opposite to 
ihat of A, The latter is then “reduced to rest ” and the acceleration of B 
relative to is along BA and 

T 2 , r— a 2X \^-au 


M' 


2 ^ r— g 
m a 


The equation to the relative path of B is now 


(Pu 

552 




2X \ — au 
mah^ 0 


Integrate and introduce the conditions that the particle is projected from 
m apse at a distance a with velocity F, The f^ct that there is another 
ipse at a distance 2a determines F.] 



CHAPTEIJ V 

UNIPLANAR MOTION WHEN THE ACCELERATION IS 
CENTRAL AND VARYING AS TIfE INVERSE SQUARE 
OF THE DISTANCE 


66. ^In the present chapter we shall consider the motion when 
the central acceleration follows the Newtonian Law of Attrac- 
tion. 

This law may be expressed as follows ; between every two 
particles, of masses and placed at a distance r apart, the 
mutual attraction is 

units of force, where 7 is a constant, depending on the units of 
mass and length employed, and known as the constant of 
gravitation. 

If the masses be measured in pounds, and the length in feet, 
the value of 7 is 1*06 x 10“* approximately, and the attraction 
is expressed in poundals. 

If the masses be measured in grammes, and the length in 
centimetres, the value of 7 is 6*66 x 10“* approximately, and 
the attraction is expressed in dynes. , 


66 . A particle moves in a path so that its acceleration is 

always directed to a fixed point and is equal to 

shew that its path is a conic section and to distinguish between 
the three cases that arise. 
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When P =‘^ , the equation (6) of ft.rt. 63 becomes 


p* dr ~ 

Integrating wfe ha^*, by Art. 54, 

,• h* 2 u, 


z.(i> 

n* dr ' 


( 2 ). 


Now the (p, r) equation of an ellipse and Jiyperbola, re- 
rred to a focus, are respectively 


.(3), 


6* 2a / ! 6» 2a - 

— and — ; = — h 1 

^ pi r P 

where 2a and 2b are the transverse and conjugate axes. 

Hence, when G is negative, (2) is an ellipse; when 0 is 
positive, it is a hyperbola. » 

Also when 0=0, (2) becomes — = constant, and this is the 

r 

(p, r) equation of a parabola referred to its focus. 

Hence (2) always represents a corftc section, whose focus is 
at the centre of force, and which is an 


ellipse ] 


negative 


parabola > according as 0 is zero 


or hyperbolaj 


or positive 


2fJL 


i.e. according as | , i.e, according as the square of the 

2ii 

velocity at any point P is p ^ , where 8 is the focus. 

Again, comparing equations (2) and (3), we have, in the case 
of the ellipse, 

h = p V/Lfr >^semi-latus-rectum, and 0 = — — . 

/2 1 \ 

Hence, in the case of the ellipse, f = ;it — -j.. ...... .(4). 

( 2 1 \ 

- -f , 

2a 

and, for the parabola, 
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It will be noted tha| in each case the velocity at any point 
does not depend on the direction of the velocity. 

SincL A is twice the area described in the unit of time 
(Art. 54), therefore, if T be the time of describing^the ellipse, we 
have * 


\rah 


^ area of the ellipse _ 

p ~ 1 /“T’ 
2V '"a 


2w ^ 
= -p=a5 . 

\ fM 


.(5> 


SO that the square of the periodic ^me varies as the cube of the 
major axis. ^ 

Cor. 1. If a particle be projected at a distance R with 
velocity V in any direction the path is an ellipse, parabola or 

2ii 

hyperbola, according as ~ ^ • 

Now the square of the velocity that would be acquired in 
falling from infinity to the distance iJ, by Art. 31, 

Hence the path is an ellipse, parabola or hyperbola accord- 
ing as the velocity at any point is < = > that acquired in falling 
from infinity to the point. 


Cob. 2. The velocity Vi for the description of a circle of 
radius R is given by 

^ = normal acceleration = ^ > so that 


and 


jj. _ velocity from infinity 

... K, , 


67. In the previous article ther branch of the hyperbola 
described is the one nearest the centre of force. 

If the central acceleration be from the centre and if it vary 
as thc^inverse square of the distance, the further branch is 
described. For in this case the equation of motion is 

p*dr r* ■ ■ r 


( 1 ). 
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Now the (./), r) equation of the farther branch of a hyper- 
bdla is 

6* .. 2a 






a 

and this always agrees with (1) provided that ^ = (7,^ so 

that A = Vu X semi-Iatus-rectum, and ~ . 

^ ^ \a rj 


% 

68. Construction of the orhit given the point of projection and 
the direction and magnitude^of tky velocity of projection. 

Let S be the centre of attraction, P the point of projection, 
TPT the direction ofc projection, and V the velocity of pro- 
jection. 

Case I, Let F* < ; then, by A%t. 66, the path is an 


ellipse whose major axis 2a is given by the equation 

F* = /A — iV where R = SP, so that 2a = p . 

"^KR a) $ 2 /jl- V^R 

Draw PS\ so that PS' and PS are on the same side of TPT', 

making Z T'PS' = Z TPS, and take • 


Then S' is the second focus and the elliptic path is therefore 
known. 

2a 

Case II, Let F^ = , so that the path is a parabola. 

Draw the direction PS' as in Case I; in this case this is the 
direction of the axis of the parabola. Draw SU parallel to 
PS' to meet TP'T' in U ; draw SY perpendicular to TPT' and 
YA perpendicular to SU, Then A is the vertex of the. required 
parabola whose focus is 8, and the curve can be constructed. 

• 8Y^ 2p^ 

The semi-latufi-rectum = 2SA = 2 . , where po is 

the perpendicular from S on the direction of projection. 

2a 

Case III, Let F* > ^ , so that the path is a hyperbola of 
transverse axis 2a given by the equation 
P = + and hence 
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In this case PS' lies on the opposite side of TPT' from PS, 
such that /L TPS = z TpS\ and S'P - SP = 2a, so that 

S'P^R^2a^ 

^ V^R ^2fi ^ 

The path can then be constructed, sinc<3 S' is* the second focus. 

« 

69. Kepler^s Laws. The astronomer Kepler, pfber many 
years of patient labour, discovered three laws connecting the 
motions of the various planets about the sun. They are: 

1. Each planet describes an ellijpse having the sun in one of 

its fod, ^ 

2. The areas described by the radii drawn from the planet 
to the sun are, in the same orbit, propoHional to the times of 
describing them, 

3. The squares of the periodic times of the various planets 
are proportional to the cubes of the major axes of their orbits. 


70. From the second law we conclude, by Art. 54, that 
the acceleration of each planet, and therefore the force on it, 
is directed towards the Sun. 

From the first law it follows, by Art. 55 or Art. 66, that 
the acceleration of each planet varies inversely as the square 
of its distance from the Sun. 

From the third law it follows, since from Art. 66 we have 


that the absolute acceleration ii,e, the acceleration at unit 
distance from the ^un) is the same for all planets. 

Laws similar to those of Kepler have been found to hold 
for the planets and their satellites. 

It follows from the foregoing considerations that we may 
assume Newton's Law of Gravitation to be true throughout the 
Solar System. ^ :> 

71. Kepler's Laws were obtained by him, by a process of 
continually trying hypotheses until he found one that was 
suitable ; he started with the observations made and recorded 
for many years by Tycho Brahd, a Dane, who lived from 
A.D. 1546 to 1601. 
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The first and second laws were enunciated by Kepler 
in 1609 in ^is book on the motion of the planet Mars. 
The third law was announced ten years later m a book 
entitled On the Harmonies of the World.^ The ex^nation of 
these laws 'Aras «givej;* by Newton in his Princijna published 
in the year 1687. 


72. Kepler*s third law, in the form given in Art. 69, is 
only true on the supposition that the Sun ift fixed, or that 
the mass of the planet ia neglected in comparison with that 
of the Sun. ^ 

A more accurate form is obtained in the following manner. 

Let 8 be the mass of the Sun, P that of any of its planets, 
and 7 the constant of gravitation. The force of attraction 


between the two is thus 


8.P 


where r is the distance 


between the Sun and planet at any instant. 
The acceleration of the planet if then a 



towards 


the Sun, and that of the Sun is 



towards the planet. 


To obtain the acceleration of the planet relative to the Sun 
we must give to both an acceleration along the line PS, 
The acceleration of the Sun is then zero and that of the planet 
is a + i8 along PS, If, in addition, we give to each a velocity 
equal and opposite to that of the Sun we have the motion of P 
relative to the Sun supposed to be at rest. 

The relative acceleration of the planet with respect to the 

Sun then 

r* 

Hence the n of Art. 66 is 7 (/S + P), and, as in thatlarticle 
we then have T = y at 
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If Ti be the time of re^folution and ai the semi-major axis 
of the relative path of another planet Pi, we have similarly 
27r^ ^ ^ S + P 

‘ v/7(>S + P0“' ■ •' -S + P.,P.»7a>*- 

. a? , 

S^nce Kepler’s Law, th^it varies as — , is very 

i 1 Qr^ 

• ^ jS + P 

approximately true, it follows that ^ is very nearly 

unity, and hence that P and Pj are either very nearly equal 
or very small compared with But it is known that the 
masses of the planets are very different; hence tfiey must be 
very small compared with that of the Sun.* 


73. The corrected formula of the last article may be used 
to give an approximate value to the ratio of the mass of a 
planet to ‘that of the Sun in the case where the planet has a 
'small satellite, whose periodic time and mean distance from the 
planet are known. I 

In the case of the satellite the attraction of the planet is 
the force which for all 4)ractical purposes determines its path. 

If P be the mass of the planet and D its mean distance 
from the Sun, then, as in the previous article, 


P = - 


27r 


Pi 


^/y{S^Py 

Similarly, if p be the mass of the satellite, d its mean 
distance from the planet, and t its periodic time, then 
27r 8-\-PT^_IP 

- cc ^ ’ 


t = 


^rf(F + p)'^’ "P+pt’‘ 

The quantities T, t, D and d being known, this gives 

value for ^ . 

Jr + o • 

As a numerical example take the case of the Earth E and the Moon m. 

5 + E 

‘ T^' d^' 


Then 


E + m 

Now !r=865J days, t=27J days, I) =98,000, 000 miles, and d= 240,000 miles, 
all the yalues being approximate. 


E’irin 
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Therefore 5!,+ 326900 times the sum pf the masses of the Earths and 

1 • 

Moon. Also m=gjE nearly. 

/. fif = 880000 JS nearly. 

This is a fairly close approximation to the accuAte result. 

If the Snn be eCssumed to be a sphere of radius 440,000 miles and mean 
density n times that of the Earth, assumed to be a sphere of radius 4000 |niles, 
this gives ^ * * 

n X (440000)3=330000 x (4000)®. 


330000 
' 1103 " 


330 

'l331“ 


r about • 


Hence the mean density of the ^un ^ 

ss 2 that (ji the Earth =2 ^ ^ * 627 = about 1*4 grammes per oub. om., 

so that the mean density *of the Sun is nearly half as much again as that of 
water. 


•> 

74, It is not necessary to know the mean distance and 
periodic time of the planet P in order to determine its mass, or< 
rather the sum of its mass and that of its satellite. 

For if E and m be the masses^ of the Earth and Moon, R 
the distance of the Earth from the Sun, r that of the Moon 
from the Earth, if Y denote a year And y the mean lunar 
month, then we have 


r= , - iit 


( 1 ). 


2ir a 

V = - 7 ==============- .r2.. 

V 7 (^E + m) 

Also, as in the last article, 

<- S.. 

V 7 ( JP + p) 

From (1) and (3), 

* ■■ 

From (2) and (3), 


Equation (4) gives the ratio of P + p to 8 + 
Equation (6) gives the ratio of P + p to i/ + to. 


( 2 ). 


(3). 

.(4). 

.( 6 ). 
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EXAMPLES 


1* Shew that the velocity of a particle moving in ^ ellipse about 
a centre of force in the focus is compounded of \wo constant velocities, S 

perpendicular to the radius and ^ perpendicular to the majortixis. 

2. A particle describes an ellipse about a centre of force at the focus ; 
shew that, at anjf point of its path, the angular velocity about the other 
focus varies inversely as the square gf themormal at the point. 


3. A particle moves with a central acceleration «« ^ ' (stance)^] * ^ 

projected with velocity F at a distance R, Shew that its path is a 
rectangular hyperbola if the angle of projection is 

liln-i— ^ 


VR 




4u A particle describes a^ ellipse under a force towards 

the focus ; if it was projected with velocity V from a point distant r from 
the centre of force, shew^that its periodic time is 


2trr2 rn-* 

yJtAs “ 


6. If the velocity of the Earth at any point of its orbit, assumed to 
be circular, were increased by about one-half, prove that it would describe 
a parabola about the Sun as focus. 

Shew also that, if a body were projected from the Earth with a velocity 
exceeding 7 miles per second, it will not return to the Earth and may even 
leave the Solar System. ^ 


6. A particle is projected from the Earth’s surface with velocity v ; 
shew that, if the diminution of gravity be taken into account, but the 
resistance of the air neglected, the path is an ellipse of major axis 

Q, where a is the Earth’s radiua 

7. Shew that an unresisted particle falling to the Earth’s surface from 

a great distance would acquire a velocity where a is the Earth’s 

radius. * 

Prove that the velocity acquired by a particle similarly falling into the 
Sun is to the Earth’s velocity in the square root of the ratio of the 
diameter of the Earth’s orbit to the radius of the Sun. 


3—2 
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8. If a placet were suddenly stopped in its orbit, supposed circular, 

• /2 

shew that it would fall into the Sun in a time which is ~ times thp 
period of the planet’s revolution. 

9. The eccentricity of the Earth’s orbit round the Sun is ^ ; shew 

that the Earth’s distance frgm the Sun exceeds the length of the semi- 
major axis of the orbit during about 2 days more than half the year. 

10. The mean distance of Mars from the Sun being 1*524 times that 
of the Earth, find the time of revolution of Mars about t4.e Sun. 

11. The time of revolution f f about the Sun is 687 days and his 

mean distance 141^ millions of miles ; the distance of the Satellite Deimos 
from Mars is 14,600 miles and his time of revolution 30 hrs. 18 mins, j 
shew that the mass of the Sun is a little more than three million times 
that of Mars. 

12. The time of revolution of Jupiter about the Sun is 11*86 years 
and his mean distance 483 millions of miles ; the distance of his first 
satellite is 261,000 miles, and his time of revolution 1 day 18J hrs. ; shew 
that the mass of Jupiter is a little less than one-thousandth of that of the 
Sun. 


13. The outer satellite of Jupiter revolves in 16g days approximately, 
and its distance from the planet's centre is 26J ^adii of the latter. The 
last discovered satellite revolves in 12 hours nearly; find its distance 
from the planet’s centre. 

Find also the approximate ratio of Jupiter’s mean density to that of 
the Earth, assuming that the Moon’s distance is 60 times the Earth’s 
radius and that her siderial period is 27J days nearly. 

[Use equations (2) and (3) of Art. 74, and neglect m in comparison 
with j^, and p in comparison with P.] 


14. A planet is describing an ellipse about the Sun as focus ; shew 
that its velocity away from the Sun is greatest when the radius vector to 
the planet is at right angles to the major axis of the path, and that it 

then is , where 2a is the major axis, e the eccentricity, and T 

the periodic time. 


76. To find the time of description of a given arc of an 
elliptic orUt starting from the nearer end of the major accis. 
do 

The equation r® ^ = ft of Art. 53 gives 



ft 

(1 + c cos dy 


.de 


ht 


( 1 ). 
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If e< 1, then by the ^ell-known result in Integral Calculus 

- - ff = -T^= \ J\^ ( 2 )- 

/>il+ecos^^ Vl— 6* 1 + e 2j ^ ’ 


Differentiating with respect to the cfenstsSit e, we have 

/V - C08 0 2e . ^ r , e ] 

I 7 r~. 3 ^ “V = a tan * a / - — tan ^ * 

«/ 0 (1 ® cos 0)2 1 + ^ *2 


10 


•••/' 


(1 + e cos ^)‘ 
2 




1 — e® 1 + e cos ^ 

• - • /I 

1 gcosg 


.(3). 




tan*" 


0 ^ cos 0 (1 -f e cos ff)^ 

r/l—e d~] e sin ^ 




d0 


XI A • P P a' 
Hence, since y ~ = /— 

/i V /iZ V/A 


1 — 1 H- e cos 0 

, we have, by (1), 


..(4). 


< . ^ [2 tan- (^J tan I) - a t/1 - . ..(6). 

Aliter. If we change the variable 6 into a new variable <f> 
given by the relation (1 + e cos 6) (1 — e cos <^) = 1 ~ e\ so that 

l-ecosA (1 — ecosAy 


j . . „ sin0(l-e*‘) Vl-^ , 

and sm 6 .d6= ^ d^, we have dd = ;j — — . d^. 


Hence 


(1 — e cos <^)* ' 

1 — e cos (f> 


r _ f* ^ ~ ® *^0^ — 

j 0 (1 + e cos 0)’ Jo 


( 1 -, 


1 — e cos ^ 
i[^-«8in^] 


.( 6 ). 


. .,4> 1 - COS <6 1 — e 1 — cos 0 • 1 — e ^ ,0 

Now tan^ ^ = , ^ = r ^ = - — tan’ 5 , 

2 1 + COS ^ 1 + e 1 + COS 0 1 + « 2 


sin (^ = 


Vl - 


e 


; sin 0. 


and tnjix ax/ — , — ^ K 

^ 1 + e COS 0 

Substituting in (6), we have result (4), and proceed as above. 
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76. To fifud the time similarly fo^ a hyperbolic orbit, 

d0 


Ife>l 




Ve + 1 + V 1 tan 


e cos ^ Ve* - 1 /* / d' 

^ ve+ 1 — ve — 1 tan^ 


/' 

J 0 


Differentiating with respect to f , we have 
— cos 0 


d0^ 


(1 + e cos Oy _ 1)1 


:log 


Ve + 1 + Ve — Itan ^ 


« 0 

Ve + 1 — Ve — 1 tan gj 


sin 0 


f d0 _f 

•f 1 «cos^ 

I(l + eooa0)* J 

0 l 1 + e cos 0 (1 + e cos 0)*_ 


r 

Ve + l + Ve — 1 tan- 

JU 

4- — J 


Ve-hl — Ve- 1 tanjr 

( 2J 



c* — 1 1 + ecos^' 
d0 


e 


sin 0 


e“ — 1 1 + e cos 0 ' 


„ . . XV,- I' ^ a^(e»-l)^ 

Hence, since in this case ^ « — — , 

h w fjh Wfi 

the equation (1) of the last article gives 


at 

* = 7= 


, sin 0 , 


Ve + H- Ve-ltan 


0- 


Ve + l — Ve— 1 tan 


AliiTEB. Change the variable 0 into a new variable 0, such 
that (1 + e cos 0) (e cosh ^ — 1) = e* — 1, so that 

^ e-cosh<;> ^.^,^_(e»-l)sinh»<^ 
e cosh 0 — 1 (e cosh 0 — 1)* 


cos i 


and 


j cosh 0 


Then f rVT~~~S>a^ — g j * (e ooab if> — 1) d6 

Jo(l + 6 cos 0 )» ^ 


e cosh 0 — 1 " 


(e» - l)t 


[e sinh ^ - <j)]. 
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m • 

and einh ^ «= 2 tanh — tank* = Ve** - 1 ^ 


ecos 6' 


1^1 


d6 


sind 


( 1 +ccos^/ e’-ll + ecos^ ^ 


1 + ® 


which is the same as before, since tanh~’ x = ilogfi: 


X 


77. In the case of a parah^ic of bit to find the corresponding 
time. 

d 

The equation to the parabola is r = ' ^03 ^ > ^J'®re 2d is 

the latns-rectum and 6 is measured from the axis. Hence the 
equation (3) of Art. 6 ^ gives 

''■‘-h-Inf 


f(l +cosd)’ 


d0. 


M 

d?' 




ft dB 1 J J 

' $il(* + I) D - 2 [ I + 5 9 • 


But 


h pd fi 

d^ d^ * 


« = ; 


2V/^ 

if a be the apsidal distance. 


[ tan I + i tan’ | j , tan | + 1 tan* |] , 


78. Motion of a projectile, variations of gravity being taken 
into consideration but the resistance of the air being neglected. 
The attraction of the Earth at a point outside it at a distance 

r trom,the centre is Hence the path of a projectile in 

vacuo is one of the cases of Art. 66 , one of the foci of the path 
described being at the centre of the Earth. 
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If B be* the radius of the Eaiibh, then ^ = the value of 

gravity at the surface of the Earth =5^, so that fjL 

The path of a projectile which starts from a point on the 
Earths surface as tljerefore an ellipse, parabola, or hyperbola 

2ti 

according £U3 F* = accordi^ig as F* = 2gR. 

79 . The maximom range of a particle starting from the Earth’s surface 
with a given velocity may be obtained as follows : ^ 

Let S be the centre of the Earth and P the point of projection. Let K be 



the point vertically above P to which the velocity, of projection is due, so 
that, by Art. 31, we have 

2/* = 2gR^ j^- - (1), 

where It is the radius of the E^rth and PAT is h. 

If JET be the second focus of the path, the semi-major axis is ^(P+PH). 
Hence, by equation (4) of Art. 66, 

=2srBi! 

By comparing this with equation (1) we have PH » A, so that the locus of 
the second focus is, for a constant velocity of projection, a circle whose centre 
is P and radius h. It follows that the major axis of the path is PP-h PH or 8K. 
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pDhe ellipse, whose foci are S and H, meets a plane LPM, passing throngl 
the point of projection, in a poigt Q, such that 8Q + QH^SK» Hence, if 8<i 
njeet in T the circle whose centre is 8 and radios 8Kf we have QT= QH. Since 
there is, in^^neral, another point, H\ on the circle of foci equidistant with if 
from Q, we htive, in gener|l, two paths for a given range. 

The greatest range on the plane LPM is clearly Pq where g# equals gO. 

Hence 8q + qP=8q + qO + 0P=^8q + qt+PK=s8k + Pjf. 

Therefore g lies on an ellipse, whose foci are the centre of the Earth and the 
point of projection, and which passSs through K, 

Hence we obtain the maximum range. 

80. Suppc*e that the path described by a planet P about 
the Sun S is the ellipse of the figur^ Draw PN perpendicular 
to the major axis and produce it to meet the auxiliary circle in 
Q; Let 0 hie the centre. 



The points A and A' are called , respectively the Perihelion 
and Aphelion of the path of the planet. 

The angle ASP* is called the True Anomaly and the angle 
A(7Q the Eccentric Anomaly. In the case of any of the planets 
the eccentricity of the path is small, being never as large as 
T except in the case of Mercury when it is *2 ; the foci of the 
path are therefore very near 0, the ellipse differs little in actual 
shape from the auxiliary circle, and hence theSiflference between 
the True and Eccentric Anomaly is a small quantity. 

Stt 

If ^ be the time of a complete revolution of the planet, 

so that n is its mean angular velocity, then nt is defined to be 
the Mean Anomaly and n is the Mean Motion. It is clear 
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therefore that nt would be the Anomaly of an imaginary planet 
which moved so that its angular veldbity was equal to the mean 
angular velocity of P. 

„■ 2tt 2tr . • 

aMArb.66), 

Let 0 be the Tru& Anomaly AHP, and ^ the Eccentric 
Ajiomaly 'AG^. , 

If h be twice the area described in a unit of time, then 

5 1 = Sectorial area ASP 

2 * , 

= Curvilinear area ANP + triangle 8NP 
= ^ X Curvilinear area ANQ + triangle SNP 

= - (Sector ACq - triangle CNQ) -^^SN.NP 

Cb 

= - (^a’ <f> — sin <f> cos ^) + J (a cos <f> — ae).b sin 0 

Cb 


ah., . ,, < 

”-2 

nt = (^ — e sin 0) = ^ — e sin ^ 

By the polar equation to a Conic Section, we have 
J a (1 — e*) 


.( 1 ). 


and 


and 


ap _ 

1 + e cos 0 1 + e cos ^ ’ 

SP = a — e. CN = o (1 — e cos ^). 

I*. (1 — e cos (1 + e cos 0) = 1 — e*, 



1 — e COS ^ 


.( 2 ). 


81. If e be small, a first approximation from (1) to the 
value of ^ is nt, and a second approximation is nt-he sin nt 
From (2), a fifst approximation to the value of d is (f>, and a 
second approximation is ^ + X where 


and 




. ^ , COS<^ — 6 

COS 6 — \ sin <b = 4 

^ ^ 1 - e cos ^ ' 

6 sin 0 . . 
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Hence, as far as the first power of 
^ ^ e sin ^ + 0 sin + e sin {nt + e sin w^) 

‘ « + 2e sin nt. 

Also SP = = a (1 — 0 c^s 8)^ 

1 + 0 cos ^ ^ ^ 

to the same approximation, • 

= a -‘tts cos (nt 4- 20 sin nt)^ a — ae cos^nt. 

If an approximation be made as far as squares of 0 , the 

results are found to be 

0 * ^ 

^ 4 0 sin 4 ^ sin 2nt, 

50* 

d^nt + 2e sinnt 4 V sin 2rif, 

% 

and , r = a |l - <fcco8 ^ (1 - cos 2nt)| . 


82. From equation (2) of Art. 80, we have 

' _ i l + e)(l-c<ys4>) l+e. 

'“(l-e)(l + co3<6)“l-e 2 ’ 


. 5 0 _ 1 - cos ^ 

2 “ 1+ cos ^ (1^) a ■ 


so that 

and 


sin^s 


2tan^ 
1 + tatf ~ 


^=*2tan-‘[,y/[^%an|], 

^\/l 


-e^ 6 

—— tan 5 
4 ^ 2 


=Vi-, 


sin d 


1 + e cos 6 


Hence, from equation (1) of the same article, remembering 
that n — ^, we haVe 

J 

^ To i. if /i~®* /i — ^ T 

t--—\2 tan-* ■{ »/ =— — tan^f -«vl — 6>:p- 2 • 

V/* L I V 1 + e 2J 1 + e cos 

This is the result of Art. 75 and gi^es the t^me of describing 
any arc of the ellipse, starting from perihelion. 


83. • When a particle is describing an elliptic orbit, it may 
happen that at some point of the path it receives an impulse so 
that it describes another path ; or the strength of the centre of 
force may be altered so that the path is altered. To obtain the 
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• 

new orbit we shall want to know fcow the major axis has* been 
altered in magnitude and position, what is the new eccentricity, 
etc. 

84 Tangential disturbing force.* 

Let tlie path of a particle moving about a centre 

of force at S, and let H be the other focus. 



When ^he particle has arrived at P let its velocity be 
changed the direction being unaltered ; let 2a' be the 

new major axis. 

Then we hav e 



Hence, by subtraction, we have — , . 

Since the direction of motion is unaltered at P, the new 
focus lies on PH ; and, if H* be its position, we have 
EH' = {HP + SP) - {HP + SP) = 2a' - 2a. 

If the change of velocity u be small and equal to Sv, say, 
then by differentiating the first of equations (1) we have 


~ hoL, 


[For SP is constant as far as these instantaneous changes 
are concerned.] • 

Hence 8a, thS increase in the semi-major axis, 

...( 2 ). 

Again, since HH' is now small, we have 

HH' sin H 2Sa . sin H 


tmH8H' = 


2ae 4- HH' cos H' 


2ae 
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Hence the angle through which the major axis moves, 

(3). 


Tjc/rj, SasinZT 2m . „ ^ 

= HSH = = — .smH.ov 


ae ejM 

Since the directi on ^of motion at P is unaltered Ijgr the blow, 

v + V .1* . CSV Svi 


the v^lue of his altered in the ratio 
But » 


■ , so that SA = — A. 

V V 


so that 


» A® = jLta(l — e*). 

2hdh = fiBa (1 — e^) — jxa . 2eBe. 

jjLa,2eSe=^2vBv.Q^(l-0e^) — 2^h\ 

V * 


e fjb 

This gives the increase in the value of the eccentricity, 
Sincer the periodic tiine 

V/A 

ST _ 3 Sa _ 3va8v 




(4). 


.(5). 


86. If the disturbing force is not tangential, the velocity it 
produces must be confpounded with the velocity in the orbit to 
give the new velocity and tangent at the point P. The 
equations (1) or (2) of the last article now give the magnitude, 
2a', of the new major axis. 

Also since the moment of the velocity of the point P about 
the focus 8 is equal to 

V/A X semi-latus-rectum, i.e. to /a Va' (1 — 
we obtain the new eccentricity. 

Finally by drawing a line making with the new tangent at 
P an angle equal to that made by SPy and taking on it a point 
H\ such that SP + AT'P is equal to the new major axis, we 
obtain the new second focus and hence the new position of the 
major axis of the orbit. 


86. Ejfect on the orbit of an instantaneous change in the 
value ofHhe absolute acceleration fi. 

When the particle is at a distance r from the centre of force, 
let the value of fx be instantaneously changed to /i', and let the 
new values of the major axis and eccentricity be 2a' and e\ 
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Since the velocity is instantaneously unaltered in magnitude, 
we have 

'■'(j.-j) <»• 

an equatioiftogive !»/. 

The moment of the velocity about S being unaltered, h 
remains the same, so that 

* ^/fla (1 - = A = (1 - /^) (2), 

giving e\ m 

The direction of the velocity at distance r being unaltered, 
we obtain the new positions of^ihe second focus and of ^he new 
major axis ^ in the previous article. 

If the change S/i, in fx be very small the change Sa in a is 
obtained by differentiating the first equation in (1), where v 
and r are treated as constants, and we h|tve 
Sa _ j S/I. 

So, from (2), we have, on taking logarithmic differentials, 

= 0 . 


hjji Ba 

a 1 ~ 


... 

fx f/r ^ fx \ IX J 

Again, since the periodic time 

^ dT _ 3 Sa iBfx ^ 1 8/t /- Saii^\ 


EXAMPLES ; 

1. If the period of a planet be 365 days and the eccentricity « is ~ , 

shew that the times of describing the two halves of the orbit, bounded by 
the lat .118 rectum passing through the centre of force, are 

2. The perihelion distance of a comet describing a parabolic path is 
~ of the radius of the Earth’s path supposed circular ; shew thatrthe time 
that the comet will remain within the Earth’s orbit is 

2 n + 2 In^X 
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fif 8 be the Sun, a the radius of the Earth^s path, A the perihelion of 
the comeVs path, and P the ittersection of the paths of*the earth and 
2a 


comet, then a^SP- 


71 2 

s so that cos ^ - 1, and therefore 

l-fdosd’ n ’ 

tan^«,/jrrr. 

t 


Now use the formula of Art. 77, remembering that ^a^^=one year.] 


3. The Earth*i»path about the Sun being assumed to be a circle, shew 
that the longest time that a comet, which describes a parabolic path, can 

remain yithin the Earth’s orbit is ^ of a year. 


4 . A planet, of mass M and periodic time T’, when at its greatest 
distance from the Sun comes into collision with a meteor of mass m, 
moving in the same orbit in the opposite direction with velocity v ; if 

^ be small, shew that the*major axis of the planet’s path is reduced by 

* 4m vT /l— e 

17 'T V r+i' 


5. When a periodic come bis at its greatest distance from the Sun its 
velocity v is increased by a small quantity Sv. Shew that the comet’s 

least distance from the Sun is increased by the quantity 4§v. . 

6. A small meteor, of mass m, falls into the Sun when the Earth is 
at the end of the minor axis of its orbit ; if J/ be the mass of the Sun, 


shew that the major axis of the Earth’s orbit is lessened by 2a. that 

Ji 

the periodic time is lessened ^7 y ^f ^ fbat the major axia of 

its orbit is turned through an angle ~ 

7. The Earth’s present orbit being taken to be circular, find what its 
path would be if the Sun’s mass were suddenly reduced to ~ of what it is 
now. 


8, A comet is moving in a parabola about the Sun as focus ; when at 
the end of its latus-reotum its velocity suddenly becomes altered in the 
ratio n:l, where n<l ; shew that the comet will describe an ellipse whose 

eocentrisity is a/I and whose major axis is , where 21 

was the latus-rectum of the parabolic path. 

9. A body is moving in an ellipse about a centre of force in the focus ; 
when it arrives at P the direction of motion is turned through a right 
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angle, tbe speed being unaltered ; shew that the body will describe an 
ellipse whose eccentricity varies as the distance of P from the centra 

10. Two particles, of masses and moving in co-plan^, t parabolas 
round the Sun, collide at right angles and coaV^sce when their common 
distance from ^ the ^ Sun is R, Shew that the subsequent path of the 

combined particles is an ellipse of major axis " 

^,.^1. A particle is describing an ellipse under the action of a force to 
one bf its foci. When the particle is at one extremity of the minor axis 
a blow is given to it and the subsequent orbit is t circle ; find the 

magnitude and direction of t^p blow. 

1 - 

12. A parjiicle m is describing an ellipse about the focus with^ngular 
momentum mA, and when at the end of the minor axis receives a small 
impulse mu along the radius vector to the focus. Shew that the major axis 

of the path is diminished by —j ^ — , that the eccentricity is increased by 

^ (1 — and that the major axis is turned through the angle ^ 
where a, h are the semi-axes and e the eccentricity of the ellipse. 

13. A particle is describing a parabolic orbit (latus-rectum 4a) about 
a centre of force (/i) in the focus, and on its arrivii^ at a distance r from 
the focus moving towards the vertex the centre or force ceases to act for 
a certain time r. When the force begins again tc operate prove that the 
new orbit will be an ellipse, parabola or hyperbola according as 

^ /r— a 

r< = >2rV-^- 


14. Shew that the maximum range of a projectile on a horizontal 

R-\- h 

plane through the point of projection is 2^ where R is the radius 

of the Earth, and h is the greatest height to which the projectile can be 
fired. 

[Use the result of Art. 79.] 


15. When variations of gravity and the spherical shape of the Earth 
are taken into account, shew that the maximum range attainable by a gun 


placed at the se^ level is 2/2 sin' 


elevation is ~ cosr^ 


(I). 


‘(D- 


and that the necessary angle of 


where R is the Earth^s radius and h is the greatest 


height above the surface to which the gun can send the ball. 


16. Shew that the least velocity with which a body must be projected 
from the Equator of the Earth so as to hit the surface again at the North 
Pole is about miles per second, and that the corresponding direction of 
projection makes an angle of 67^° with the vertical at the point of 
projection. 



CHAPTER 

TANGENTIAL AND NORMAL ACCELERATIONS. 
UNIPLANAR CONSTRAINED MOTION 


87. In the present chapter will be considered questions 
which chiefly involve motions where the particle is constrained 
bo move in definite curves. In these cases the accelerations are 
often best measured along tHe tangent and normal to the curve. 
We must therefore first determine the tangential and normal 
accelerations in the cai^ of any plane curve. 

88, To shew that the accelerations along the tangent and 

d^s ( dv\ 

normal to the path of a particle are ^ ^ ^ j ~ > '^here 

pis th^ radiris of curvature of the curve at the point considered. 

Let V be the velocity at time t along the tangent at any 
point P, whose arcual dis- 
tance from a fixed point G 
on the path is s, and let 
v H- At; be the velocity at 
time t + At along the tan- 
gent at Q, where PQ = As. 

Let (f) and 0 + A<f> be 
the anglgs that the tan* 
gents at P and Q make 
with a fixed line Ox, s#' 

that Aip is the angle between the tangents at P and Q. 

h. D. 
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Then, ^ definition, the acceleration along the tangent' at P 
velocity along the tangent at time < + At 
— the same at time t 


= Lt- 




^ (v + cos A<^ — V 
= Jut 

v + Av — -y 

' » 


-Lt 


A^ 


on neglecting small quantities of the second order, 
dv 


dt 


' dt^' 


Also 


dt dsdt ds* 


Again the acceleration along the nf rmal at P 

velocity along the normal at time t -I- A^ 

= Lt 

A^=0 


— the same at time t 




-f.(v + Av) sin A<^ 

= -ut r-r 

At 


At^O 

: Lt (y + Av) , 


sin A0 A</> As _ - 1 


== V . 1 . = - 


Ae=o ' As* At p p 

Cor. In the case of a circle we have p = a, s aO, v = a^ 
and the accelerations are aO and ad\ 


89 . tangential and normal accelerations may also be directly obtained 
from the accelerations parallel to the axes. 

dx ^dx ds 
dt ds dt ^ 
dx dh 
ds dt^* 


For 


d^x /dsY < 

dTa “d? +■ 


So 


d^y ^ /dsY ^ (^^8 

d^^d^\dt) 

£ttt» by Differential Galcplus, 


d^x 

ds 


ds 




dy 1 dx d^s sin0 „ d^s 

= -i-p\dt) +djdr» — 


and 


d^y dx 1 /d«V . . 


dh 

'dt»‘ 
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Therefore the acceleration alox^ the tangent 

- dP ®®® ^ + dP ® *“ ^ = dP = dT = d7 d t = " 3J ' 
and the aeceleration along tfte nonnal = - ^ sin 0 + ^ cos <b . 

at^ ^t2 p 

90, Ex. A curve is described a particle having a constant acceleration 
in a direction inclined at a constant angle to the tangent; shew tha^ the curve is 
an equiangular spirals , 

Here cos ^|^nd — s=/8in a, where / and a are constants^ 

ds 

2/cos os + const. =t;2=y sin n .p= /sin 

a + A, where ^ is a constant, ^ 

2 dxf/ 

log (« cot a + ^) = 2^ cot a + const. 
s=-dtano + Be2'('«<'‘“ 

which is the intiinsio equation of an equiangular spiral. 


EXAMPLES 


1. Find the intrinsic equation to a curve such that, when a point 
moves on it with constant tan^ntial acceleration, the magnitudes of the 
tangential velocity and the normal acceleration are in a constant ratio. 

2. A point moves aiong the arc of a cycloid in such a manner that 
the tangent at it rotates with constant angular velocity ; shew that the 
acceleration of the moving point is constant in magnitude. 

3. A point moves in a curve so that its tangential and normal 
accelerations are equal and the tangent rotates with constant angular 
velocity ; find the path. 

4. If the relation between the velocity of a particle and the arc it has 
described be 


2a«s=log 


b+cu? 


find the tangential force acting on the particle and the time that must 
elapse from the beginning of the motion till the velocity has the value V. 

6. Shew that a cycloid can be a free path for a particle acted on at 
each point by a constant force parallel to the corresponding radius of the 
generating circle, this circle being placed at tlfb vertex.^ 

6. A heavy particle lying in limiting equilibrium on a rough plane, 
inclined at an angle a to the horizontal, is projected with velocity V hori- 
zontally aiong the plane; shew that the limiting velocity is JK and find 
the intrinsic equation to the path. 

7. A circle rolls on a straight line, the velocity of its centre at any 
instant being v and its acceleration/; find the tangential and normal ac- 
celerations of a point on the edge of the circle whose angular distance from 
the point of contact is 6, 


7—2 
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91. A* particle is compelled tp move on a given smooth 
plane curve under the action of given forces in the plane; to J^nd 
the motion. * 

Let P fee a point of the curve whose«‘arcual distance from a 
fixed point G ik s, ahd let v be 
the velocity at P. Let X, Y be 
the components parallel to two 
rectangular axes Oa, Oy of the 
forces acting on the particle 
when at P ; since the curve iij 
smooth th^^ only reaction will 
be a force It along the normal 

at P. 



Resolving along the tangent and normal, we have 
vd% 
ds 


vdv t' 

-j- = force along TP =X cos <f>+Y sin <f> 


■ Xf.+ Yf. 

as ds 


•( 1 ). 


and 


m.- = — X sin <f> + Y cos <f> + R 

= -.Xp+Y^ + R 

ds ds 


.( 2 ). 


When V is Tcnown, equation (2) gives R at any point. 
Equation (1) gives 


1 , 


' = j(Xdx+Ydy) ....(3). 

Suppose that Xdx-{- Ydy is the complete differential of 


some function <(> (w, y), so that Z = ^ and F= 

dx dy 

Then | dx + ^dy^ = <i>(w,y) + 0 (4). 

Suppose that the particle started with a velocity V from a 
point whose coordinates are a;,, y,. Then 

Hence, by subtraction, 

imv* - ^<f>(a,y)-<f> («!„, y^) (6). 

This result is quite independent of the path pursued 



101 


Motion in a given Curve 

between the initial point and P, and would therefore be the 
same whatever be the form of the restraining curve. 

From the definition of Work it is clear that Xdco -f Tdy 
represents the work d^ne by the forces X, Y during a small 
displacement da along the curve. Hence the right-hand side of 
(8) or of (4) represents the total work done on the particle by 
tha, external forces, during its motion from the point of pro- 
jection to P, added to an arbitrary constant. 

Hence, when«^)he components of the forces are equal to the 
differentials with respect to x and y of some function ^ (x, y), it 
follows firom (6) that 

The change in the Kiuel^c Energy of the particle 

the Work done by the External Forces. 

Forces of this kind are called Conservative Forces, 

The quantity <f>{x,^y) is known as the Work-Function of 
the system of forces. From the ordinary definition of a 
Potential Function, it is clear that ^ {x, y) is equal to the 
Potential of the given system of forces added to some constant. 
If the motion be in three dimensions we have, similarly, 

that the forces are Csnservative when J(Xd^ + Ydy + Zdz) is a 

perfect differential, and an equation similar to (5) will also be 
true. [See Art. 131.] 


92. The Potential Energy of the particle, due to the given 
system of forces, when it is in the position P 

= the work done by the forces as the particle moves to some 
standard position. 

Let the latter position be the point (xi^ y,). Then the 
potential energy of the particle at P 




= <l> i<«i, yi) - <f> (*, y)- 


Henpe, fix)m equation (4) of the last article, 

(Kinetic Elnergy -h Potential Energy) of the particle when at P 

y) + C+ (®i, yO - ^ («, y) 
mtO {xi, yi) « a constant. 
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• 

Hence, when a particle moves under the action of a Con- 
servative System of Forces, the sum of its Kinetic and Potential 
Energies is constant throughout the motion. / 

93. In^the particular case when gravity is the only force 
acting we have, if the axis of y be vertical, JT = 0 and F= — mg. 

Equation ( 8 ) then gives \mv^ ^ — mgy + C. 

Hence*', if ^ be a point of the path, this gi^^es 

kinetic energy at P — kinetic energy at Q 
^mgx difference of the ordinates at P and Q 
= the work done by gravity as Ihe particle passes from Q to P. 

This result is important ; from it, given the kinetic energy 
at any known point of the curve, we have the kinetic energy at 
any other point of the path, if the curve be smooth. 

94. If the only forces acting on a particle be perpendicular 
to its direction of motion (as in the case of a particle* tethered 
by an inextensible string, or moving on a smooth surface) its 
velocity is constant ; for the work do^ie by the string or reaction 
is zero. 


96. All forces which are one-valued functions of distances 
from fixed points are Conservative Forces. 

Let a force acting on a particle at the point (a?, y) be a 
function (r) of the distance r from a fixed point (a, h) so that 


r*= (a? - af + ( 3 / — hf. 

Also let the force act towards the point (a, 6 ), 

dr . 

■{oo- 


Then 


dx 


■ a), and r^ = y- 


The component X of this force parallel to the axis of a? 


(r) X 


w — a 


if the force be an attraction, and the component F parallel to y 
Hence iit+r*, * (rt x 

r 

= = {r)dr. 
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lienee, if F(f) be such that ^ F(r) = — ‘\lr (r) (1), 

we have • 

J (Xdx + Yd^) = j^F (r) dr = F (r) + comifc. 

Such a force therefore satisfies the condition ot being a 
Conservative Force. 

9 

If the force be a central one and follow the law of the inyefse square, so that 
^ (r) =:^, then F (rf^ - j\p (r) dr =:^ and hence 

j {Xdx + Ydy) = ^ + constant. 

96. The work done in stretching an elastic string is equal to 
the extension produced multiplied by the mean of the initial and 
final tensions. 

Let a be the iinstS’etched length of the string, and X its 
modulus*of elasticity, so that, when its length is x, its tension 

= X . - — - , by Hooke’s Law. 

The work done in stretching it from a length 6 to a length c 



= ^ [(C -«)•-(& - ay] = (c - 6) Fx + X ^1 X i 

^(c^b) X mean of the initial and final tensions. 

Ex. A and B are two points in the same horizontal plane at a distance 2a apart; 
AB is an elastic string whose unstretched length is 2a. To 0, the middle point of 
ABt is attached a particle of mass m which is allowed to fall under gravity ; find 
its velocity when it has jUllen a distance x and the greatest vertical distance 
through which it moves. 

When the particle is at P, where OP^x^ let its velocity be v, so that its 
kinetic energy then is ^mv^. 

The work done by gravity = mg . x. 

The work done against the tension of the str^g 

= 2 X (BP - B O) X g X ^ (BP - a)» = ^ - o]*. 

fienoe, by the Principle of Energy, 

• ^ 

Jmv * = mgx - - [n/*> + a* - af. 

'the particle comes to rest when vsO, and then x is given by the equation 
mgxa = X + a® - ap. 
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EXAMPLES 


1, If an elastic string, whose natural length is that of a uniform rod, 
be attached td the rod at both ends and suspended by the middle point, 
shew by means of the Principle of Energy, that the rod will sink until the 
strings are inclined to the horizon at an^angle B given by the equatioii 

4 A A 

cot*~cot-==2w, ' 

given that the modulus of elasticity of the string is n^lmes the weight of 
the rod. . 

2. A hea:ry ring, of mass m, slides on a smooth vertical rod and is 
attached to a light string which passes over a small pulley distant a from 
the rod and has a mass M (> m) fastened to its other end. Shew that, if 
the ring be dropped from a point in the rod in the same horizontal plane 

as the pulley, it will descend a distance before coming to rest. 

Find the velocity of m when it has fallen through any distance x, 

8. A shell of mass M is moving with velocity V. An internal 
explosion generates an amount of energy and breaks the shell into two 
portions whose masses are in the ratio The fragments continue 

to move in the original line of motion of the shell Shew that their 

velocities are V+ and V- 


4. An endless elastic string, of natural length 27ra, lies on a smooth 
horizontal table in a circle of radius a. Th|^ string is suddenly set in 
motion about its centre with angular velocity co. Shew that if left to 
itself the string will expand and that, when its radius is r, its angular 
a* 

velocity is ^ ®, and the square of its radial velocity from the centre is 

^ where m is the masa and X the modulus of 

elasticity of the string. 


5. ..Four equal particles are connected by strings, which form the 
sides of a square, and repel one another with a force equal to /i x distance; 
if ^ne strii^be cu^, shew that, when either string makes an angle B with 


its origiiial position, its angular velocity is 


/4/xsind(2+sin B) 

V 2~sin»^ 


[As in Art 47 the centre of mass of the whole system remains at rest; 
also the repulsion, by the well-known property, on each particle is the 
same as if the whole of the four particles were collected at the centre and 
Bs4/LtX distance from the fixed centre of mass. Equate the total kinetic 
energy to the total work done by the repulsion.] 
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6 . A uniform string, of nu|^ M and length 8a, is placedLsymmetrioally 
oyer a smooth peg and has particles of masses m and m* attached to its 
extremities ; shew that when the string runs off the peg its velocity is 


•^m' ) 


i/’+w+m' , 

7\ A heavy uniform chain, of length 2^, hangs over a small smooth fixed 
pulley^ the length being at one side and c at the othe^; if the end 
of the shorter person he held, and then let go, shew tljat the chain will 

slip off the pulley^lx time log . 

8. A uniform chain, of length i*and weight Wy is placed on a line of 
greatest slope of a smooth plane, whose inclination to the*tlorizontal is a, 
and just reaches the bottom of the plane where there is a small smooth 
pulley over which it can run. Shew that, when a length x has run ofl‘, the 

tension at the bottom of the plane is IT (1 — sin a) — . 

9. O^er a small smooth pulley is placed a uniform flexible'cord ; the 
latter is initially at rest and lengths f-a and hang down on the two 
sides. The pulley is now made to move with constant upward accelera- 
tion f. Shew that the string ^ill leave the pulley after a time 

IT 


Vi 


f+9 


cosh* 


a 


97. Osoillations oi a Simple Pendulum. 

A particle m is attached hy a light string, of length I, to a 
fixed point antd oscillates under gravity through a small angle; 
to find the period of its motion. 

When the string makes an angle 0 with the vertical, the 


equation of motion is 

( 1 ). 

But s = 10. 

0 = - 1 sin ^ - 1 0, to a first approxima- 

tion. 

If the pendulum swings through a small 
angle a on each side of the vertical, so that 
0aia and 6 = 0 when t = 0, this equation 



gives 


^ a cos 
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SO that the ^notion is simple hannopic and the time, Ti, df a 
very small oscillation = 2^ in Art. 22. « * 

For a higher approximation we have, from equation (1), 

= 2y (cos 0 — cos «) (2), 

since^'^ is ^ero when 0 = a, 

[This equation follows at once from the Priifciple of Energy.] 

a /^ .t=r 

y I K io.Vcos^ — cos a* 
where t is the time of a quarter-swing. 

-la /■« d9 


jo V sin« 2 ' 

■ 6 -a ■ , 
sin 2 == 




*i 2 8in2COs^^^ 

~ ^ ^ • 
COS ^ . sin 2 cos <f> 



Hence a second approximation to the required period, T,, 


if powers of a higher than the second are neglected. 

Even if a be not very small, the second term in the bracket 
of (4) is usually a sufl&cient approximation. For example, 
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suppose a = 30°, so that thp pendulum swings through an angle 
of 60° ; t^ien sin’ | = sin’ 15° = ’OG?, and (4) gives 

< = I [1 + -017 + -OOOQS + 

[The student who is aequainted with Elliptic Functions 
will see that (3) gives ^ * 

Bia«^ = 8n (mod. sin I), 

(mod.sin|}. 


SO that 


sin 2 = sin 2 sn 




The time of a complete oscillation is also, by (3), equal to 
^ multiplied by the real period of the elliptic function with 


modulus*sin ^ .] 


98. The equations (1) and (2) of the previous article give 
the motion in a circle in any case, when « is not necessarily 
small. If ft) be th^ angular velocity of the particle when 
passing through the lowest point we have 

cos 0 + const. == — 2^ (1 — cos 6) (6). 

This equation cannot in general be integrated without the 
use of Elliptic Functions, which are beyond the scope of this 
book. 

If T be the tension of the string, we have 

T — mg 6 = force along the normal PO 
= = ml(o^ — 2mg (1 — cos d\ 


.’. T ^ (2 — 3 cos 0)} (6). 

Hence T vanishes and becomes negative, and hence circular 

motion ceases, when cos 9 = ^ 

% 


Particular Case, Let the angular velocity at A be that due to a fall from the 
highest j^int A\ so that 

iV=2p.2l, i.e. w«=^. 

= y (l-i-ooa^). 


Then (5) gives 
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giving the time t of describing an angle B from the lowest {i^nt. 

Also in this case 

% 

{4^ - 2^ + cos [2 + 3 cos e\ 

Circular motion therefore ceases when oosd= - and then seo^rs^B and 

u 2 

0 

tan 5=^/6. Therefore the time during which the circular motion lasts 

-^^log.(V5 + v/6).* 

99. Ex, 1, Shew that a pendulum, which beats seconds when it swings 
through 8^ on each side of the vertical, will l^se about 12 secs, per day if the 
angle be and about 27 secs, per day if the angle be 5°, 

Ex. 2. A heavy bead slides on a smooth fixed vertical circular wire of radius 
a; if it be projected from the lowest point with velocity just sufficient to carry it 
to the highest point, shew that the radios to the bead is at time t inclined to the 

vertical at an angle 2 tan-*^ j^sinh that the bead will be an infinite 

time in arriving at the highest point. 

100 . Motion on a smooth cycloid whose axis is vertical and 
vertex lowesL 


A' 
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♦Let AQD be the generating circle of the cyqloid OPAO\ 
P being any point on it; let PT be the tangent at P and 
perpendicular to the axis meeting the generating circle 
in Q, The two principal properties of the cycloid^ are that the 
tangent TP is parallel to AQ, and that the arc AP is equal to 
twice the line AQ, ^ 

Hence, if PTx be 6, we have 

0 = Z QAx = ABQf 

and s = B.rc AP , AQ = ia&inO .(1), 

if a be the radius of the generating circle. 

If It be the reaction of the curve along the ndrmal, and m 
the particle at P, the equations of motion are then 

d^s 

m ^ = force along PT = ~ sin ^ (2), 

and • m . - s= force along the normal == P — mg cos 0 . . .(3). 


From (1) and (2), we then have 

^ ^ » 

dt^ 4a 



BO that the motion is simple harmonic, and hence, as in 
Art. 22, the time to the lowest point 


TT 


. 2 



= TT 



and is therefore always the same whatever be the point of* the 
curve at which the ^ticle started from rest. 

Integrating equation (4), we have 


« 4agr (sin* ^ ~ sin* ^), 

/' » 

if the particle started from re^ at the pomt where^^ = 

. [This equation ciiin be :wntten dbwn at once by the 

Principle of Energy.] ' - : 


Also 



ds 

dd 


= 4acos^. 
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Therefore (3) gives 
R = mg cos 6 4- mg 


sin® 6q — sin ^ 6 __ cos 2^4 sin® 

cos 0 cos 0 • * 


giving the ^paction of the curve at any p#int of the path. 

On passing^the lowest point the particle ascends the other 
side until it is at the height fro^ which it started, and •thus 
it oscillatas backwards and forwards. 

101. The property, proved in the previous article will be 
still true if, instead ^of the material curve, we substitute a 
string tied to the partite in such a way that the particle 
describes a’^cy^oid and the string is always normal to the 
curve. This Will be the case if the string unwraps and wraps 
itself on the evolute of the cycloid. It can be easily shewn 
that the evolute of a cycloid is two halves of an equal cycloid. 

For, since p = 4acos^, the points on the evolute corre- 
sponding to A and G are A\ where AD=^DA\ and* G itself. 
Let the normal PO meet this evolute in P\ and let the arc 
CP* be <r. By the property of thu evolute 

<r = arc P'G^ P'P, the radius of curvature at P, 

= id COS 0 = 4a sin P'GD. • 


Hence, by (1) of the last article, the curve is a similar 
cycloid whose vertex is at G and whose axis is vertical. This 
holds for the arc GA, The evolute for the arc G'A is the 
similar semi-cycloid G'A\ 

Hence if a string, or flexible wire, of length equal to the 
arc GA\ is. 4a, be attached at A* and allowed to wind and 
unwind itself upon fixed metal cheeks in the form of the 
curve GA'G'y a particle P attached to its other end will 
describe the cycloid GAG\ and the string will always be 
normal to the curve GAG'; the times of oscillation will 
therefore be always isochronous, whatever be the angle through 
which the string^oscillatres. In actual practice, a pendulum is 
only required to swing through a small angle, so that only 
small portions of the two arcs near A' are required. This 
arrangement is often adopted in the case of the pendulum 
of a small clock, the upper end of the supporting wire consisting 
of a thin flat spring which coils and uncoils itself from the two 
metal cheeks at A\ 
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. 102. Motion on a rough curve rinder gravity. 

Whatever be the curve* described under gravity with friction, 
we have) if ^ be the angle measured from the horizontal made 
by the tangent, and i/ s increases with <f>, 



and 


p' 


A ^ 


.( 2 ). 


1 

2'W (f>). 


, • ~ ^ cos <^). 

Multiplying by and integrating, we have 

t;90-2fx<^ ss 2g (sin <^ — /it cos <^) 4- constant. 

When the curve is given, so that p is known in terms of <f>, 

this gives v'\ and hence . Hence ^ is known, and 

therefore theoretically t in terms of <l>. 

103. If the cycloid of Art. 100 he rough with a coefficient of 
friction /a, to find the motion, the particle sliding downwards. 

In this case the friction, pR, acts in the direction TP 
produced, so that the equations of motion are 
dv d^s rv . 
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r 

'**• ~ = 25f (/i eos ^ - ain ^ 

= ^ag (fjL cos 0 — sin 0 ) . coS0 
• = iag (/M + fi «os 20 — sin 2^). 

To integrate' this equation, multiply by 6“*^^ and we have 
= 4sagfe’‘^^ (fi +> cos 20 - sin 20) 

«■ — [2/x sin 2^ + (1 - fi^) cos 2^] 4* -4, 

1 +/i ^ 

i.€. = Ae^ — 2a^ [2 /a sin 20 + (1 — /a*) cos 20]. 

X “T /A 

The constant is determined from the initial conditions. 

The equation cannot be integrated further. 

EXAMPLES ON CHAPTER VL 

1. A particle slides down the smooth curve g=a siuh the axis of a? 

being horizontal, starting from rest at the point where the tangent is 
inclined at a to the horizon ; shew that it will leave the curve when it 
has fallen through a vertical distance a sec a. 

2. A particle descends a smooth curve und^’’ the action of gravity, 
describing equal vertical distances in equal times, and starting in a 
vertical direction. Shew that the curve is a semi-cubical parabola, the 
tangent at the cusp of which is vertical. 

3. A particle is projected with velocity V from the cusp of a smooth 
inverted cycloid down the arc ; shew that the time of reaching the 

vertex is 2 

4 . A particle slides down the arc of a smooth cycloid who^e axis is 
vertical and vertex lowest ; prove that the time' occupied in falling down 
the first half of the vertical height is equal to the time of falling down 
the second half. 

5. A particle is placed very close to the vertex of a smooth cycloid 
whose axis is vertical and vertex upwards, and is allowed to run down the 
curve. Shew that lo leaves the curve when it is moving in a direction 
making with the horizontal an angle of 45^. 

6. A ring is strung on a smooth closed wire which is in the shape 
of two equal cycloids joined cusp to cusp, in the same plane and sym- 
metrically situated with respect to the line of cusps. The plane of the 
wire is vertical, the line of cusps horizontal, and the radius of the 
generating circle is a. The ring starts from the highest point with 
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velocity v. Prove that the times from the upper vertex to the cusp, and 

from the cusp to the lower verted are respectively 

2 ^ - sinh “ ^ and 2 a /- sin”^ a . 

, \ g \ V J g V v^+Sag 

• # 

7. A particle moves in a smooth tube in the form o^a catenary, being 
attracted to the directrix by a force proportional to the distance from it 
Shew that the motion is simple ha?monic. 

8. A particle, of mass m, moves in a smooth ch’cular tube, of 
radius a, under the action of a force, equal to mfx x distance, to a point 
inside the tube at a distance c from its centre ; if the particle be placed 
very nearly at its greatest distance from tie centre of force, shew that 
it will describe the quadrant ending at its least distance in time 

\/ + 

9. A bead is constrained to move on a smooth wire in the form of an 
equiangular spiral. It is ilbtracted to the pole of the spiral by a force, 

(distapce)-^, and starts from rest at a distance b from the pole. 
Shew that, if the equation to the spiral be r— the time of arriving 


at the pole is ^ >y/ —.seca. $ 

Find also the reaction of the curve at any instant. 

10. A smooth parabolic tube is placed, vertex downwards, in a 
vertical plane ; a particle slides down the tube from rest under the 
influence of gravity ; prove that in any position the reaction of the 

h’\“€t 

tube is 2w — , where w is the weight of the particle, p the radius of 

curvature, 4a the latus rectum, and A the original vertical height of the 
particle above the vertex. 

11. From the lowest point of a smooth hollow cylinder whose cross- 
section is an ellipse, of major axis 2a and minor axis 26, and whose minor 
axis is vertical, a particle is projected from the lowest point in a vertical 
plane perpendicular to the axis of the cylinder ; shew that it will leave 
the cylinder if the velocity of projection lie between 


ora and 


a2 -1-462 


12. A small bead, of mass m, moves on a smooth circular wire, being 
acted upon by a central attraction to a point within the circle 

situated af a distance 6 from its centre. Shew that, in order that the 
bead may move completely round the circle,* its velocity at the point of 

the wire nearest the centre of force must not be less than a / . 


L. D. 
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13. A small bead moves on a thin elliptic wire under a force to the 
focus equal to ^ ^ . It is projected from a point on the wire distant 

R from the focus with the velocity which would cause it to describe the 
ellipse freely'toder a force . Shew that the inaction of the wire is 



where p is fhe radius of curvature. 

14. If a particle is made to describe a curve in the form of the 

four-cusped hypocycloid under the action of an attraction 

perpendicular to the axis aiRi varying as the cube root of the distance 
from it, shew that the time of descent from any point to the axis of x 
is the same, i,e, that the curve is a Tautochrone for this law of force. 

15. A small bead moves on a smooth wire in the foVm of an epi- 
cycloid, being acted upon by a force, varying as the distance, toward 
the centre of the epicycloid ; shew that ^ts oscillations are always 
isochronous. Shew that the same is true if the curve be a hypocycloid 
and the force always from, instead of towards, the centre. • 

16. A curve in a vertical plane is such that the time of describing 
any arc, measured from a fixed point Op is equal to the time of sliding 
down the chord of the arc; shew that the curve is a lemniscate of 
Bemouilli, whose node is at O and whose axis is inclined at 45® to the 
vertical 


17. A particle is projected along the inner surface of a rough sphere 
and is acted on by no forces ; shew that it will return to the point of 

projection at the end of time — — 1), where a is the radius of the 

p V 

sphere, V is the velocity of projection and p is the coefiBcient of friction. 


18. A bead slides down a rough circular wire, which is in a vertical 
plane, starting from rest at the end of a horizontal diameter. When it 
has described an angle 0 about the centre, shew that the square of its 
angular velocity is 

- V) sin e + 3^ (cos e - 

where p is the coefficient of friction and a the radius of the rod. 

19. A parti(^e falls from a position of limiting equilibrium near the 
top of a nearly smooth glass sphere. Shew that it will leave the sphere 
at the point whose radius is inclined to the vertical at an angle 

^ ( 3 sin aj ’ 

where cos a=f, and p is the small coefficient of friction. 

20. A particle is projected horizontally from the lowest point of 
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a rough sphere of radius a. After describing an arc less th|in a quadrant 
it returns and comes to r est at the lowest point. Shew that the initial 

velocity must be sin a fsj 2ga where fA is the coefficient of friction 

and aa is the arc through ^hich the particle moves. • 


21. The base of a rough cycloidal arc is horizontal and its vertex 
downVards; a bead slides along tit starting from rest at the cusp and 

coming to rest at the vertex. Shew that • 

• 

22. A particle slides in a vertical plane down a rough cycloidal arc 
whose axis is vertical and vertex downwards, starting from a point where 
the tangent makes an angle B with the ho]j|zon and coming to rest at the 
vertex. Shew that = sin d - /i cos B, 


23. A rough cycloid has its plane vertical and the line joining its 
cusps horizonj^al. A heavy particle slides down the curve from rest at 
a cusp and comes, to rest again at the point on the other side of the 
vertex where the tangent is inclined at 45* to the vertical. Shew that 
the coefficient of friction siitisfies the equation 

^ 3/A7r + 4loga(l4-/i) = 2logg2. 

24. A bead moves along a rough curved wire which is such that it 
changes its direction of motion with constant angular velocity. Shew 
that the wire is in the form df an equiangular spiral. 


26. A 'particle ia held at the lowest point of a catenary^ whose axis is 
vertical, aind is attached^ to a string which lies along the catenary hut is 
free to unwind from it. If the particle be released, shew that the time that 
elapses before it is moving at an angle <!> to the vertical is 



and that its velocity then is 2 sin ^ , where c is the parameter of the 
catenary. Find also the ^tension of the string in terms of <p. 

At time t, let the string FQ be inclined at an angle 0 to the horizontal, 
where P is the particle and Q the point where the string touches the 
catenary. A being the lowest point, let 

«=aro A§=line PQ. 


P 


The velocity of P along QP=vel. of Q along the tangent -f- the vel. of 


i*elativ 0 to Q 

=(- J)+«=0 ( 1 ). 

The velocity of P perpendicular to QP similarly 

• ( 2 ). 

The acceleration of P along QP (by Arts. 4 and 49) 

*acc. of Q along the tangent QP+ihe acc. of P relative to Q 
sa (3). 


8-^2 
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The acceleration of P perpendicular to"QP 

*=acc. of § in this direction -face, of P relative to $ 


* (4). 

These are the component velocities and ciccelerations for any cur\ 
whether a catenary or not. * 

The eqiSation of energy gives for the catenary 

Jm. (c tan<^0)2=m^ (c~ ccosqE)) (5). 

Besolving along the line P§, we have 

metan^jf). 02=T-?nysin qf) (6). 

(5) and (6) give the results required. 


26. A particle is attached to the end of a light string wrapped round 
a vertical circular hoop and is initially at rest on the outside of the 
hoop at its lowest point. When a length aB of the string has become 
unwound, shew that the velocity v of the particle then is 

sJ^agiB^m d-f cos d-*l), 

( 2 (}Q3 0 2\ ^ 

3 sin B -1 ^ ^ J times the 

weight of the particle. 


27. A particle is attached to the end of a fine thread which just 
winds round the circumference of a circle from the centre of which acts 

^ • Stt 

a repulsive force mg. (distance) ; shew that the time of unwinding is ~p , 

V/i 


and that the tension of the thread at any time t is 2mg^at, where a is the 
radius of the circle. 


28. A particle is suspended by a light string from the circumference 
of a cylinder, of radius a, whose axis is horizontal, the string being 
tangential to the cylinder and its unwound length being a^. The particle 
is projected horizontally in a plane perpendicular to the axis of the 
cylinder so as to i3ass under it ; shew that the least velocity it can 
have so that the string may wind itself completely up is 

V2yct(/8-”Sin/3). " 

29. From the lowest point of a smooth hollow cylinder whose cross- 
section is one-half of the lemniscate co8 2Bf with axis vertical and 
node downwards, Sf particle is projected with velocity V along the inner 
surface in the plane of a cross-section ; shew that it will make a complete 
revolution if 3 V^>*Iag. 

30. If a 'particle can describe a certain plane curve freelf under one 
set of forces and can also describe it freely under a second set, then it can 
describe it freely when both sets act^ provided that the initial kinetic energy 
in the last case is equal to the sum of the initial kinetic energies in the first 
two cases. 
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Let the arc « be measured J^m the point of projection, and let the 
initial velocities of projection in the first two cases be Ui and (72. 

• Let the^tangential and normal forces in the first case be Tj and iVi, 
when an arc s has been described, and and N 2 similarly in the second 
case ; let the velocities at*this point be Vi and V 2 - Then * 



♦M-»i ^ AT • 

^ dS 

tn.V 2 ^=Tii and 

imVi^=j^Tids+^niUi*, 


and 




^m(vi^+V2^) = J Tids+ j + 

(1). 

and 

^r,+N2 

P 

(2). 

• 

If the same curve be described freely when both sets of forces are 
acting, and the velocity be v at arcual distance a, and U be the initial 
velocity, we must have similarlb^ 


f (Ti+T2)d8+^mU'^ 

• Jo 

(3), 

and 

ml-iTi + iVa 

(4). 


P 


Provided that equations (1) and (3) give 

and then (4) is the same as (2), which is true. 

Hence the conditions of motion are satisfied for the last case, if the 
initial kinetic energy for it is equal to the sum of the kinetic energies in 
the first two cases. , 

The same proof would cjearly hold for more than two sets of forces. 

Cor. The theorem may be extended as follows. 

If particles of masses mj, m2, m3... all describe one path under 
forces then the same path can be described by a particle 

of mass M under all the forces acting simultaneously, pjpvided its kinetic 
energy at the point of projection is equal to the sum of the kinetic 
energies of the particles m^, m2, m3... at the same point of projection. 

31. A*particle moves under the influence of two forces ^ to one point 

and ^ to another point ; shew that it is possible for the particle to 
describe a circle, and find the circle. 
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32. Shew, that a particle can be made to describe an ellipse freely 
under the action of forces Xr+ ^ ^ directed towards its foci. . 


33. A cixole, of radius a, is described a particle under a force 
to a point on its circumference. If, in addition, there be a 


(distance)® 

constant nqpnal repulsive force ^ 5 , shew that the circle will still be 
described freely 'if the particle start from rest at a point where 

34 . Shew that a particle can describe a circle under two forces 

and 

directed to two centres of force, which are inverse points for the circle at 
distances /and / from the centre, and that thf. velocity at any point is 

w (” '§}■ 

35. A ring, of mass m, is strung on a smooth circular wire, of mass M 
and radius a ; if the system rests on a smooth table, and the ring be 
started with velocity v in the direction of the tangent to the wire, shew 

31^771 * 

that the reaction of the wire is always 17 . 

M + m a 


36. 0, A and B are three colHnear points on a smooth table, such 

that OA^a and AB^h, A string is laid along AB and to B is attached 
a particle. If the end A be made to describe a circle, whose centre is 0, 
with uniform velocity v, shew that the motion of the string relative to the 

revolving radius OA is the same as that of a pendulum of length , 

and further that the string will not remain taut unless a > 46. 



CHAPTER VII 

MOTION IN A RESISTING MEDIUM. MOTION OF 
PARTICLES OF VARYING MASS 

104. When a body moves in a medium like air, it ex- 
periences a resistance^ to its motion which increases as its 
velocity increases, and which may therefore be assumed to be 
equal to some function of the velocity, such as fcpf{v), where 
p is the density of the medium and k is some constant 
depending on the shape o*f the body. 

Many efforts have been made to discover the law of 
resistance, but with(TUt much success. It appears, however, that 
for projectiles moving with velocities under about 800 feet per 
second the resistance approximately varies as the square of the 
velocity, that for velocities between this value and about 1350 
feet per second the resistance varies as the cube, or even a 
higher power, of the velocity, whilst for higher velocities the 
resistance seems to again follow the law of the square of the 
velocity. 

For other motionS it is found that other assumptions of the 
law for the resistance are more suitable. Thus in the case of 
the motion of an ordinary pendulum the assumption that the 
resistance varies as the velocity is the best approximation. 

In any case the law assumed is more or less empiric, and 
its truth can only be tested by enquiring how far the results, 
which are theoretically obtained by its use, fit with the actually 
observed facts of the motion. 

Whatever be the law of resistance, the forces are non- 
conservative, and the Principle of Conservation of Energy 
cannot be applied. 
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105. In the case of a particle falling under gravity in a 
resisting medium the velocity will never exceed some definite 
quantity. ' ^ 

For suppose the law of resistance tq be . m. Then the 
downward acceleration is g — and this vanishes when 

kv'^ = ie, when the velocity = . This therefore will be 

the maximum velocity possible, and it is called the limiting or 
terminal velocity. 

It follows from this ^hat we cannot tell the height from 
which drops of rain fall by observing their velocity on reaching 
the ground. For soon after they have started they will have 
approximately reached their terminal velocity, and will then 
continue to move with a velocity which is sensibly constant and 
very little differing from the terminal velocity. 

In the case of a ship which is under steam there is a full 
speed beyond which it cannot travel. This full speed will 
depend on the dimensions of the ship and the size and power of 
its engines, etc. * 

But whatever the latter may be, there will be some velocity 
at which the work that must be doner in overcoming the 
resistance of the water, which varies as some function of the 
velocity, will be just equivalent to the maximum amount of 
work that can be done by the engines of the ship, and then 
further increase of the speed of the ship is impossible. 


106. A 'particle falls under gravity {supposed constant) in a 
resisting medium whose resistance varies as the square of the 
velocity ; to find the motion if the particle starts from rest. 

Let V be the velocity when the particle has fallen a distance 
so in time t from rest. The equation of motion is 



From (1) it follows that if v equalled A?, the acceleration 
would be zero ; the motion would then be unresisted and the 
velocity of the particle would continue to be k. For this 
reason k is called the ‘'terminal velocity.” 
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Frora(l), , 

2g f 2vdv \ . 

soman = 

Since v and x are both zero initially, A =iogA;l 

• 

J (2). 


It follows that x=cc when v=k. Pence the particle would 
not actually acquire the “ terminal velocity until it had fallen 
an infinite distance. . 

Again (1) can be written 

dv / - 

at f dv 1 , ft -f V 

~ i ^ ■®’ 

Since v and t were zero initially, 5 = 0. 


Hence 


k + v 
ft - -y 

2gt 


2gt 


= e 


€ ^ ““ 1 

/. i; = ft — = ft tanh 


e * + 1 

From (2) and (3), we have 

2g,v 


(?)■ 


(3). 


6 =1 


,9* 




cosh* 


gt' 


so that 


ffx 


= cosh ^ , and a? = ^ log cosh ~ (4). 


9 


107. i/ particle were projected upwards instead of 
downwards, to find the motion, * 

Let V be the velocity of projection. 

The equation of motion now is 

d‘^x / 

= + (5), 

where x is measured upwards. 
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V V * - '"S <’’ + *'> + 

0 — — log ( F* + ^) + 4. 

2ga; , • F* + &“ 

• = Ia(T 




where 


Again (5) ‘gives 




.(6). 


where 


dv 

dt 

1 F 

0 = ^ tan”' 

Qt V V 

V = tan”' -r-tai-'r 


A k k ^ ^ 

Equation (6) gives the velocity when the particle ha 
described any distance, and (7) gives the velocity at the en( 
of any time. * 

108. Ex. A person falls by means of a parachute from a height of 800 yard 
in 2} minutes. Assuming the resistance to vary as the square of the velocity ^ shei 
that in a second and a half his velocity differs by less than one per cent, from it 
value when he reaches the ground and find an approximate value for the limitin 
velocity. 

When the parachute has fallen a space x in time t, we have, by Art. 106, if 


p- 


fc2» 


r 

V2=/I2|^l«^”4:a J (1), 


V = ft tanh 


© 


.( 2 ), 


and 


^ log cosh (3). 


Here 


2400 p = log cosh • 

ISOg 150fl F 

ft 




(4). 


The second term on the right hand is very small, since ft is positive. 

2400& m 

Hence (4) is approximately ei^inivalent to e • . 

2400 - log 2 = , nearly. 
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Hence &=:16 is a first approximation. 

Putting fc=16(l+2/), (4) gives, -for a second approximation, 




. 800 ( 1 -») 


2 


, very approx. 




••• 

inerefore a second approx, is ft =16 (l + *0028), giving the ternynal velocity. 
Also the velocity rjt when the particle reaches the ground, i#, by (1), given by 

t 2 . 32 . 240 (r] 

1_«" 10» J = 

= fts, for all practical purposes. 

When V is 99 ‘Vo the terminal velocity, (2) gives 




2frt 


6 ft =199= e , from the Tables. 


t=~x6-S^ 

i.s. t is less than l^seos. 


U 

""64 


X 6 *3 = 1*325 approx., 


EXAMPLES 

1. A particle, of mass m, is falling under the influence of gravity 
through a medium wh<ise resistance equals /i times the velocity. 

If the particle be released from rest, shew that the distance fallen 
2 r 

through in time r is y — 2 * 

2. A particle, of mass wi, is projected vertically under gravity, the 
resistance of the air being mk times the velocity ; shew that the greatest 

72 

height attained by the particle is — [X-log(l+X)], where V is the 
terminal velocity of the particle and XF is its initial vertical velocity. 

3. A heavy particle is projected vertically upwards with velocity u in 
a medium, the resistance of which is gu~^ tan^a times the square of the 
velocity, a being a constant. Shew that the particle will return to the 
point of projection with velocity wcosa, after a time 


t4gr“icotafo+log . 

\ 1 — sin a/ 


4 A particle falls from rest under gravity through a distance 4 ? in a 
medium whose resistance varies as the square of the velocity ; if i; be the 
velocity actually acquired by it, Vq the velocity it would have acquired had 
there been no resisting medium, and V the terminal velocity, shew that 

, I Vo* . 1 Vn* 1 Vffi 
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5. A particle is projected with velocity V along a smooth horyiontal 
plane in a nofedium whose resistance per finit of mass is times the cube 
of the velocity. Show that the distance it has described in tigie < is • 

^ V 

and that its velocity then is - 7 === , 

6. A heavy particle is projected vertically upwards with a velocity u 
in a medium the resistance of which varies as the Cube of the particle’s 
velocity. Determine the height to which the particle will ascend. 

7. If the resistance varj as the fourth power of the velocity, the 
energy of m lbs. at a depth\ below the highest point when moving in 

a vertical line under gravity will be E tan when rising, and 

ATtanh^ 

♦ ^ 

when falling, where E is the terminal energy in the medium. 

8 . A particle is projected in a resisting^ medium whose resistance 
varies as (velocity)’*, and it comes to rest after describing a distance 5 in 
time t. Find the values of « and t and shew that ^ is finite if n < 2, but 
infinite if or > 2, whilst t is finite if w < 1, but infinite if or > 1. 

9. In the previous question if the resistance be k (velocity) and the 

V 

initial velocity be F, shew that and 


10. A heavy particle is projected vertically upwards in a medium 
the resistance of which varies as the square of the velocity. It has a 
kinetic energy K in its upward path at a given point ; when it passes the 

same point on the way down, shew that its loss of energy is where 

K‘ is the limit to which its energy approaches in its downward course. 


11. If the resistance to the motion of a railway train vary as its mass 
and the square of its velocity, and the engine wojjk at constant H. JP., shew 
that full speed will never be attained, and that the distance traversed from 


1 8 

rest when half-speed is attained is ^ log^ ^ , where fx is the resistance per 


unit mass per unit velocity. 

Find also the time of describing this distance. 


12. A ship, with engines stopped, is gradually brought to rest by the 
resistance of the water. At one instant the velocity is 10 ft. per sec. and 
one minute later the speed has fallen to 6 ft. per sec. For speeds below 
2 ft, per sec. the resistance may be taken to vary as the speed, and for 
higher speeds to vary as the square of the speed. Shew that, before 
coming to rest, the ship will move through 900 [1+ log, 5] feet, from the 
point when the first velocity was observed. 
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14 . A particle moves from rest at a distance a from a fixed point 0 
under the action of a force to 0* equal to times the distance per unit of 
mass ; if the resistance of the mediuiii in which it moves be k times the 
square of the velocity per unit of mass, shew that the square of the velocity 

when it is at a distance x &om ^ ^ ^ O’ ~ 

Show also that when it first cjmes to rest it will be at a distance b 
given by (1 -2^6) + 

• 

14. A particle falls from rest at a distance a from the centre of the 
Earth towards the Earth, the motion meeting with a small resistance 
proportional to the square of the velocity v ajjd the retardation being /x for 
unit velocity ; shew that the kinetic energy at distance x from the centre 

is mgr^ a) square of /i being neglected, and 

r being the radius of the Earth. 

15. An attracting force, varying as the distance, acts on a particle 
initially at rest at a distancj a. Shew that, if V be the velocity when the 
particle is at a distance and V the velocity of the same pai’ticle when 
the resistance of the air is taken into account, then 

F'= f|^ 1 .r I i (2a+^)(a-.r) j 

nearly, the resistance of the air being given to be k times the square of the 
velocity per unit of masa^ where k is very small 


109. A particle is projected under gravity and a resistance 
equal to mk {velocity) with a velocity u at an angle a to the 
horizon; to find the motion. 

Let the axes of x and y^be respectively horizontal and 
vertical, and the origin at the point of projection. Then the 
equations of motion are 

• ds dx j dx 


and 


y = 


k 


ds dy 

dti-3 



9 - 


Integrating, we have 

log ;)& = — + const. ——kt-\- log (m cos a), 

and log(A: 2 ^ + Sr) = — ^< + const. =—kt + log (ku sin a + ^) ; 


.*. a! = wcosae~*‘ (1), 

k^ + g=^ {ku sin « + flf) «“*• (2). 


and 
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and 


ucosa t,. , Mcosa,, _i,. 

® 4= — e-** + const. =• — ^ (1 - e-*‘) (3), 

, , /bw sin a 4 - o „ . 

ley e”“ + const. 


..(4). 


k ' 

Eliminating t, we have 

y = ‘^log('l + .-(S), 

Jfc* ® V w cos a/ w cos a V k) ^ ' 

which is the equation to^the path. 

The greatest height is attained when y = 0, i.e, when 


ii^sin 




j , , II sin a a , ^ sin a\ 

and then y = _^ -^log 

It is clear from equations (3) and (4) that when ^ = oo , 
X = ^ and y = — 00 . Hence the path has a vertical 

asymptote at a horizontal distance from the point of 


projection. Also, then, i; = 0 and Ihe particle will 

then have just attained the limiting velocity. 

Cor. If the right-hand side of (6) be expanded in powers 
of k, it becomes 

__ y r kx 1 1 

^ A® L ^ ® cos® a 3 w* cos^ a 

+ — ^ (iisina + l), 
w cos a \ kj 

. . ga^ 1 qka^ 1 ql^a^ 

%J6, V^XXtBXiOL rz — .... 

r 2w® cos® a 3 cos* a 4 w* cos^ a 

On putting k equal to zero, we have the ordinary equation 
to the trajectorf'for unresisted motion. 

110. A particle is moving under gravity in a medium 
whose resistame = m/i {velocity)^ ; to find the motion* ♦ 

When the particle has described a distance s, let its tangent 
make an angle ^ with the upward drawn vertical, and let v be 
its velocity. 
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The equations of motion are then 


V ^ ~ ^ OOS <l> — flV^ . 


and 


V' . , 

— Bin (f) 


(1) gives - ^9 cos <^> - 

1 d 

i:e.y from (2), - ^ (p sin c^) = — 2 cos ^ — ^jxp sin </>. 

•V i^sin<^4*3cos^== -2/^psin<ji. 

• ^ 3cos^ 2 /a 

dd) \p/ * sin^ (6 sin^ 4> shi® 4> ’ 


p sin* <j> sin* d> 


.(1)> 

.(2). 


coa(f> , l + cosi^ . .Q. 

^ ^ T - - ^ log — _^ -r 4. ...(3)* 

sm® <f> ° sm <f> ^ ' 

(2) then gives 

L ^ sin* ^ o sin J sm* ^ 

Equation (3) gives the intrinsic equation of the path, but 
cannot be integrated further. 


111 . A head moves on a smooth wire in a vertical plane 
under a resistance {= 1c {velodtyy] ; to find the motion. 

When the bead has described an arcual distance s, let the 
velocity be v at an angle ^ to the horizon (Fig., Art. 102), 
and let the reaction of the wire be iJ. 

The equations of motion are 



vdv • , j . 

=gam^ — ki^ 

(1). 

and 

~ = Grcos6 — i2 
p 

(2). 


Let the curve be « =» /(^)* 
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c 

Then (1) gives 

^ (?) ~ 

i.«. ' ^ W + WW . i'* = 2gF sin <t> ./'(<#>), 

a linear equation to give v\ 

Particular huse. Let the curve be a circle so that‘5=a0, if 8 and ^ be 
measured from tlie highest point. 

(1) then gives ~ (^ 2 ) ^ 2akv^ = 2ag sin tp. 

= 2ap Jsin <p . 


EXAMPLES 

1. A particle of unit mass is pr<>jected with velocity u at an 
inclination a above the horizon in a medium whose resistance is k times 
the velocity. Shew that its direction will agaiq make an angle a with 

1 r ^ku ) 

the horizon after a time ^ log sin a|. 

2. If the resistance vary as the velocity and the range on the 
horizontal plane through the point of projection is a maximum, shew 
that the angle a which the direction of projection makes with the vertical 

, X(l + Xcosa) 1 r. X 1 , . , . « 

IS given by - ^ ^ =glog [1 -hX sec a], where X is the ratio of the 

velocity of projection to the terminal velocity. 

c C 

3. A particle acted on by gravity is projected in a medium of which 
the resistance varies as the velocity. Shew that its acceleration retains 
a fixed direction and diminishes without limit to zero. 

4. Shew that in the motion of a heavy particle in a medium, the 
resistance of whicj^ varies as the velocity, the greatest height above the 
level of the point of projection is reached in less than half the total time 
of the flight above that level. 

6. If a particle be moving in a medium whose resistance Varies as 
the velocity of the particle, shew that the equation of the trajectory 
can, by a proper choice of axes, be put into the form 

y-|.uw?=61ogii;. 
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6. • If the resistance of the air to a particle’s motion n times its 
weight, and the particle be projected horizontally with velocity F, shew 
that the veiocity of the particle, when* it is moving at an inclination ^ 

n~i n+i 

to the horizontal, is F(l-#sin0) 2 (i+sint^) 2 , 


7. A heavy bead, of mass w, slides on a smooth wire in the shape 
of a cycloid, whose aids is vertical and vertex upwards, in a medium 
^2 

whose resistance is ^ and the distance of the startingjjieint from the 


vertex is c ; shew that the time of descent to the cusp is 
where 2a is the length of the axis of the cycldfd. 



8. A heavy bead slides down a smooth wire in the form of a cycloid, 
whose axis is vertical and vertex downwards, from rest at a cusp, and 
is acted on besides its weight by a tangential resistance proportional to 
the square of the velocity. Determine the velocity after a fall through 
the height x, 

9. If a point travel on an equiangular spiral towards the pole with 
uniform angular velocity about the pole, shew that the projection of the 
point on a straight line represents a resisted simple vibration. 


10. A particle, moving in^ resisting medium, is acted on by a 
central force ~ ; if the path be an equiangular spiral of angle a, whose 

pole is at the centre of f<?rce, shew that the resistance is - ~ . 

2 


11. A particle, of mass m, is projected in a medium whose resist- 
ance is mJc (velocity), and is acted on by a force to a fixed point 

distance). Find the equation to the path, and, in the case 
when 21;^ » 9/a, shew that it is a parabola and that the particle would 
ultimately come to rest at the origin, but that the time taken would be 
infinite. 

12. If a high throw is made with a diabolo spool the vertical 
resistance may be neglected, but the spin and the vertical motion 
together account for a horizontal drifting force which may be taken as 
proportional to the vertical velocity. Shew that if the spool is thrown 
so as to rise to the height h and return to the point of projection, the 
spool is at its greatest distance 0 from the vertical through that point 

when it is at a height ^ ; and shew that the equation t^the tngectory is 

of the form 4A®a:2«27c^^(A~y). 

13. IJa body move under a central force in a medium which exerts a 
resistance equal to k times the velocity per unit of mass, prove that 

where h is twice the initial moment of momentum 
about the centre of force. 


L. D. 


8 
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14. A particle moves with a central acceleration P in a meduim of 
which the resistance is k . (velocity )* ; shew that the equation to its path 

fa where s is the length of the arc described, and h is 

twice the initial moment of momentum about uhe centre of force. 

16. A particle moves in a resisting medium with a given central 
acceleration P\ the path of the particle being given, shew that the 


re8istance'tt-i^(p»|p). 


112. Motion where ^he mass moving varies. 

The equation P = mf is only true when the mass m is 
constant. Newton’s second law in its more fundamental form is 




.(!)• 


Suppose that a particle gains in tvne U an increment Sm 
of mass and that this increment hm was moving with a 
velocity u. 

Then in time Zt the increment in the momentum of the 
particle * 

= m . Sv 4- Bv — u), 

and the impulse of Jbhe force in this time is P8t. 

Equating these we have, on proceeding to the limit, 


dv dm dm 
fn—^ + v— -u — ^P, 


dt 


dt 


dt 


^.e. 




.( 2 ). 


When u is zero we have the result (1). 

* # 

113. Ex, 1. A spherical raindrop^ falling freely, receives in each instant 
an increase of volume equal to X times its surface at that instant; find the 
velocity at the end of time t, and the distance fallen through in that time. 
When the raindrop has fallen through a distance x in time f, let its radius 
be r and its mass Af. Then 


(1). 


Now irpr*, so that 4irr*p ~ . 4Xirr^ by the question. 


yrhere a is the initial radius. 


dr 

dt 


dt dt 
sX, and rs=:a + Xtt 


|enoe (IJ give* ^ [(o+Xt)* 



Motion when the mcm varies 


131 


.% (<i+xo»^ 

sinoS the velc^ity was zero to start with, 


(a + Xt)* 
di 4X 




dx^ 
dt " 


and 




(a+\f)sj* 

“* 1 _ . 9 


2(o+Xt)*J “ 4\2 


4X2 L 

Binoe X and t vanish together. 


a\ 


-JL 

"8X2 




Ex. 2. A ffiais in the form of a $olid cylinder^ the area of whose etoss- 
section is A, moves parallel to its axis, being acted on by a constant force F, 
through a uniform cloud of fine duet of volume density p which is moving in 
a direction opposite to that of the Cylinder with constant velocity V. If all the 
dust that meets the cylinder clangs to it, find the velocity and distance described 
in any time t, the cylinder being originally at rest^ and its initial mass m. 

Let M be the mass at time t and v the velocity. Then 

M .dv + 5M(v + dv + V) = increase in the momentum in time Bt =s FBt. 


in the limit. 

" 


Also 

- dM ^ 

-^^=Ap(v + V) 

(2)- 

(1) gives 

Mv + MF = Ft + const. =s Ft + mF. 


Therefore (2) gives 

M^^Ap{m+mY). 



Therefore (2) gives 


M2 = (Ft2 + 2mVt) + m* 

Ft + mV 


Ft + mF __ 

V— “ F+ — -- — s= — Fh — — 

/Jm^ + 2mApVt-h AFpt'^ 


.(3). 


Also if the hinder end the cylinder has described a distance x frotn rest, 


so that f then a;= -> Ft + ~ + 2mApVt + AFpt^ - 


dt' 

From (3) we have that the acceleration 


Ap- 


m^{F--ApV*) 

{mi+2mAprt+AFp^^* ^ 

SO that the motion is always in the direction of the force, or opposite, according 
MF>ApVi. 

Ex, 8. uniform chain is coiled up m a horizontal plane and one end 
passes over a small light pulley at a height a above the plane} initially a 
length b, >a, hangs freely on the other side; find the snotion. 

When the length b has increased to x, let v be the velocity ; then in the 
time Bt next ensuing the momentum of the part has increased by 

a-2 
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m(rr+a)St;, where m is the mass per unit length. Also a length n^x has 
been jerked into motion, and given a velocity v+dv. Hence 

m (d? + a) + m&B (v + Iv) = ohan<;e in the momentum /, * 

= impulse of the acting force =wi 5 f (cr - a) . df. 
Hence, dividing by U and proceeding to the limit, we have 

(x + a) ^ + g. 


dv 


V — . {x + a)+v^= (x - a) g. 


V* (x + a)^ = J 2 (a;2 ~ a®) ^=2 (a; - 1>)|- g. 


so that 

This equation cannot be integrated farther. 


2^ (a;-b)(x2+6a; + b2-8a2) 
3 (x + a)^ 


2 ^/ 


In the particular case when 6= 2a, this gives v^=. ~ {x--h)y so that the 

O 

end descends with constant acceleration 

The tension T of the chain is clearly given b>.r5t=:m5a; . v, so that T=mv^. 


EXAMPLES 

1. A spherical raindrop of radius g/ cms. falls from rest through a 
vertical height A, receiving throughout the motion an accumulation of 
condensed vapour at the rate of k grammes per square cm. per second, 
no vertical force but gravity acting ; shew that v^en it reaches the ground 

its radius will be k \/^\}'^ \/ 

2. A mass in the form of a solid cylinder, of radius c, acted upon by 
no forces, moves parallel to its axis through a uniform cloud of fine dust, 
of volume density p, which is at rest. If the particles of dust which 
meet the mass adhere to it, and if M and u be the mass and velocity 
at the beginning of the motion, prove that the distance a: traversed in 
time f is given by the equation (,M+p7ri^xy—M^ + 2p7ruc^Mt. 

c 

8. A particle of mass M is at rest and begins to move under the 
action of a constant force in a fixed direction. It encounters the 
resistance of a stream of fine dust moving in the opposite direction with 
velocity F”, which deposits matter on it at a constant rate p. Shew that 
its mass will be m when it has travelled a distance 

~ - if |l q-log whore p V 

4 . A spherical raindrop, whose radius is *04 inches, begins Jbo fall from 
a height of 6400 feet, and during the fall its radius grows, by precipitation 
of moisture, at the rate of inches per second. If its motion be 
unresisted, shew that its radius when it reaches the ground is *0420 inches 
and that it will have taken about 20 seconds to fall* 
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5. • Snow slides off a roof clearing away a part of uniform breadth ; 
shew that, if it all slide at once, the time in which the roof will be cleared 

is first and gradually set the 


rest in motion, the acceleration is J^sin a and the time wiJl be ^ 

where a is the inclination ofi the robf and a the length originally covered 
with snow. 


6a 

^sina ' 


• 

6. A ball, of mass m, is moving under gravityhar^ fnediUm which 
deposits matter on the ball at a uniform ratS^. Shew that the 
equation to the trajectory, referred to hoyzontal and vertical axes 
through a point on itself, may bo written in the form 


kHy=^kx(g’k-kv)-¥gu{\-e^)^ 

where v are the horizontal and vertical velocities at the origin and 

mk^2fjL. 


7. A falling raindrop h^s its radius uniformly increased by access of 
moisture. If it have given to it a horizontal velocity, shew that it will 
then describe a hyperbola, one of whose asymptotes is vertical. 


8. If a rocket, originally of mass if, throw off every unit of time 
a mass eM with relative velocity iT, and if if' bo the mass of the case etc., 

• eMV 

shew that it cannot rise at once unless eV>gf nor at all unless -^>9- 
If it just rises vertically ftt once, shew that its greatest velocity is 


T71 ^ 

»^logy- 



and that the greatest height it reaches is 



9. A heavy chain, of length is held by its upper end so that its lower 
end is at a height I above a horizontal plane ; if the upper end is let go, 
shew that at the instant when half the chain is coiled up on the plane 
the pressure on the plan^ is to the weight of the chain in the* ratio 
of 7 ; 2. 


10. A chain, of great length a, is suspended from the top of a tower 
so that its lower end touches the Earth ; if it be then let fall, shew t^at 
the square of its velocity, when its upper end has fallen a distance a:, is 

2gr log ■ 1 where r is the radius of the Earth. ^ 


11. A chain, of length is coiled at the edge of a table. One end is 
fastened i& a particle, whoso mass is equal to that of the whole chain, 
and the other end is put over the edge. Shew that, immediately after 


leaving the table, the particle is moving with 


velocity ^ 
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12. A Knifom string, whose length as I and whose weight is rests 
over a small smooth pulley with its end just reaching to a horizontal 
plane ; if the string be slightly Misplaced, shew that whea a length x 
has been deposited on the plane the pressure on it is 

and that the resultant pressure on the* pulley is W -= . 

i — X 


13. A mai& ]^t'<; 3 ,attached to one end of a chain whose mass per unit 
of length is m. The Wnole is placed with the chain coiled up on a smooth 
table and M is projected horizontally with velocity V. When a length x 


of the chain has become straight, shew that the velocity of M is > 

and that its motion is the same as if there were no chain and it were 
acted on by a force varying inversely as the cube of its distance from 
a point in its line of motion. 

Shew also that the rate at which kinetic energy is dissipated is at 
any instant proportional to the cube of the velocity of the maaa 


lA A weightless string passes over a smooth pulley. One end is 
attached to a coil of chain lying on a horizontal table, and the other 
to a length I of the same chain hangbg vertically with its lower end 
just touching the table. Shew that after motion ensues the system will 
first be at rest when a length x of chain has been lifted from the table, 

such that {l—x)e ^ =1. Why cannot the Principle of Energy be directly 
applied to find the motion of such a system ? 


15. A ship’s cable passes through a hole in the deck at a height a 
above the coil in which the cable is heaped, then passes along the deck 
for a distance 5, and out at a hole in the side of the ship, immediately 
outside of which it is attached to the anchor. If the latter be loosed find 
the resulting motion, and, if the anchor be of weight equal to 2a 
of the cable, shew that it descends with uniform acceleration 


16. A mass M is fastened to a chain of mass m per unit length coiled 
up on a rough horizontal plane (coefficient of friction The mass is 
projected from the coil with velocity V ; shew that it will be brought to 


rest in a distance 




1 + 




17. A uniform chain, of mass M and length ly is coiled up at the top 
of a rough plane inclined at an angle a to the horizon and has a mass M 
fastened to one end. This mass is projected down the <plane with 
velocity F. If the system comes to rest when the whole of the chain 

is just straight, shew that sec f sin (c-a), where « is the angle 

of friction. 
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18* A uniform chain, of lei\gth I and mass is coiled fin the door, 
and a mass me is attached to one end and projected vertically upwards 
with velocity Shew that, according as the chain does or does not 

completely leave the floor, the velocity of the mass on finally reaching 
the floor again is the velocity due to a fall through a hei^t 

where a* ts# c® (c + 3 A). 

19. A uniform chain is partly coiled on a tablej/??f^ bnd of it being 
just carried over a smooth pulley at a height ^^f«^mediately above the 
coil and attached there to a weight equal t^that of a length 24 of the 
chain. Shew that until the weight strikes the table, the chain uncoils 
with uniform acceleration and that, after it strikes the table, the 



velocity at any moment m \/^ghe , where x is the length of the 
chain uncoiled. 


20. A string, of length^, hangs over a smooth peg so as to be at rest. 
One end is ignited and burns away at a uniform rate r. Shew that the 
other end will at time ^ be at a depth x below the peg, where x is given 

[At time t let x be the longer, and y the shorter part of the string, 
so that x^y^l-^vt Also let V, (=i), be the velocity of the string then. 
On equating the change of momentum in the ensuing time to the 
impulse of the acting force, we have 

{x+y-vdt){V-^dV)-{x+y) V^(x-y)gdty 
dV 

giving etc.] 


21. A chain, of mass m and length 2/, hangs in equilibrium over a 
smooth pulley when an insect of mass M alights gently at pne end and 
begins crawling up with uniform velocity V relative to the chain ; shew 
that the velocity with which the chain leaves the pulley will be 






[Let Vq be the velocity with which the chain starts, so that F- F© is 
the velocity with which the insect starts. Then Ar(F- Fo)=the initial 
impulsive action between the insect and chain »mFo, so that 

„ M „ ^ 


At any subsequent time r let a? be the longer, and y the shorter part 
of the ch&in, z the depth of the insect below the pulley, and P the force 
exerted by the insect on the chain. We then have 
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Also ^ 

These equations give 

(J/+m)^-2(if-m) gx+^x'^+A. 
Also, whtoi ir« F©, etc.] t 


22, A uniform cord, of length ly hangs over a smooth pulley and a 
monkey, whose weight is that of the Itength k of the cord, clings to one 
end and th^^stem remains in equilibrium. If he start suddenly, and 
continue to cl5Iii>i.with uniform relative velocity (Jong the cord, shew 
that he will cease t'iX?scend in space at the end of time 


fl±ky^ ^ l\ 



CHAPTER VIII 


OSCILLATORY MOTION AND SMALL OSCILLATIONS 

114. In the previous chapters we have had several examples 
of oscillatory motion. We have seen that wherever the equation 
of motion can be reduced to the form ^ = — n^Xy or 0 
the motion is simple harmonic with a period of oscillation equal 

27r 

to — . We shall give in this chapter a few examples of a 
more diflScult character. • 

116. Small oscillations. The general method of finding 
the small oscillation?! about a position of equilibrium is to write 
down the general equations of motion of the body. If there is 
only one variable, x say, find the value of x which makes if, 
X ... etc. zero, i.e. which gives the position of equilibrium. Let 
this value be a. ^ 

In the equation of motion put a? = a + where f is small. 
For a small oscillation | will be small so that we may neglect 
its square. The equation of motion then generally reduces to 
the form f in* which case the time of a small oscillation 

. 2ir 


For example, suppose the general equation of motion is 

'• 

For, the position of equilibrium we have 
F(®) = 0, giving « = a, 

Put * = a + f and neglect I*. 
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The equation becomes 

by Taylor’s the()rem. 

Since F{a) = 0 this gives 

If i^'(a)*lfe^r?^gative, we have a sradll oscillation and the 
position of equilibrf&^. given by ^ = a is stable. 

If F\a) be positive* the corresponding motion is not 
oscillatory and the position of equilibrium is unstable. 


116. Ex. 1. A uniform rod, of length 2a, is mpported in a horizontal 
position by two strings attached to its ends whose other extremities are tied to a 
fixed point; if the unstretched length of each string be I and the modulus of 
elasticity be n times the weight of the rod, shew that in the position of equilibrium 
the strings are inclined to the vertical at an angle a such that 


a cot a - I cos a =s 


J. 


and that the time of a small oscillation about fne position of equilibrium is 
2t, 


Vi 


cot a 


p 1 + 2n cosS a * * 

When the rod is at depth x below the fixed point, let 9 be the inclination of 
each string to the vertical, so that a 7 :=a cot 0 and the tension 


=nmg • 


sind 




nmg a -Imn 6 
I Bind ’ 


The equation of motion is then 


- nmg a-lsind 
=^.2._.__cosd, 


U. 


"sin^d 




2a COB d 
sinS d 


i,e» 


, ^ na a - f sin d 

2ng 


#- 2 cotd^ss 4 .-^ sindcos d(a~f 8 ind) 


.( 1 ). 


In the position^t equilibrium when dsa, we have ds =0 and 0=sO, and 


a cot a * ^ cos a=s 

2n 


.( 2 ). 


For a small oscillation put dssa+^, where ^ is small, and 

.% sin d s: sin a + ^ cos a, and cos d » 008 a ~ ^ sin a. 

In this case ^ is the square of a small quantity and is negligible, and ( 1 ) gives 
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t^xz-^ (sin an- ^008 a)* + (lina+i^ooi a).(oos a - ^ sin <r) * 


- ^ (sin* a + 2^ sin a 008 a) -i- [sin a oos a + ^ (cos* a - sin* o)] 


la -I (sin a -f ^ cos a)] 


al 


tan a - 2^ cos ty equation (2) 
n sin a oob^ a + tan a] 


: ~ ^ i tan a (1 + 2n cos* a). 


Honoe the required time s 2ir 




cot a 

^ 1 + 2n co0^ * 


Making use of the prinoiple of the last article, if the right-hand side of (1) 
be / {$), the equation for small oscillations is 


and 


2o ait, G! 

f* (a) = - ~ sin a cos a + (cos* a - sin* a) (a - 2 sin a) -- sin a cos* a 


^ng 


^ng 


t al 


= eto., as before. 


Ex. 2. if heavy particle is placed at the centre of a emooth circular table; n 
itringa are attached to it and, after passing over small pulleys symmetrically 
arranged at the circumference of Hke table, each is attached to a mass equal to that 
of the particle on the table. If the particle be slightly displaced, shew that the time 


of an oscillation is 2ir, 




Let O be the centre of the board, Ai, At, ...» A„ the pulleys, and let the 
particle be displaced along a line OA lying between OA^ and OAi, When its 
distance OP^x, let PA^tsy^ and z POA^=a^. Also, let a be the radius of the 
table and I the length of a string. 


Then y,.= + a;* - 2a» cos a,.= a ^ 1 - ^ cos , since x is very small. 

Let be the tension of the string PA^, 
d* 

Then mg y^ = mi* cos c^. , 

r,.=m (p -icostty). 


Also T, . COB APA^sam {g - i cos Op.) . — - 

Vf 

, .. .acosa,,-* ^ \ 

*sm (g -^xcoBOf) — I * a “»* ) 

= ^ (^ - i cos Oy) [a* cos - os; +a» ods* e,.]. 


Now if POA^sza, then 

2 ;oosa,.scoa a + cos ^a+ + to n termsssO, 


and 


Scos*tt,.= | |^l + oos2a + l+ooB^2a+ + 

2oos*a,.«BS2S[3 cos a,. +008 30,.] a 0* 
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Therefore the equation of motion of P is 

w4?s=2ryC08 -a^«. 

••..(ill)--!*-. 

and the time ot.a^mplete oscillation =2ir * • 

It can easily be Sfef^^that the sum of the resolved parts of the tensions 

perpendicular to OP vanishfe^if squares of x be neglected. 

' 

Ex. 8. Two particles^ of masses m and m', are connected by an elastic string 
of natural length a and modulus of elasticity X ; m is on a smooth table and 
describes a circle of radius c with uniform angular velocity ; the string passes 
through a hole in the table at the centre of the circle and m' hangs at rest at a 

27r 

distance c' below the table. Shew that, if m be slightly disturbed, the periods “ 

of small oscillations about this state of steady motion^are given by the equation 
a^cmm'p* - {me + (4c + 3c' ~ 8a) m'} dkp^ + 8 (c + c' - a) X^ = 0. 

At any time during the motion let x and y be the distances of m and m' from 
the hole and T the tension, so that the equations of motion are 

TO (id - ~ jPss: - — - (1), 

•; (2). 

and m'j/ zzm'g — - (8). 

(2) gives xH s: const. = X, 

so that (1) gives ®=p •" 0)- 

When x^c, y — c* we have equilibrium, 80 that id=y = 0 then, and hence 
from (3) and (4) 

h^ X(c + c'-a) 

mV=mp = -5— 3; (5). 

Hence* (4) and (3) give, on putting a:=c4-f and /=c' + i7 where f and y are 
small, 

V x* an X / . , ... X X r4c + 3c'-3a, . 1 

-55iiL ^ 

and 

To solve these eq^tions, put 

{=4 008 (pf+/9) and ij=Boo& (pt+/5). 

On substituting we have 

^ r + A B=o, 

L am e J am 

,+Br-p*+ Ai=o. 

am' L o,wJ 


and 
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E)tinating the two values of g^ihus obtained, we have, on rediaction, 

- {»w + m' (4c + 8c' - ga) } aXjp2 + 8 (c + c' - a) X« « 0. 

This equation gives two values, jpi^ fQj. p 2 ^ jjoth values being positive. 

The solution is thus of the form * 


^ = i4lOOS^Plt + /Si) + -42COS (p2* + i 82 ) • 
with a similar expression for ij, • 

Hence the oscillations are compounded of two simple harmonic motions 

whose periods are — »and — . 

Pi Pa 


examples' 


1 . Two equal centres of repulsive force are at a distance 2a, and the 
law of force is ^ ^ ; find the time of the small oscillation of a particle 

on the line joining the centres. 

If the centres be attrao^ive, instead of repulsive, find the corresponding 
time for a small oscillation on a straight line perpendicular to it. 


2 . A heavy particle is attached by two equal light extensible strings 
to two fixed points in the same horizontal Hne distant 2a apart ; the length 
of each string when unstretchdft was b and the modulus of elasticity is X. 
The particle is at rest when the strings are inclined at an angle a to the 
vertical, and is then slightly displaced in a vertical direction ; shew that 


the time of a complete small oscillation is 27 r 


V’ 


cot a 
1~ 


sin q 
'a-^siii^a* 


3. Two equal heavy particles are fastened to the ends of a weightless 
rod, of length 2c, and oscillate in a vertical plane in a smooth sphere of 
radius a; shew that the time of the oscillation is the same as that of a 

simple pendulum of length - J?-— . 

va^-c^ 


4 . A heavy rectangular board is symmetrically suspended in a 
horizontal position by four light elastic strings attached to the corners of 
the board and to a fixed point vertically above its centre. Shew that the 

period of the small vertical oscillations is 2n 0 + where c is the 


equilibrium-distance of the board below the fixed point, a is the length of 
a semi-diagonal, and X is the modulus. * 


6. A rod of mass m hangs in a horizontal position supported by two 
equal vertical elastic strings, each of modulus X and natural length a. 
Shew that, if the rod receives a small displacement parallel to itself, the 


period of a horizontal oscillation is 2ir 
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A A string has one end attach^ to a fixed point A, and, lifter 
passing over a smooth peg B at the same height as A and distant 2a 
from 2, carries a mass P at the pther end. A ring, of m%s8 Jf, ctn 
slide on the portion of the string between A and P. Shew that the time 
of its small oscillation about its position of equilibrium is 

assuming that 2P> if. #> 


7. A partiel^^of mass is attached to a fixe^ point on a smooth 
horizontal table elastic string, of natural length a and modulus 

of elasticity X, and re^^ uniformly on the table, the string being 
stretched to a length sftcw. that the time of a small oscillation for 

a small additional extension of the string is 27 r 




mab 


X(46-3a)' 


8. Two particles, of masses mi and m 2 , are connected by a string, 
of length 01+021 passing through a smooth ring on a horizontal table, 
and the particles are describing circles of radii Oi and 02 with angular 
velocities ©i and <02 respectively. Shew that fhla,c^)^2s=m2a2®2^ and that 
the small oscillation about this state takes place in the time 


2tr 




mi + m^ 


9, A particle, of mass m, on a smooth horizontal table is attached by a 
fine string through a hole in the table to a particle of mass m' which hangs 
freely. Find the condition that the particle m^may describe a circle 
uniformly, and shew that, if m' be slightly disturbed in a vertical 

direction, the period of the resulting oscillation is ^ 

where a is the radius of the circle. 


10. On a wire in the form of a parabola, whose latus-rectura is 4a and 
whose axis is vertical and vertex downwards, is a bead attached to the 

focus by an elastic string of natural length - , whose modulus is equal to 
« ^ ^ 
the weight of the bead. Shew that the time of a small oscillation is 

'Vi- 

11. At the comers of a square whose diagonal is 2a, are the centres of 
four equal attractijp forces equal to any function m,f{x) of the distance x 
of the attracted particle m ; the particle is placed in one of the diagonals 
very near the centre ; shew that the time of a small oscillation is 

ir^/2{i/(«)+/'(a)}”* 

12. Three particles, of equal mass m, are connected by equal elastic 
strings and repel one another with a force p times the distance. In 
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equilibrium each string is double its natural lengtli ; shew that if the 
particles are symmetrically displaced (so that the three stHngs always 


fonn an equilateral triangle) they will bscillate in period 2ir 


! m 


13. Every point of a fine uniform circular ring repels a particle with 
a force which varies inversely as the square of the distanbe ; shew that the 
time of a small oscillation of the particle about its position of equilibrium 
at the centre of the ring varies as the radius of the ring. 


14. A uniform straight rod, of length 2a, move^ a smooth fixed 
tube under the attraction of a fixed particle, Qf 'lViass m, which is at a 
distance c from the tube. Shew that the tim^^f’a small oscillation is 


27r 



15. A uniform straight rod is perpendicular to the plane of a fixed 
uniform circular ring and passes through its centre ; every particle of the 
ring attracts every particle of the rod with a force varying inversely as the 
square of the distance ; fi/id the time of a small oscillation about the 
position of equilibrium, the motion being perpendicular to the plane of 
the ring. 


16. A particle, of mass M, hangs at the end of a vertical string, of 
length from a fixed point 0, a«d attached to it is a second string which 
passes over a small pulley, in the same horizontal plane as 0 and distant I 
from 0, and is attached at its other end to a mass m, which is small 
compared with M, When m is allowed to drop, shew that the system 

oscillates about a mean position with a period 2ir 
approximately, and find the mean position. 

17. A heavy particle hangs in equilibrium suspended by an elastic 

string whose Ifiodulus of elasticity is three times the weight of the particle. 
It is then slightly displaced ; shew that its path is a small arc of a 
parabola. If the displacement be in a direction making an angle oot“i 4 
with the horizon, shew that the arc is the portion of a parabola cut off by 
the latus-rectum. • 



117. A particle of mass m moves in a straight line under 
a force mv? {distance) towards a fixed point in the straight line 
and under a small resistance to its motion equal to m,fi {velocity); 
to find the motion. 

The equation of motion is 
d?x 


da 
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[This is clearly the equation of motion if the particle is 

moving so that x is increasing. 

If as in the second figure the particle is moving so tHht 

X decrease^, i.e, towards the left, the frictional resistance is 

' • • dx • 

towards the right, and equals m . fiv. But in this case ^ is 

dx 

negative, so that the value of t; is — ^ ; the frictionaj resistance 

The equation of motion is then 
d’/c ^ , , / dx\ 


is thus m/a 




which again becomes (1). 




Hence (1) gives the motion for all positions of P to the 
right of 0, irrespective of the direction in ^hich P is moving. 

Similarly it can be shewn to be the equation of motion for 
positions of P to the left of 0, whatever be the direction in 
which P is moving.] 

To solve (1), put X = ieP*, and we have 


+ /ip + * 0, 



where A and b are arbitrary constants. 


If be small, then is a slowly varying quantity, so 

that (2) approximately represents a simple harmonic motion of 

period 27r-s- whose amplitude, is a slowly 
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decreasing quantity. Such * a motion^ is called a * damped 
osciHation p^d fj, measures the damping. 

This period depends on the square of fi, so that, to, the first 
order of approximation, this small Mctional resistance has no 
effect on the period of the motion. Its effect is chiefly seen in 


the decreasing amplitude of the motion, which = -4 ^ ^ j 

when squares of /a are neglected, and therefo"*;. depends on the 
first power of /a. ^ 

Such a vibration as the above is called a free vibration. 


It is the vibration of a particle which moves under the action 
of no external periodic force. 

If fjL be not small compared with w, the motion cannot be 
so simply represented, but for all values of /a, < 2n, the equation 
(2) gives the motion. 

From (2) we have, on differentiating, that = 0 when 


tan 



V 4n^ — /A* 


= tan a (say)... (3), 


giving solutions of the form 



a, 


TT + a, 27r + a, . 


Hence x is zero, that is the velocity vanishes, at the ends of 

periods of time differing by tt -r- • 

The times of oscillation thus still remain constant, though 
they are greater than when there is no frictional resistanca * 

If the successive values of t obtained from (3) are . .. 

then the corresponding values of (2) are 


ils~2^‘cosa, — 4Lfl“2^cosa, j!le“a^*cosa, ... 
so that the amplitudes of the oscillations form a decreasing q.p. 

whose common ratio = ^-s^^*^*^** 

If /A > 2n, the form of the solution changes ; for now 



lA 


L. D. 
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and the general solution is 


fit 

a? = 2 \Le 


9 • 


6*“ 2 ^ j cosh 




In this case the motion is no longer oscillatory. 

If /A = ?<^^e have by the rules of Piflferential Equations 
+ Lt 

» Le’'^ + Lt (1 — + squares) 

y«0 

= L^e’^ 4- (ii + Mit). 


Ex, The time of oscillation of a particle when there is no frictional 
resistance is secs. ; if there be a frictional resistance equal to X m X velocity, 
find the consequent alteration in the period and the factor which gives the ratio 
of successive maximum amplitudes. * 


118 . The motion of the last article may be represented 
graphically ; let time t be represented by distances measured 
along the horizontal axis and thfe displacement w of the particle 
by the vertical ordinates. Then any displacement such as that 
of the last article will be represented as in the figure. 



# The dotted curve on which all the ends of the maximum 


_e, 

ordinates lie is ‘ c<»a. The times 

of successive periods are equal, whilst the corfesponding maxi- 
mum ordinates AtBu AJBf, ... form a decreasing geometrical 
progression whose ratio 

ilcosae"^®^ _e.T 
^=e r\ 

Aooeae~»'°‘^' 
where r is the time of an oscillation. 
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% 

If we have a particle moving with a damped vibration of 
this ^character, and we make it automatically draw ifs own dis- 
placement curve as in the above fig'ure, we can from the curve 
determine the forces acting on it. For measuring the sticcessive 
distances , etc., and taking their mean, we have 

the periodic time t which we found in the^last article to be 

27r-r;y/n>-^, so that = 

Again, measuring the maximum AiBi, 

AtB„ finding the values of ^E'"’ 

mean, X, we have the value of the quantity e , so that 

-^T=l0g.\. 

We thus have the values of and fju, giving the restorative 
force and the frictional resistance of the motion. 


119. A point is moving ill a straight line with an accelera- 
tion fxx towards a fixed centre in the straight line and with an 
additional acceleration Jj cos pt ; to find the motion. 

The equation of motion is 


d^x 


= — /Ltd? + £ COS pt 


The-SQlutioii '6f this is 


X - A cos L — cos pt 

Lr p I 

= A COS • 


.(ly 


If the particle starts from rest at a distance a at zero time. 


we have B = 0 and -4 = a - 


L 

fi-p*' 


a; = [^a - cos COS pt (2). 

The motion of the point is thus compounded of two simple 

Stt Stt 

harmonic motions whose periods are -7— and — . 

^ , V/i l> 

From the right-hand side of (2) it follows that, if p be 

10—2 
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nearly equal to the coeflScient — becomes very great ; 

in other words, the eflPect of the disturbing acceleration L co^pt 
becomes very important. It follows that the ultimate effect of 
a periodic disturbing force depends not only on its magnitude 
i, but also on its period, and that, if the period be nearly that 
of the free motion, its effect may be very large even though its 
absolute L be comparatively small 

If p =s the^^^ms in (2) become infinite. In this case 
the solution no longer holds, and the second term in (1) 

» X cos [Vjli] = i Lt 2)5^ cos (V/i + 7) « 




y=0/*-(V^ + 7y 


cos [V/i + 7]< 


= — i [something infinite — t sin 

Hence, by the ordinary theory of Differential Equations, the 
solution is •• 

a? = ill cos [^t + ^i] 4- 2^ ^ sin sTfxt 

If, as before, a? = a and a? = 0 when t = 0, this gives 

a? = a cos ^fxt + t sin 

and hence a? = ^2^ “ ^ ^ ^ cos 

It follows that the amplitude of the motion, and also the 
velocity, become very great as t gets large. 

120. If, instead of a linear motion of the character of the 
previous article, we have an angular motion, as in the case of 
a simple pendulum, the equation of motion is 

and the solution is similar to that of the last article. 

In this case, if L be large compared with j or if p be very 

nearly equal to , the free time of vibration, is no longer 


^q-Xcospi, 
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small throughout the motion ^and the equation of motion must 
be replaced by the more accurate equation 

* d?d q . ^ \ 

^ — I sm ^ -I- jL cos^^. 

121. As an example of the ^iccumulative effect of a periodic 
force whose period coincides with the free period of the system, 
consider the case of, a person in a swing to wjiom a small 
impulse is applied when he is at the highest point of his swing. 
This impulse is of the nature of a period force whose period 
is just equal to that of the swing and the effect of such an 
impulse is to make the swing to move through a continually 
increasing angle. 

If however the period of the impulse is not the same as 
that of the swing, its effect is sometimes to help, and sometimes 
to oppose, the motion. 

If its period is very nearly, but not quite, that of the swing 
its effect is for many successive applications to increase the 
motion, and then for many ft^ther applications to decrease the 
motion. In this case a great amplitude of motion is at first 
produced, which is then gradually destroyed, and then produced 
again, and so on. 


122. A particle^ of mms m, is moving in a straight line 
under a force mn^ {distance) towards a fixed point in the straight 
linCf and under a frictional resistance equal to m, fM {velocity) 
and a periodic force mL cos pt ; to find the motion^ 

The equation of motion is 

d^x « dx * 

6?x dx 

The complementary function is 


1 . 9 . 


; + ^ = L cos pi. 


Ae-%* 




assuming p < 2n, and the particular integral 

.1 , ^ ,(n*-p*)cos®i + MPsinp< 


( 1 ). 


Zrsin e 

MP 


008 (jpt — *) 


( 2 ). 
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where 


MP 




The motion is thus compounded of two oscillations ; the 
first is called the free vibration and the second the forced 
vibration. 

' 27r 

Particular case. Let the period — of the disturbing force 
be equal to free period. 


The solution is tEfen, for the forced vibration, 


= — sin nt 
fin 

If, as is usually the case, fi is also small, this gives a vibra- 
tion whose maximum amplitude is very large. Hence we see 
that a small periodic force may, if its period is nearly equal to 
that of the free motion of the body, produce effects out of all 
proportion to its magnitude. 

Hence we see why there may be danger to bridges from the 
accumulative effect of soldiers marching over them in step, why 
ships roll so heavily when the waves are of the proper period, 
and why a railway-carriage may oscillate considerably in a 
vertical direction when it is travelling at such a rate that the 
time it takes to go the length of a rail is equal to a period of 
vibration of the springs on which it rests. 

Many other phenomena, of a more complicated character, 
are explainable on similar principles to those of the above 
simple case. 


* "123. There is a very important difference between the 
free vibration given by (1) and the forced vibration given 
by (2). 

Suppose for instance that the particle was initially at rest 
at a given ^finite distance from the origin. The arbitrary 
constants A and B are then easily determined and are found 

to be finite. The factor e’ 2 ^ in (1), which gradually diminishes 
as time goes on, causes the expression (1) to' continually, 
decrease and ultimately to vanish. Hence the free vibration 
gradually dies Out. 

The forced vibration (2) has no such diminishing factor but 
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is a continually repeating periodic function, "Hence nnally it 
is the only motion of any importance. 

124. Small oscillations of a simple pendulum under gravity, 
where the resistance = p iyelocityf and p is small. 

The equation of motion is • 

IQ ^ — g6 pP6^ (1). 

[If the pendulupa start from rest at an inclination a to the 
vertical, the same equation is found to hold until it comes to 
rest on the other side of the vertical.] 

For a first approximation, neglect the small term pP&^, and 
we have 

5 = 4 cos ^ • 

For a second approximation, put this value of 0 in the 
small terms on the ri^t-hand side of (1), and it becomes 

«.4oos[y^'f+B]+^ + 4^co.[2^(+2B] 

( 2 ), 

where a = cos 5 + -f- + — ^ cos 2B, 

and 0 = — ^ sin B — sin 25. 

5 = 0, and .4 = a — | squares of /* being neglected. 
Hence (2) gives 

cos (\/f 0 + ¥ ''08 (Vf 

(3), 

and hence % 
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' . , 

The time of a swing from rest to rest is therefore unaltered 

by the rfesjistance, provided the 'square of /* be neglected. 
Again, when « = w 

^ _ (-a _ I ( a - I a V) . 

Hence the amplitude of the swing is diminished by f aV^. 
Let the pendulum be passing through' the lowest point of 
its path at time v 

ih 




where T is small. 


Then (3) gives 


t.as 


and 


0 = (a - I (- sin T) + 
rn( 2 a>i 


OL^fd Q^al 

C08 2T. 


T- ^ 

3 < 


Hence the time of swinging to the lowest point 

“ V p U 3 j 
and of swinging up to rest again 


EXAMPLES 


1 , investigate the rectilinear motion given by the equation 


and shew that it is compounded of two harmonic oscillations if the 
equation + (7=0 has real negative roots. 


2. A particle is executing simple harmonic oscillations of amplitude 
a, under an attraction If a small disturbing force ^ bq introduced 
(the amplitude being unchanged) shew that the period is, to a first 
approximation, decreased in the ratio 1— ~ il. 
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3. Two heavy particles, of masjses m and m', art fixed to two points, 
A and of an elastic string OAB. The end 0 is attached to a fixed point 
^d the system hangs freely. A small vertical disturbance* being given to 
it, find the times of the resultant oscillations. 


4 . A particle hangs at rest at the end of an elastic ‘string whose 
unstretched length is a. In the position of equilibriun^ the length of the 

string is 6, and ~ is the time of an oscillation about this position. At 

time zero, when the jparticle is in equilibrium, the point of suspension 
begins to move so that its downward displacement at time ^ is csin ft. 
Shew that the length of the string at time y 'zA 

6- sin n<+-^^8in fU 

If ^=71, shew that the length of the string at time t is 

, c . ^ net 

5— ^ sm cos nt. 


5* A helical spring supports a weight of 20 lbs. attached to its lower 
end ; the natural length of the spring is 12 inches and the load causes it 
to extend to a length of 13| inches. The upper end of the spring is then 
given a vertical simple harmonic motion, the full extent of the displace- 
ment being 2 inches and 100 complete vibrations occurring in one minute. 
Neglecting air resistance and the inertia of the spring, investigate the 
motion of the suspended mass after the motion has become steady, and 
shew that the amplitude of the motion set up is about 3^ inches. 

6. If a pendulum oscillates in a medium the resistance of which varies 
as the velocity, shew that the oscillations are isochronous. 

7. The time of a complete oscillation of a pendulum making small 
oscillations in vacuo is 2 seconds ; if the angular retardation due to the air 
is *04 X (angular velocity of the pendulum) and the initial amplitude is 1®, 
find the inclination of the pendulum to the vertical at any subsequent time, 
and shew that the amplitude will in 10 complete oscillations be reduced to 
40' approximately, [logic *4343.] 

8. The point of suspension of a simple pendulum of length I has a 
horizon ted motion given by ;r»aoos mt. Find the effect on the motion of 
the particle. 

Consider in particular the motion when m* is equal, or nearly equal, to 

In the latter case if the pendulum be passing trough its vertical 

position with angular velocity <» at zero time, shew that, so long as it is 
small, the inclination to the vertical at time t 
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[If & be the position of the point of suspension at time t its accelera- 
tion is if* H^nce the accelerations of P, the bob of the pendulum, are lO 
perpendicular io OT, 16^ along PO, and i? parallel to 0(y, 

Hence resolving perpendicular t6 O'P, 




Ss» - ? d-b ^ cosm^, since 6 is small. 

l V t 


Now solve as in Art. 119.] 


9 . The point of support of a si mple pend ulum, of weight w and length /, 
is attached to a massless^^ing which moves backwards and forwards in a 

horizontal line ; shew that the time of vibration = 27r ^ 

W is the weight required to stretch the spring a distance 1. 


10# Two simple pendulums, each of length a, are hung from two points 
in the same horizontal plane at a distance h apart ; the bob of each is of 

mass m and the mutual attraction is > where X is small compared 

with g; shew that, if the pendulums be started so that they are 
always moving in opposite directions, the time of oscillation of each is 

+ -iv? \hearly, about a mean position inclined at ^ radians 
9 \ / ♦ 9 ^ 

nearly to the vertical. 


2tr 


v'i(- 


11. A j)endulu^ is suspended in a ship so that it can swing in a plane 
at right angles tOrthyength of the ship, its excursions being read off on a 
scale fixed to the. ship. ^ The free period of oscillation of the pendulum is 
one secondh and its point of suspension is 10 feet above the centre of 
gravity of the ship. Shew that when the ship is rolling through a small 
angle on each side of the vertical with a period of 8 secs., the apparent 
angular movement of the pendulum will be approximately 20 per cent, 
greater than that of the ship. 

12. The point of suspension of a simple pendulum of length I moves 
in a hoMZontal circle of radius a with constant |ingular velocity a> ; when 
the motion has become steady, shew that the inclination a to the vertical 
of the thread of the pendulum is given by the equation 

©2 (a + Z8ina)-^tan a=0. 

13. A pendulum consists of a light elastic string with a particle at 
one end and fastened at the other. In the position of equilibrium the 
string is stretched to j of its natural length I, If the particle is slightly 
displaced from the position of equilibrium and is then let go, trace its 
subsequent path and find the times of its component oscillations. 



CHAPTER IX 

MOTION IN THREE DIMENSIONS 

126. To find the accelerations of a particle in terms of 
polar coordinates. 

Let the coordinates of any jipint P be r, d, and 0, where r is 
the distance of P from a fixed 
origin 0, 0 is the angle that 
OP makes with a fixed axis 
Oz, and <f> is the angle® that 
the plane zOP makes with a 
fixed plane zOx, • 

Draw PN perpendicular to 
the plane xOy and let ON ^ p. 

Then the accelerations of 
^ d^x (Py n d^z , 

X, y and z are the coordinates of P. 

Since the polar coordinates of N^ which is always in the 
plane xOy^ are p and <^, its accelerations are, as in Art *49, 

■ S'' 

and - ™ perpendicular to ON, 

• dj^z 

Also the acceleration of P relative to iV is along iVP. 
Hence the accelerations of P are 

<Pp fd<t>V . rr. 
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\ 

^ plane zPK^ 


and 


^ parallel to Ojr. 


Now, since ir r= r cos ^ and p = r sin Oy it follows, as in Art. 60, 
that accelerations ^ and along and perpendicular to Oz 

in the plane zPK, are equivalent to ^ - r along OP and 

r ^ ^ plane zPK. 

Also the acc^eration — p (^) equivalent to 

-psind^^^ along OP and perpendicular to 

OP. 


Hence if a, 15, y be the accelerations of P respectively along 
OP, perpendicular to OP in the plane zPK in the direction 
of d inareasingj'^nd perpendicular tb the plane zPK in the 
direction of ^ increasing, we have 



126. Cylindrical coordinates. 

It is sometimes convenient to refer the motion of P to the 
coordinates z, p, and <j), which are called cylindrical coordinates. 
As in the previous article the accelerations are then 

ro 
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p ^ if*^) plane, «Pi£, 

and parallel to O^r. 

127. A particle is attached to one end of a stringy of length 
I, the other end of which is tied to a fixed point 0. When the 
string is inclined jxt an acute angle a to the downward-drcmn 
vertical the particle is projected horizontally and perpendicular 
to the etHng with a velocity V; to find^lie resulting motion. 

In the expressions (1), (2) and (3) of Art. 126 for the 
accelerations we here have r^L 

The equations of motion are thus 0 1 

Z0 — icos0sini3<j>* = -5fsin0...(2), \ 

V 

The last equation give® \ 

sin® 6^ sss constant = sin® a [<^]o ^ 

Fsina ^ 

“ — r~ w- 

On substituting for ^.in (2), we have 

n F*8in*acos0 q . ^ 


a ^ 7 ^ 

sin* 0 I 


where 


F® sin* a 

“li 

.F® sin’ a 

■ w~ 


1 2cf ^ ^ 

. -:-r^ = -f COS ^ + 4 , 
sm ’ d I 

1 2ff . 

. ^r-r- = -f cos « + 4. 
sin’ a I 


. F’sin’a r 1 1 1 2ff , a\ /r\ 

0 *= ^ — -r-T r— 7 , — p (cos a- cos p) ...(G) 

i* Lsin’a sin’dj Z ' / \ / 

2o, a\/n ,cosa + co8^ 

(cos«-cos0)[2«’— Ij, 

where F® = Ugn\ 

Hence 0 is again zero when 

2n® (cos a + cos 0) = sin® 0, 
i,e. when cos 0 « — n® ± Vf — 2a® cos a + 
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The low^r sign gives an inadmissible value for 0, Tne eniy 
inclination at* which 6 again vanishes is when 6^6^ wj;iere 

cos = — n* -f ^/l — cos a + 

The motion js therefore confined between values a and 6i 

of e. 

The motion of the particle is always above or below the 
starting point, ^according as 

i.e, according as cos 6^ > cos a, 

i,e, „ „ Vl — 2 / 1 ® cos a + n^ 5 n® -f cos a, 

i.e. „ „ 1 — 2 / 1 ® cos a $ cos® a + 2/i® cos a. 


t.e. 


M 


** 4 cos a ' 


ie, „ », < Ig sin a tan a. 

The tension of the string at any instant is now given by 
equation (1). In the foregoing it is assumed that T does not 
vanish during the motion. • 

The square of the velocity at any instant 

= + (l sin 0(f>y = P (00 + 0). 


Hence the Principle of Energy gives 

(0® + 0® sin® 0) = F® — mgl (cos a - cos 0). 

[On substituting for </> from (4) we have equation (6).] 
(1) then give^ 


T 


T ^ ^ , (vel.)* n . ^ ® ~ 

— = a cos ^ 4- - , ^ = or cos ^ 

m ^ ^ ' I ^ * I 


F® 


j- 4- flr (3 cos ^ — 2 cos a). 


128. In the previous example 0 is zero when ^ = a, t.e. the 
particle revolves at a constant depth below the centre 0 as in 

, sin® a 


cos a 


the ordinary conical pendulum, if V^=gl 

Suppose the particle to have been projected with this 
velocity, and when it is revolving steadily let it receive a small 
displacement in the plane NOP^ so that the value of ^ was not 
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instantaneously altered. Putting ff = a + y}t, where, is small, 
<he equation (5) of the last article gives * 

Y ff sin* a cos (a + g ■ , , ,x 

Y = -i — r-K - 7 sin (« + i^r) 

^ Jcosa sm'^a+'i/^) I 
(/ sin a r 1 — ■xt' ta^^ a 

neglecting squared of yfr, , 

(7 sin a , ,, . ^ ^ ^ 1 + 3 cos® a , 

= V"(*ana + 4cota) = --j — 

so that the time of a small oscillation about the position of 

1 • *1*1 • • COS a 

relative equilibrium is ~ ^ ^3 ^- 7 ^ . 

Again, from (4), on putting d = a + yjr, we have 
• 

^ Z cos a (l + ^{r cot ay Y I cos a 
so that during the oscillation there is a small change in the 
value of 0 whose period is the same as that of i|r. 

129- A particle m^ves on the inner surface of a smooth cone, of vertical 
angle 2a, being acted on by a force towards the vertex of the cone, and its 
direction of motion always cuts the generators at a constant angle p ; find the 
motion and the law of force. 

Let jP.m be the force, where m is the mass m the particle, and JR the^ 
reaction of the cone. Then in the accelerations of 
Art. 125 we have d = a and therefore ^=0. 

Hence the equations of motion are \ R / 

W’ 

(2), 

y/FWI 

^ a ('•§)-» <»'• ;/ 


Also, since the direction of motion always oats 
OP at an angle p, 

rsina0 . . ♦ 

••• — ^=tan^ 


• (3) gfves 

and therefore, from (4), 


constant = A 


dr , ^ ^ A 

^=sin»ootp.-, 


( 6 ). 
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Sttbstitutinj: in (1), we have 


-JP’ss -sin2aCot*j9. ^ -gin^a . 


U. 

Also 
80 that 


p^A^ein^a 


sin*j9 ‘r® r® 
JfJL 


1 • /ftx ^ A* sin a COS a ^sin®ficosa 

Again, (2) gires ^3 - 

From (4), the path is given by 


.♦( 7 ). 


EXAMPLES 


1. A heavy particle moves in a smooth sphere ; shew that, if the 
velocity be that due to the level of the centre, the reaction of the surface 
will vary as the depth below the centre. 

2. A particle is projected horizontally along the interior surface of a 
smooth hemisphere whose axis is vertical and whose vertex is downwards ; 
the point of projection being at an angular distance j3 from the lowest 
point, shew that the initial velocity so that the particle may just ascend 
to the rim of the hemisphere is VSa^ sec^. 


& A heavy particle is projected horizontally along the inner surface 
of a smooth sphericfid shell of radius ~ with velocity ^ 

depth ^ below the centre. Shew that it will rise to a height % above 
o 0 

the centre, and that the pressure on the sphere just vanishes at the 

highest point of the path. 


4. A particle moves on a smooth sphere under no forces except the 
pressure pf the surface j shew that its path is given by the equation 
cot^=cotj3cOs0, where $ and (j) are its angular coordinates. 


5, A heavy particle is projected with velocity F from the end of a 
horizontal diameter of a sphere of radius a along the inner surface, the 
direction of projection making an angle p with the equator. If the 


particle never leaver the surface, prove that 3sin®j3<2 + 



6. A particle constrained to move on a smooth spherical surface is 
projected horizontally from a point at the level of the centre ^so that 
its angular velocity relative to the centre is <k>. If <o^a be very great 
compared with p, shew that its depth g below the level of the centre 

at time t is 
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7. A thin straight hollow smooth tube is always inclined at an 
angle *a to the upward - drawn vertical, and revolves jyith uniform 
veh>city » fibout a vertical axis which intersects it. A heavy particle 

is projected from the stationary point of the tube with velocity ^ cot a ; 

• fi) 

shew that in time t it has described a distance 

• 0)* sin® a •* 

Find also the reaction of the tube. 


8. A smooth hollchv right circular cone is placed with its vertex 
downward and axis vertical, and at a point on its interior surface at 
a height h above the vertex a particle is projected horizontally along 


the surface with a 


velocity 


/ ^gk 

V n^+n' 


Shew that the lowest point of 


its path wiU be at a height ^ above the vertex of the cone. 


8. A smooth circular cone, of angle 2a, has its axis vertical and its 
vertex, which is pierced witli a smalL^hole, downwards. A mass M hangs 
at rest by a string which passes through the vertex, and a mass m attached 
to the upper end describes a horizontal circle on the inner surface of the 
cone. Find the time T of s. complete revolution, and shew that small 
oscillations about the steady motion take place in the time 

rcoseoa^^. 


10. A smooth conical surface is fixed with its axis vertical and 
vertex downwards. A particle is in steady motion on its concave side 
in a horizontal circle and is slightly disturbed. Shew that the time of a 




I 


small oscillation about this state of steady motion is i. . 

V Zg cos a * 

where a is the semi-vertical angle of the cone and I is the length of the 
generator to the circle of steady motion. 


11. Three masses wii, rifi^ and are fastened to a string which passes 
through a ring, and mj describes a horizontal circle as a conical pendulum 
while 7/12 ^ hang vertically. If wij drop off, shew that the instan- 
taneous change of tension of the string is . 

7/I1 + //12 


12. A particle describes a rhumb-line on a sphere in such a way that 
its longitude increases uniformly ; shew that the resultant acceleration 
varies as the cosine of the latitude and that its direction makes with the 
normal an cAigle equal to the latitude. 

[A Bhumb-line is a curve on the sphere cutting all the meridians at a 

constant angle a ; its equation is ^j - ^ «tan a.] 


L. n. 


11 



162 


Dynamics of a Particle 


18. A particlo moves on a smooth right circular cone under a force 
which is alw^ajs in a direction perpendicular to the axis of the cone ; 
if the particle describe on the cone a curve which cuts all generat6YS 
at a given constant angle, find the law of force and the initial velocity, and 
shew that at any instant the reaction of the, cone is proportional to the 
acting force. ^ 


14. A point moves with constant velocity on a cone so that its 
direction of motion makes a constant angle with a plane perpendicular 
to the axis of the cone. Shew that the result;int acceleration is per- 
pendicular to the axis of the cone and varies inversely as the distance 
of the point from the axis. 


15. At the vertex of a smooth cone of vertical angle 2a, fixed with 
its axis vertical and vertex downwards, is a centre of repulsive force 

(distance)^ ’ ^ weightless particle is projected horizontally with velocity 


v/t 


sin^a 


from a point, distant c from the axis, along the inside of the 
surface. . Shew that it will describc^a curve bn the cone whose projection 
on a horizontal plane is 1 — ^=3 tanh^ sin . 


16. Investigate the motion of a conical pendulum when disturbed 

from its state of steady motion by a small vertical harmonic oscillation 
of the point of support. Can the steady motion be rendered unstable by 
such a disturbance ? ^ 

17. A particle hioves on the inside of a smooth sphere, of radius a, 
under a force perpendicular to and acting from a given diameter, which 

equals M ^” 4 ' ^ when the particle is at an angular distance 6 from that 

diameter ; if, when the an||jpar distance of the particle is y, it is projected 
with velocity Vp^^secy in a direction perpendicular to the plane through 
itself and the given diameter, shew that its path is a small circle of the 
sphere, and find the reaction of the sphere. 

18. A particle moves on the surface of a smooth sphere along a 
rhumb-line, being acted on by a force parallel to the axis of the rhumb- 
line. Shew that the force varies inversely as the fourth power of the 
distance from the axis and directly as the distance from the medial 
plane perpendicular to the axis. 

19. A particle moves on the surface of a smooth sphere and is acted 
on by a force in the direction of the perpendicular from the particle on a 

diameter and equal to that it can be projected so that 

its path will cut the meridians at a constant angle. 

20. A particle moves on the interior of a smooth sphere, of radius a, 
under a force producing an acceleration /ntv” along the perpendicular w 
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• . ' 

drawn to a fixed diameter. It ^is projected with velocity V, along the 
great circle to which this diameter is perpendicular and is slightly 
dii^rbed its path; shew that tl^ new path will cut the old one 

m times in a revolution, where 4 fl ~ * 


21. A particle moves on a smooth cone under the ^tion of a force 
to the vertex varying inversely as •the square of the distance. If the 
cone be developed into a plane, shew that the path becomes a conic 
section. 


22. A particle, of mass m, moves on the inner surface of a cone 
of revolution, whose semi-vertical angle is a, under the action of a 

repulsive force . . from the axis : the moment of momentum of 

^ (distance)® ’ 

the particle about the axis being wi V/Itana, shew that its path is an arc 

of a hyperbola whose eccentricity is sec a. 


[With the notation of Art. 129 we obtain 


cos^ n sin^ a * r* 


.-i and 


' COs2 a silica * fS * ^ COs‘^ a sin^a 



where c? is a constant. 


Hence Hence (^ssy-sm”* - . . - = 8in(y - <^)=cos<^, 

if the initial plane for be proper^ chosen. This is the plane a? = (3? sin a, 
which is a plane parallel to the axis of the cone. The locus is thus a 
hyperbolic section of the cone, the parallel section of which through 
the vertex consists of twc^straight lines inclined at 2a. Hence, etc.] 


23. If a particle move on the inner surface of a right circular cone 
under the action of a force from the vertex, the law of repulsion being 

where 2a is the vertical angle of the cone, and if it 
be projected from an apse at distance a with velocity /y/^sina, shew 


that the path will be a parabola. 

[Show that the plane of the motion is parallel to a generator of the 
cone.] • 


24. A particle is constrained to move on a smooth conical surface 
of vertical angle 2a, and describes a plane curve under the action of an 
attraction to the vertex, the plane of the orbit cutting the axis of the 
cone at a distance a from the vertex. Shew that the attractive force 

^ 1 a cos a 

must vary as ^ — . 


25. A particle moves on a rough circular cylinder under the action of 
no external forces. Initially the particle has a velocity F in a direction 
making an angle a with the transverse plane of the cylinder ; shew that 

the space described in time t is log |^i , 

[Use the equations of Art. 126.] 
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130. point is moving along cmy curve in three dimensions; 
to find its accelerations along (1) the tangent to the curve, (2) ^e 
principal normal, and (3) the binormal. ^ 

If {x, y, z) be the coordinates of the point at time t, the 
accelerations parallel to the axes of coordinates are x, y, and is. 

dx _dx ds 
dt ~ ds dt' 


Now 


d^x _ dx d^s d^x /ds 

dt‘^ ds dt^ ds^ 




.(1). 


So 


~dsdi^^ \dt) 


and 


d?z _ dz d^s . d^z fdsy 
dt^ ~ ds dt^ 


_ /"—Y 

ds® Id^/ 


• • • dx 

The direction cosines of the tangei^t are ^ , 

Hence the acceleration along it 


(3). 

^'and 
ds ds 


_ dm d^x dy d?y ^ ^ 

ds dt^ ds dt^ ds dP 

^ r j. 4. j. (^\ 

dt* L\ds/ ^ \ds/ ^ \ds) J \dt) l_ds« 


d*x dy d*y 
ds^ ds ds^ 


d*s 


dt* 

since 

and tlierefore 


•(4). 


dx d^x ^ d^y dz d^z _ ^ 
ds d^ ^ ds ds^ ds ds^ 


The direction cosines of the principal normal are p ^ , p 

dj^z • • 

and p-^> where p is the radius of curvature. 

Hence the acceleration along it 

_ d*y d*y d*zd*z 


d®s 


dx d^x dy d^y dz dfz 
ds ds^ ds ds*^ ds ds^ 


is\ 
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<“>■ 


The direction cosines of thte binorraal are proportional to 

dy d^z dz d^y dz d^x dx d^z .dx d^y dy d^x 
ds ds^ ds ds^ * ds d^ da ds^ da da^ da d^* 

On multiplying (1), (2) and (3) in succession by these and 
adding, the result is zero, i.e. the acceleration in the direction 
of the binormal vanishes. 

The foregoing results might have been seen at once from 
equations (1), (2), (3). For if (li, mj, rii), rrut, rh) and 
(? 3 , Ws, ng) are the direction cosines of the tangent, the principal 
normal, and the binormal, these equations may be written 


and 


d^x 


d^s 

“h I 2 

dP 

— Zi 

d^ 

d?y 


d^s 

-fma 

df^ 

= m 




d^s 


dp'' 


dt^ 

+ n2 


li©’)- 

urn- 


These equations shew that the accelerations along the axes 
are the components of 

d^a 

an acceleration ^ along the tangent, 

an acceleration ^ along the principal normal, 

and nothing in the direction of the binormal. 

We therefore see that, as in the case of a particle describing 

a plane curve, the accelerations are ^ , or v ^ , along the tan- 

gent and — along the principal normal, which lies in the 
osculating plane of the curve. 


131. A particle moves in a curve, there being no friction, 
under forces such as occur in nature. Shew that the change in 
its kinetic energy as it passes from one position to the other is 
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independent of the path pursued afid depends only on its' initial 
and final positions. ^ 

Let Xy Yy Z be the components of the forces. By the last 
article, resolving along the tangent to the path, we have 


dH ^ dx 


ds'^ ^ ds^ ds' 


' i (jJ “ 

Now, by Art. 95, since the forces are such as occur, in nature, 
i.e. are one-valued functions of distances from fixed points, the 
quantity Xdos + Ydy -f- Zdz is the differential of some function 
^ {(V, y, z), so that 

I i m = 4> (a!. y, z) + G, 

where = 4> (®o> ^o. ^o) + G, 

(xQy y^y Zo) being the starting point and Vq the initial velocity. 

Hence ^ {xi y, -er) - ^ (a?o, yo> ^o)- 

The right-hand member of this equation depends only on 
the position of the initial point and on that of the point of the 
path under consideration, and is quite independent of the path 
pursued. 

The reaction B of the curve in the direction of the principal 
normal is given by the equation 



P 


where p is the radius of curvature of the^ curve. 

132. Motion on any surface. If the particle move on a 
surface whose equation is/(^, y, .e^)=Q, let the direction cosines of 
the normal at any point (xy y, z) of its path be (^i, niiy Wi), so that 

II 'Hl ] ^ 

dx dy dz'' ^ V \da!/ \dy/ ^ \dz) 

Then, if R be the normal reaction, we have ' 

m^^X + Rl,, m^^ = Y+Rmi, and m~^Z + Rn^, 
where X, Y, Z are the components of the impressed forces. 
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Multiplying these equations by adding, 

we have * 

for the coeflBcient of R 
, dx ^ dy , dz 


+ ^i:£ + ^- 


dz\ da 


= X the cosine of the angle between % tangent line to the 
(JLt 

surface and the normal 

= 0 . 

Hence, on integratwn, 

= S{Xdx + Tdy + Zdz\ 

as in the last article. 

Also, on eliminating iJ,*bhe path on the surface is given by 


d^x ^ d?y 


d^z „ 


li Hfti 

giving two equations from which, by eliminating ty we should 
get a second surface cutting the first in the required path. 

133. Motion under gravity o f a particle on a smooth surface 
of revolution whose axis is vertical 
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Use the coordinates z, p and ^ of Art. 126, the j^-axis being 
the axis of revolution of the surface. The second eoaation of 


thatarticlegive8-^^(^p»^j = 0, 

i,e, p* ^ = constant =s A (1). 

Also, if 8 be the arc AP measured from any fixed point A, 
ds 

the velocities of P are ^ along the tangent at P to the gene- 
rating curve, and p ^ perpendicular to the plane zAP. Hence 
the Principle of Energy gives 




Equations (1) and (2) give the motion. 

Equation (1) states that the moment of the momentum of 
the particle about the axis of z is constant. 

(Pz • 

By equating the forces parallel to Oz to we easily 

have the value of the reaction J2. 

If the equation to the generating curve he z— f{p) then, 
since 

equation (2) easily gives 

j* {%! ~ % 

which ‘gives the differential equation of the projection of the 
motion on a horizontal plane. 


EXAMPLES 

1. A smooth helix is placed with its axis vertical and a small bead 
slides down it under gravity ; show that it makes its first revolution from 

rest in time 2 , where a is the angle of the helix. * 

V asmacosa’ ® 


2. A particle, without weight, slides on a smooth helix of angle a 
and radius a under a force to a fixed point on the axis equal to 
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m/i (distance). Shew that the reaction of the curve cannot vanish unless 
the greatea^ velocity of the particle is aVftseca. 

3. A smooth paraboloid is placed with its axis vertical and vertex 
downwards, the latus-rectiftn of the generating parabola being 4a. A 
heavy particle is projected horizontally with velocity •T at a height A 
above the lowest point; shew thkt the particle is again moving hori- 

72 

zontally when its height is Shew also that the reaction of the 

paraboloid at any point is inversely proportional to the corresponding 
radius of curvature of the generating parabola. 


4. A particle is describing steadily a circle, of radius A, on the inner 
surface of a smooth paraboloid of revolution whose axis is vertical and 
vertex downwards, and is slightly disturbed by an impulse in a plane 
through the axis ; shew that its period of oscillation about the steady 


motion is tt 



, where I is the semi-latus-rectum of the paraboloid. 


6. A particle moving on a paraboloid of revolution under a force 
parallel to the axis crosses the meridians at a constant angle ; shew that 
the force varies inversely as the fourth power of the distance from the 
axis, ♦ 


6. A particle moves on a smooth paraboloid of revolution under the 
action of a force direcjg^ to the axis which varies inversely as the cube 
of the distance from the axis ; shew that the equation of the projection 
of the path on the tangent plane at the vertex of the paraboloid may, 
under certain conditions of projection, be written 


\/4a24-r^+alog 


V4a^-Hr^~2a 

V4a2+r2+2a 




where 4a is the latus-rectum of the generating parabola. 



CHAPTER X 


MISCELLANEOUS 

THE HODOGRAPH. MOTION ON REVOLVING CURVES. 
IMPULSIVE TENSIONS OF STRINGS 


134. The Hodograph. If from aty fixed point 0 we draw 
a straight line OQ which is parallel to, and proportional to, 
the velocity of any moving point P, the locus of Q is called 
a hodograph of . the motion of P, 








If P' be a consecutive point on the path and OQ' be parallel 
and proportional to the velocity at P', then the change of the 
velocity in passing from P to P' is, by Art. 3, represented by 

QQ • € 

If T be the time of describing the arc PP', then the accele- 
ration of P 

= Liinit ~ s= velocity of Q in the hodogra^. 

Hen(^ the velocity of Q in the hodograpB represents, both 
in magnitude and direction, the acceleration of P in its path. 
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It follows that the ve^ocity, or coordinate, o/*Q in any 
directioiAis proportional to the acceleration, or velocity, of P in 
the same direction. 

The same argument holds if the motion of P is not 
coplanar. ^ * 

If at any moment x and y be the coordinates of the moving 


point P, and f and ^ those of the corresponding point Q of the 
hodograph, we have* • 

chv - A ^ 




dt ' 


and rj = \ 


dt * 


where X is a constant. 

The values of ^ and ~ 
dt dt 


being then known in terms of t, we 


eliminate t between these equations and have the locus of (f, y), 
i.e, the hodograph. ^ 

So for three-dimensional motion. 


135. The hodograph of a central orbit is a reciprocal of the 
orbit with respect to the centfe of force 8 turned through a right 
angle about 8. 

Let 8Y he the perpendicular to the tangent at any point P 
of the orbit. Produce SY toP' so that a constant; 

the locus of P' is therefore the , reciprocal of the^path with 
respect to 8. f 

By Art. 54, the velocity v of P = ^ • ^P'* 


Hence 8P* is perpendicular to, and proportional to, the 
velocity of P. 

The locus of P' tyrned through a right angle about 8 is 
therefore a hodograph of the motion. 

The velocity of P' in its path is therefore perpendicular to 




and equal to ^ times the acceleration of P, 


i.e. 



X the central acceleration of P. 


EXAMPLES 

1. A particle describes a parabola under gravity; shew that the 
hodograph of its motion is a straight line parallel to the axis of the 
parabola and described with uniform velocity. 
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2. A pturticle describes a conic section under a force to its* focus ; 
shew that th4 hodograph is a circle which passes through tlya centre of 
force when the path is a parabolh. 

3. If the path be an ellipse described vfader a force to its centre, 
shew that the hodograph is a similar ellij^se. 

4. A bead moves on the arc of a smooth vertical circle starting 
from rest at the highest point. Shew that the equation to the hodograph 

.. e * 

IS r=Xsin 

5. Shew that the hodograph of a circle described under a force to 
a point on the circumference is a parabola. 

6. The hodograph of an orbit is a parabola whose ordinate increases 
uniformly. Shew that the orbit is a semi-cubical parabola. 

7. A particle slides down in a thin cyiloidal tube, whose axis is 

vertical apd vertex the highest point; shew that the equation to the 
hodograph is of the form r2=2^[a-h&cos2^], the particle starting from 
any point of the cycloid. If it start from the highest point, shew that the 
hodograph is a circle. • 

8. A particle describes an equiangular spiral about a centre of force 
at the pole ; shew that its hodograph is also an equiangular spiral. 

9. If a particle describe a lemniscate under a force to its pole, shew 
that the equation to the hodograph is sec® — . 

10. If the hodograph be a circle described with constant angular 
velocity about a point on its circumference, shew that the path is a 
cycloid. 

11. * Shew that the only central orbits whofte hodographs can also be 
described as central orbits are those where the central acceleration varies 
as the distance from the centre. 

[In Art. 135 if SP meet the tangent at P' in F', then SY* is perpen- 
P 

dicular to Y'P* and=^. The hodograph is described with central 
acceleration to /S' if the velocity of P'xSF' is constant, t,e, if the central 
acceleration of is constant. Hence the result.] 

• 

12. If the path be a helix whose axis is vertical, described under 
gravity, shew that the hodograph is a curve described on a right circular 
cone whose semi-vertical angle is the complement of the angle of the 
helix. 
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IM. Motion on a Revolving Curve. * A given curve 
turns in its own plane about a given fixed point 0 constant 
angular \locity eo; a small bead^ P moves on the curve under 
the action of given forces whose components along and perpen- 
dicular to OP are X aitd Y; to find the motion. 

Let OA be a line fixed in, the plane of the curve, and OB 
a line fixed with respect to the cmrve, 
which at zero time coincided with OA,^ 
so that, at time t, Z AOB^wt 

At time t let the bead be at P, 
where OP = r, and let ^ be the angle^*" 
between OP and the tangent to the 
curve. 

Then, by Art. 49, the equations of ^ 
motibn are 

d?r (de ^ y r R , . 

+ " = sin<|>, 

dt^ \dt J m m ^ 


■ 

V /x ^ " 



i.y 



It y _ \ 


and 


dt 


and 


l±\r 

rdtX 

, . eJV (d6\^ - dd X R • , 

Thesegive =ra,»+ 2ra,^ + - - - sm,^. 

1 d ( ^de\ ^ dr Y R . 
r dt\ at J dt m m ^ 

Let V be the velocity of the bead relative to the wire, so that 
, dr , . , d6 

!;cos<p = ^ and vsin9 = r 


dt ’ 


The equations of motion are then 



dV f 
dt* 

dd\* , R' . . 

dtj mm 

...(1), 

and 

1 d 
rdt' 

(_^de\ Y R' ^ 

jX = ~H — cos 6 

\ dtJ m m ^ 

...(2). 

where 




mm 4 

...(3). 


These equations give the motion of the particle relative to 
the curve. 
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Now silppose that the curve, instead of rotating, were at 
rest, and t^at the bead moved on ^ 
under the action of the same/orces X 
and F as in the first case together 
with an additional force meaV along OP, *lc ^ 
and let S be tlie new normal rea^tion^ 

The equations of motion are now T 


dV 


-KS) 

1 d 


' , Z /? . . ... 

sin ©...(4), 

-wr -m. T \ 


, 1 d ( dd\ Y S JL /K\ 

rdt\ dtj m m ^ v/ 



These equations are the same as (I J and (2) with S substi- 
tuted for P'. 

The motion of the bead relative to the curve in the first 
case is therefore given by. the same equations as the absolute 
motion in the second case. 

The relative motion in the case of a revolving curve may 
thus be obtained as follows. ^ 

Treat the curve as fixed, and put on an additional force on 
the bead, away from the centre of rotation and equal to mco^.r; 
then find the motion of the bead; this Mil be the relative 
motion when the curve is rotating. The reaction of the curve, 
so found, will not be the actual reaction of the moving curve. 
To get the latter we must by (3) add to the reaction, found by 
the foregoing process, the quantity 2m(ov, where v is the 
velocity of the bead relative to the curve. 

The above process is known as that of ‘'reducing the moving 
curve to rest.*' When the moving curve has been reduced to 
rest, the best accelerations to use are, in general, the tangential 
and normal ones of Art. 88. 


137. If the angular velocity w be not constant the work is 
the same, except that in equation (2) there is one extra term 

•-r— on the right-hand side. In this case, in addition to the 

force we must put on another force — mr ^ at right 

angles to OP, and the curve is then “ reduced to rest.'' 
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138. A smooth circular tube kontains a particle, o f mass mf and lies on a 

smooth Uible, The tube starts rotating with constant angular velocity to about an 
axis perpendicular to the plane of the tube which passes through the other end, 0, 
of the diameter through the initial position, of the particle. Shew that in time 
t the particle will have described an angle 0 about the centre of the tube equal 


to 4tan“i ^tanh~^. 


Shew ’hlso that the reaction between the tube and the 


particle is then equal to 2ma(tf^oos^ 






P being the position of the particle at time t, and 0=s z AGP, we may treat 
the tube aaat rest if we assume an Additional force along OP equal to mw^ . OP, 

i.e. m(i^,2aco&^. R' being the normal reaction in this case, we have, on 

40 


taking tangential and lu^mal accelerations, 

<b <b ^ 

a0 = - w2 . 2a cos ^ sin ^ (1), 

and a ^^ = ^ . 2a cos^ ^ (2) . 

(1) gives 02— 2 w2 COS 0 + -4 (3). 


Now, if the tube revolves then, since the particle was initially at rest, 
its initial relative velocity was <a . OA, i.e. <a . 2a, in the opposite direction. 

Hence 0 = 2b; initially. 

Therefore (3) gives 02 = 2w2 (1 + cos 0). 


/. 2we= 



= 2 log tan 



the constant vanishing. 


1 + tan - 


1 - tan - 


so that tan 


4 


=:tanh 



Also (2) gives 


— =6aw2oo8*~. 
m 2 
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L 


Now, by (3) of Art. 136, the" teal reaction R is gi?en by 

m m ’ 

where v is the velocity of the particle relative to the tube in the direction in 
which the tube revolves, i.e, so that 

R=sR' ^ = 2ma(a^ cos — j^3 cos ^ 2^ • 

Ex, If the particle he initially at rest indefinitely close to 0, shew that, 
when it is at its greatest distance from 0, the reaction^ of the curve is lOwaw*. 


139. Let the curve of Arf 136 be revolving with uniform 
angular velocity co about a 
fixed axis Oy in its own 
plane. 

At time t let the curve 
have revolved through an 
angle <^, and let y and x be 
the coordinates of the bead 
measured along and perpen- 
dicular to the fixed axis. Let 
R be the normal reaction in 
the plane of the curve, and S 
the reaction perpendicular to 
the plane of the curve. 

The equations of motion 
of Art. 126 then become, since 
<^ = 0 ), 



^ = + - 

(1), 


a>dt^ ' m 

(2), 

and 

d?y R . ^ y 

777^ cos ^ ~ 

av m m 

(3). 


where X, F, and Z are the components of the impressed forces 
parallel to x and y, and perpendicular to the plane of the curve, 
and 6 is the inclination of the normal to the axis of y. 

Equations (1) and (3), which give the motion of the bead 
relative to the wire, are the same equations as we shoul^ have 
if toe assumed the wire to he at rest and put on an additional 
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fcyrce x distance perpendicular to and away yrom tfie axis of 
rotation. ^ • 

Hence, applying this additional force, we may treat the wire 
as at rest, and use whatever equations are most convenient. 


140. As a numerical example, let the curve be a smciDth circular wire 
revolving about its vertical diameter, *C being its centre and a its radius. Let 
the bead start from rest at a point indefinitely olose to the highest point of the 
wire. Treat the circle as at rest, and put on an additional force 

NP(=m«3 .a sin • 

along NP. 

Taking tangential and normal accelerations, we then have 

(W = &)% sin ^ cos ^ sin ^ (4), 


and -- +pcos^- w^asin^^ (6). 

(4) gives . sin^ i? + 2^ (1 - cos 6 ), 

and then (6) gives - = ^ {3 cos ^ - 2) - sin^ e. 

Also the reaction S perpendicular to the plane of the wire is, by (2), 
given by 

- = 2xw = 2w ~ (a sin $) = 2wa cos6.& 
m dV 


= 2w 008 e sin2 0 + 2ga (1 - cos d). 


EXAMPLES 

1. A particle is placed in a smooth straight tube which is suddenly 
set rotating about a point 0"in its plane of motion, which is at a per- 
pendicular distance a from the tube; shew that the distance described 
along the tube by the particle in time ^ is a sinh the particle and 0 
being initially at a distance a apart ; shew also that the reaction between 
the tube and the particle then is [2 cosh tat ~ 1]. 

2. A circular tube, of radius a, revolves uniformly about a vertical 

diameter with angular velocity s-^^d a particle is projected from 

its lowest point with velocity just sufficient to carry it to the highest 
point; shew that the time of describing the first quadrant is 

3. A particle P moves in a smooth circular tube, of radius a, which 
turns with uniform angular velocity a> about a vertical diameter ; if the 
angular distance of the particle at any time t from the lowest point is d, 

and if it be at rest relative to the tube when d « a, where cos ^ - a , 

then, at any subsequent time f, cot |=cot | cosh sin , 
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^ r ' ^ 

4. A circular wire is made to revolve about a vertical diameter 
with coustant angtilar velocity. A smooth ring slides on the wire^ being 
attached to its highest point by an elastic string whose na1<lral length 
is equal to the radius of the wire? If the ring be slightly displaced from 
the lowest point, find the motion, and shew ^hat it will reach the highest 
point if the modulus of elasticity is four times the weight of the ring. 

5. A smooth circular wire rotates with uniform angular velocity a> 
about its tangent line at a point A, A bead, without weight, slides on 
the wire from a position of rest at a point of the wire very near A, 
Shew that the' angular distance on the wire tra'versed in a time t after 
passing the point opposite A is 2tan“'<ii)^ 


6. A small bead slides on a circular arc, of radius a, which revolves 
with constant angular velocity o) about its vertical diameter. Find its 


position of stable equilibrium according as shew that the 

time of a small oscillation about its position of equilibrium is, for the two 


cases, respectively equal to 


27r<ua , 

-7===^ and 



7. A parabolic wire, whose axis is vertical and vertex downwards, 
rotates about its axis with uniform angular velocity a>. A ring is placed 
at any point of it in relative rest ; shew that it will move upwards or 


downwards according as and will remain at rest if 

where 4a is the latus-rectum of the parabola. 

8. A tube in the form of the cardioid r=a (1+ cos d) is placed with 
its axis vertical and cusp uppermost, and revolves round the axis with 

angular velocity A particle is projected from the lowest point 

of the tube along the tube with velocity ts/^ga ; shew that the particle 
will ascend until it is on a level with the cusp. 


9. A smooth plane tube, revolving with angular velocity about a 
point 0 ih its plane, contains a particle of m^ss m, which is acted upon 

by a force mcoV towards 0 ; shew that the reaction of the tube is A , 

where A and B are constants and p is the radius of curvature of the tube 
at the point occupied by the particle. 

10. An elastic string, whose unstretched length is a, of mass ma and 
whose modulus of elasticity is X, has one end fastened to an extremity A 
of a smooth tube within which the string rests ; if the tube revolve with 
uniform angular velocity in a horizontal plane about the end A, shew 

that when the string is m equilibrium its length is where 

A 
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11. X bead is at rest on an equiangular spiral of an^e a at* a distance a 
from tlfe pole. The plane of the spiral is horizontal and the ^fral is made 
to revolve %bout a vertical line through its pole with uniform angular 
velocity a>. Prove that the bead comes ^io a position of relative rest at a 
distance a cos a from the poje and that the reaction of the curve is then 
a sin 2a, Shew also that, when the bead is again at its^original distance 
from the pole, the reaction is m<B2a«ina(3 + sin2a), 


12. A particle, of n^ass m, is placed on a horizontal Jtable which is 
lubricated with oil so that the force on the particle due to viscous friction 
is mhiy where u is the velocity of the particle relative to the table. The 
table is made to revolve with uniform angular velocity a> about a vertical 
axis. Shew that, by properly adjusting the circumstances of projection, 
the equations to the path of the particle on the table will be 


dj=sa(“ ^ cos (cD - )3) ^ sin ( cd - 
where a+tj3= w — 


[With the notation of Art. 51, the equations of motion are 
(Z) 24 -;&Z)-a) 2 )^- 2 o>Z )^=0 •and 

Hence Now solve in the usual manner.] 


13, A smooth horizontal plane revolves with angular velocity a about 
a vertical axis to a point of which is attached the end of a light string, 
extensible according to Hooke’s Law and of natural length just sufficient 
to reach the plane. The string is stretched, and after passing through 
a small ring at the point where the axis meets the plane is attached to 
a particle of mass m which moves on the plane. If the mass is initially 
at rest on the plane, shew that its path relative to the plane is a hypo- 
cycloid generated by the rolling of a circle of radius Ja{l — 
on a circle of radius a, wheija a is the initial extension and X the coefficient 
of elasticity of the string. 


14. A particle slides in a smooth straight tube which is made to 
rotate with uniform angular velocity q> about a vertical axis. If the 
particle start from relative rest from the point where the shortest 
distance between the axis and the tube meets the tube, shew that in 
time t the particle has moved through a distance 

^ cot a coseo a sitih^ sin a), 

Oir 

where a is the inclination of the tube to the verticaL 

12—2 
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141 . j&apufsive tensions oi chains. 

A chaim is lywg in the form of a given curve On^^uj nfnuuon 
horizontal plane; to one end f of it is applied a given impulsive 
tension in the direction of the tangent*^ to find the consequent 
impulsive tension at any other point of the curve, and the initial 
motion of the point. *> 



Let PQ be element is of the chain, s being the length 
of the arc O'P measured from any fixed point O'. 

Let T and T + 87 be the impulsive tensions at P and Q. 
The resolved part of the tension at P parallel to Ox is 
dx 

T , and this is clearly a function of the arc $. Let it be f{s). 
The resolved part of the tension at Q 

=/(« + Ss) =/(«) + Ssf'(s) + j^/"(s) + ... 


T— 

^ds 






by Taylor's Theorem. 

Hence, if m be the mass ol the chain at P per unit of 
length, and u, v the initial velocities of the element PQ parallel 
DO the axes, we have ♦ 
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i.e., in the limit when 8s is indefinitely small, 


mu 


So 


— — ^ 7 *^^ 
"dst ds) 

= ^(t^ 
. ds V ds) 


.( 1 ). 

.( 2 ). 


Again, since the string is inextensible, the velocity of P 
along the direction PQ (i.e. along the tangent at P ultimately) 
must be equal to the velocity of Q in the same direction. 

Hence 

u cos + V sin ■>fr = (u + Su) cos ^f^‘ + (v + 8v) sin yfr. 

Su cos y/r + Sv sin = 0, 


t.e. 


du dx dv dy 
ds ds^ ds ds~ 


(3). 


142. Tangential send Normal Resolutions. 

Somewhat easier equations are obtained if we assume v$ and 
tip as the initial tangential and normal velocities at P. 

Resolving along the tangpnt, we have 
ntSs .v, = (T+ dT) cos d^ — T 

= dr + small quantities of the second order, 
dT 


i.e., in the limit, 


ds 


= mv. 


.( 1 ). 


So, resolving along the normal, 

mSs . = (r + dT) sin S^ = TS‘^ + . .., 

T 

ie., in the limit, - = mvp (2), 

where p is the radius of curvature. 

The condition of infixtensibility gives 

i>t = (Vg + Svg) cos 8^ — (Vp + Svp) sin 8^, 
i.e. 0 — 8v, — VpSi^, — 

i.e. ^ = Vp ^ = ^ , in the limit (3). 

By eliminating Vp and from (1), (2) and (3), we have 

(« 

ds \ m ] m ^ 

The initial form of the chain being given, p is known as a 
function of 8\ also m is either a constant when the chain is 
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uniform or it is a known function of s. Equation (4) thus 
determines ' T with two arbitrary constants in the remit ; they 
are determined from the facif’that iT is at one end equal to the 
given terminal impulsive tension, and ^t the other end is zero. 

Hence T ,is known and then (1) and (2) determine the 
initial velocities of each elemen’t. 


Mx, A uniform chain is hanging in the form of a catenary, whose ends are 
at the same horizontal level; to each end is applied l/ingentially an impulse Tq; 
find the impulse at each point of the chain and its initial velocity* 


In this curve s — c tan so that p=^^^c sec* 


ds'' 


dT cos* ^ 
dif' c * 


and 


_ d^T cos* xj/ 2 sin \J/ cos* ^ dT 
ds^ ~~ d\l/^ c* c* * 


Hence equation (4) gives 


i.e. 


d^T 


d2r « . ,dT ^ 
^-2tan^^=2’. 

. dT 


a‘i- , . . ajL- — , . , dT 

— 2COB^-8inf^=Tcos^+8in^^. 

dT * . 

— cos \I/=:T sm \I/+A. 


*\ Tcob 

where A and B are constants. 

Also, from equations (1) and (2), 


mv 


and 


~ = i[Acos^+i4^Bin ^+jBsin^] 
T . , A\p+B 

mvp= — cos* cos^ 


w, 

( 2 ), 

.(3). 


Now, by symmetry, the lowest point can have no tangential motion, so that 
Vg must vanish when ^=0. Therefore A=0* 

Also if yj/Q be the inclination of the tangent at either end, then, from (1), 
B:=TqQOB\I/q, 

. /7T_m cos ^0_ 2^0 008^0 

so that the impulsive tension at any point varies as its ordinate. 


T T 

Also v-ss — cos^ftsin and vp= — cos ^ocos 

* me ^ me ^ ^ 

The velocity of the point considered, parallel to the directrix of the catenary, 

s= Vg cos ^ - t>p sin 0. 

Hence all points of the catenary start moving perpendicularly to the 
directrix, i*e* in a vertical direction, and the velocity at any point 


=-y»?+^=^oo8^ 
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143. Motion of a efudn free to move in one planer 
Witluthe figure of Art. 141 let X, T be the fonfes acting on 
an element PQ of a chain in diifections parallel to the axes of 
coordinates. Let u and '» be the component velocities of the 
point P parallel to the axes. Let T be the tengion at P. Its 

component parallel to /(s), where s is the arc OP. 

If PQ^Ss, the tension at Q parallel to Ox 

=/(« + &)=/(«)+&/' w + .... 

Hence, if *m be the mass of the chain per unit of length, the 
equation of motion of PQ is 


mBs. 


du 

dt 


= the forces parallel to Ox 


= m^X + i/(s) + Bsf («)+.. .} -/(«) 


Dividing by Be, and neglecting powers of Be, we have 





(!)• 

So 



(2). 


Assuming the chain to be inextensible, it follows that the 
velocity of P in the direction PQ must be the same as that of 
Q in the same direction. 


u 




da' 




ds ds 


and hence 


dsds^ da ds~ 


,(3). 


These equations give m, y, and T in terms of a and t, 
t.e. they give the position at time t of any element whose 
arcual distance is a. 
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EXAMPLES 

1. A uniform chain, in the form of a semi-circle, is plucked at one 
end with an impulsive tension To* Shew that the impulsive tension at 

an angular distance B from this end* is Tq * 


se 

2. A chain lies in the form of the curve from ^=0 to B^jS, 

and receives a tangential impulse T© at the point where ^=0, the other end 
being free ; shew that the impulsive tension at any point is 






-1 


3. A uniform chain is in the form of that portion of the plane curve 
cutting every radius vector at an angle f, which lies between 

1 and 256 units distance from the pole. If tangential impulsive tensions 
of 2 and 1 units are simultaneously applied at the points nearest to and 
farthest from the pole, shew that the impulsive tension at a point distant 
81 units from the pole is ^^8 units. < 


4. A ring of inelastic wire, of radius r, is supported in a horizontal 
position and a sphere of radius H and mass m falls vertically into it with 
velocity V, centre above centre. Shew that the impulsive tension in the 
. mV r 


wire IS 


2 «- 


5. A smooth semi-circular tube, of radius a, contains a heavy inexten- 
sible chain, of length an, which fits it exactly. The tube is fixed in a vertical 
plane with its diameter horizontal and its vertex upwards, the ends being 
open. A slight disturbance in a vertical plane takes place. If the length 
of the chain which at any moment has slipped out of the tube be 
(wher5 >/^<7r), prove that , 

and find where at any moment the tension of the chain is greatest. 
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'CHAPTER XI 

MOMENTS AND PRODUCTS OP INERTIA. PRINCIPAL AXES 

144. If r be the perpendicular distance from any given 

line of any element m of the mass of a body, then the quantity 
%mr^ is called the moment of inertia of the body aWt the 
given line. • 

In other words, the moment of inertia is thus obtained; 
take each element of the body, multiply it by the square of its 
perpendicular distance from the given line; and add together 
all the quantities thus obtaihed. 

If this sum be equal to Mk\ where M is the total mass of 
the body, then k is called the Radius of Gyration about the 
given line. It has sometimes been called the*Swing-Radiu8. 

If three mutually perpendicular axes Ox, Oy, Oz be taken, 
and if the coordinates of any element m of the system referred 
to these axes be x, y and z, then the quantities "Zmyz, Xmzx, 
and hmxy are called the products of inertia with respect to 
the axes y and z, z and x, and x and y respectively. 

Since the distance of the element from the axis of x is 

+ the inoraent oT inertia about the axis of w 
= Xm {y^ -f z% 

145. Simple cases of Moments of Inertia. 

I. Thin uniform rod of mass M and length 2a, Let AB be the rod, and FQ 

Sx 

any element of it such that AP=:x and PQ=^dx, The mass of PQ is . M, 

Hence the moment of inertia about an axis through A perpendicular to the 
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Similarjy, if 0 be the centre of the rod,#OPssy and the noipment of 

inertia of thc^rod about an axis through 0 perpendicular to the ro^ 

n. JRectangutar lamina. Let ABC A be the lamina, such that AB^2a and 
ADss:2bt whose centre is O. By drawing a large number of lines parallel to AD 
we obtain a large number of strips, each of which is ultimately a straight line. 
The momeifc of inertia of each of these stripsT about an axis through* 0 

52 

parallel to AB is (by I) equal to its mass multiplied by ~ . Hence the sum of 
the moments of the strips, t.e. the moment of inertia of the rectangle, about 
the same line is M . 

80 its moment of inertia, about an axis through 0 parallel to the side 2&, is 

If X and y be the coordinates of any point P of the lamina referred to axes 
through 0 parallel to AB and AD respectively, these results give 

moment of inertia about Oa?=iif -5- , and Sma;2=ilf -r- . 

o 0 

The moment of inertia of the lamina abbut an axis through 0 perpendicular 
to the lamina 

O 

' III. Bectangular* parallelopiped. Let the lengths of its sides be 2a, 2b, 
and 2c. Consider an axis through the centre parallel to the side 2a, and 
conceive the solid as iqade up of a very large number of thin parallel rectangular 
slices all perpendicular to this axis ; each of these slices has sides 2b and 2c and 

hence its moment of inertia about the axis is its mass multiplied by . 

o 

Hence the moment of inertia of the whole body is the whole mass multiplied by 
62 + c» . 


3 


i,e. M ■ 


\ 

IV. direumference of a circle. Let Ox be any axis through the centre O, 
P any point of the circumference such that xOP=0, PQ an element add; then 
the^Bometot of inertia-abcmt^-i)» 




=4x 


2ir 


w 

f- 




V. Circular disc of radius a. The area contained betweei^^ concentric 
circles of radii r and r + dr is 2irr5r and its mass is thus , Mt its moment 

ira2 » 

of inertia about a diameter by the previotts article s if * 
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Henje the required moment of mertia 


M r,. „ „ 

= -,J >^dr = ^.^=3I. 




?• 


So for the moment about a perpendicular diameter. 

The moment of inertia abOut an axis through the centre perpendicular to 
the disc = (as in II) the sum of these =*M. 

A 

Elliptic disc of axes 2a, 25. Taking slices made by lines parallel to the 
axis of the moment of inertia about the axis of x clearly 




26 sin <J)d (a cos 0) 62 sin2 0 


irab 


3 


_4m2 
3 w 


ir 


62 

sin* = M . ~ . 


a* 


So the moment of inertia about the axis oiy s=M » -r • 

4 

VI. Hollow sphere. Let it be formed by the revolution of the circle of IV 
about the diameter. Then the moment of inertia about the diameter 


~abd . 2wa sin 0 


f J a2 j’ sinS 0 . d0 


=2. 


irra^ 

J/a2 2 _ 2flfa2 

2 *8.1*“ 8^ • 

Vn. Solid sphere. The volume of the thin shell included between spheres 
of radii r and r+ 3 r is 4vr^r, and hence its mass is 
47rr25r - . . 3r25r , 




— 5 - Mf i.e. 

a® 


-M. 


Hence, by VI, the required moment of inertia about a diameter 

■f: 


^8r25r-. 2r2 


2M a® 2a2 


VIII. Solid ellipsoid about any principal axis. Let the equation to the 

J.2 4/2 

ellipsoid Consider any ^ 

slice included between planes at distances 
x and x+dx from the centre and parallel 
to the plane through the axes of y and z. 

The area of the section through PMP* 
is ir.MP.MP'. 

OC^ OA^’ 

T 2 

a 2 * 


Now 


so that 


MP 





So 


MP 


Hence the volume of the thin slice 




/ x^\ 
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, « ■< 

Also its ^noment of inertia about the perpendicular to its plane 


ss its mass X 




= irbcSx 


(-0 


2 fca + cs 


Hence the reqtiired moment of inertia^ 

, fc2 + ca /■+«/. a;2\2 

= _j Sx.p 

^ 62 + c2 16 /4 ^ 

= vahc.—j-,^p= [^Trabcpj x 


62 + c2 


xzMx 


62 + c2 

5 ‘ 


146. Dr Routh has pointed out a simple rule for re- 
membering the moments of inertia of many of the simpler 
bodies, vis:. 

The moment of inertia about an ax^ of symmetry is 

the sum of the squares of the perpendicular semi-axes 

iVLass X 4 f 

3, 4, or 0 

he denominator to be 3, 4, or 5 according as the body is 
•ectangular, elliptical (including circular) or ellipsoidal (including 
spherical). 


147. If the moments and products of inertia about any line^ 
or lines, through the centre of inertia Q of a body are known, to 
obtain the corresponding quantities for any parallel Vme or lines. 
Let GX, GY, GZ be any three axes through the centre of 
gravity, and 0X\ 0Y\ OZ' parallel axes through any point 0. 
Let the coordinates of any element m of the body be a:, y, z 
referred to the first three axes, and ol, y' and Y referred to the 
second set. Then if f g and h be the coordinates of G referred 
to 0X\J0Y' and OZ' , we have 

= = and 

Hence th^ moment of inertia of the body with regard 
to OX \ 

= 2m (3/? + = [2/^ + + 2yg -f 2zh + f&h^]..^{l). 


Now •; 2m . 2yg = 2g . Xmy, 

Also, by Statics, = the y-coordinate of the •centre of 

inertia referred to G as origin ^ 0. Hence 2m . 2yg = 0 and 
similarly 2m . 2zh = 0. 
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Hejice, from (1), 

thai moment of inertia with regard to OX' 

= Sm (y* ^ z^)+M {g^ 4- A*) • 

= the moment of inertia with regard to GX + the moment 
of inertia of a mass M placed at ^ about the 
axis OX'. 

Again, the product of inertia about the axes OX' and OY' 

= %mxy' = {x 4 /) (y 4* g) 

= Sm [a?y 4-y . a? 4- fy 4-/y] 
a= 4- Mfg 

= the product of inertia about OX and OF 4- the product 
of inertia of a mass M placed at 0 about the axes 
OX' and OF'. 

Cor. It follows from this article that of all axes drawn in 
a given direction the ofle through the centre of inertia is the 
one such that the moment of inertia about it is a minimum. 

Ex$. The moment of inertia of the arc of a complete circle about a tangent 
= M^Ma»=^aK 

The moment of inertia of a solid sphere about a tangent 
-M.^ + Mai = lMa^. 

5 o 

148. If the moments and products of inertia of a body 
about three perpendicular and concurrent axes are known^ to 
find the moment of inertia about any other aoois through their 
meeting point 

Let OX, OF, OZ be the three given axes, and let and C 
be the moments of inertia with 
respect to them, and O, E and F 
the products of inertia with respect 
to the axes of y and Zy of z and Xy 
and X and y respectively. 

Let the moment of inertia be 
required about OQ, whose direc- 
tion-cosines with respect to OX, 

0 F and OZ are I, m and n. 

Take Iny element m' of the 
body at P whose coordinates are x, y, and z, so that OK^x, 
KL = y und LP = z. 
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Draw, ^PM perpendicular to axis OQ. 

Then • PM*^0P*-0M\ 

Now OP* sts 55® -I- y* 4- 

and OM^ the projection on OQ of the straight line OP 
=:thte projection on OQ of the broken line OKLP 
= I . OK 4- m . KL + n . LP — lx-\- my -f nz. 

Hence the required moment of inertif^ about OM 
= 2m' . PM^ = 2m' [55® -i- y* + -s® — (lx + my + nzy\ 

- 2m' 

’ L 2mnyz — 2nlzx — 2lmxy J ' 

since Z® + m® + n® = 1, 

= Z®2m' (y® 4- -2^®) 4“ m® 2m' (z^ + 55®) 4- w® . 2m' (55® 4- y*) 

— 2mn^m'yz — 2nV%mzx — 2lm%m'xy 
= ilZ® 4* Pm® 4“ Oti-* — 2Dmn — 2^71*^ — 2Flm» 

149 . As a particular case of the preceding article consider 
the case of a plane lamina. , 

Let A, P be its moments of inertia about two lines OX and 
OF at right angles, and F its product 
of inertia about the same two lines, 
so that 

A = 2my®, P = 2m5;®, F = Xmxy, 

If (^> y) are the coordinates of a 
point P referred to new axes OX' 
and 0 F', where Z X OX' = 0, then 
5? = 5?' cos 0 — y' sin 

and • y = 0?' sin 0 4- y' cos 0. ^ 

55' = a? cos ^ 4- y sin ^ and y' = y cos 0 — x sin 0, 

Hence the moment of inertia about OX' 

= 2my'® — 2m (y cos ^ — a? sin 0y 
= cos® 0 . 2my® + sin® ft. 2m5^— 2 sin ft cos ft . 2m«;y 
ss A cos® ft 4- Psin® ft— 2Psin ft cos ft. 

The product of inertia about OX' and OF' 

=a l^mxy' = 2m (a? cos ft 4- y sin ft) (y cos ft — a? sin ft) 

= 2m [y® sin ft cos ft — a:® sin ft cos 0 + ooy (cos®^ — sin® ft)] 

w (A - P) sin ft cos ft 4" Pcos 2ft. 




Moments of In^tia. Examples IM 

In t^e case of a plane lanfma^ if A and B Be thd jnoments 
of inerlia^about any two perpendicular lines lying, in it, the 
moment of inertia about a line ^through their intersection 
perpendicular to the plane 

^ = 2m {p^ + 3/*) = + Sma?® = A + 

150. Find the moment of inertia of an elliptic area about a line CP 

inclined at 6 to the major axis^ and about a tangent parallel to CP. 

The moments of inertia^ A and about the major and mwor axes are, as 

52 cfi 

in Art. 146, M -r and M — , Hence the moment of inertia about GP 
4 4 

=Jtf^cos*^ + iif j sin*^, since F=0, by symmetry. 

The perpendicular CY upon a tangent parallel to 

CP 

Hence, by Art. 147, the moment of inertia about this tangent 
= af ^ 008* ^ sin* M ^ 

= ilf J cos* tf + af J sin* fl + ifoSfc* 

»^(o*dn*tf + 6*oos*tf). • 


Ex, 2. The moment of inertia of a uniform cube about any axis through its 
centre is the same. 

For -4=B=C, and 

Therefore, from Art. 148, I=A{t^-{-m^+n^)siA, 


EXAMPLES 

Find the moments of inertia of the following : 

1. A rectangle about a diagonal and any line through the centr<^. 

2. A circular area about a line in its own plane whose perpendicular 
distance from its centre is c. 

3. The arc of a circle about (1) the diameter bisecting the arc, 
(2) an axis through the centre perpendicular to its plane, (3) an axis 
through its middle point perpendicular to its plane. 

4. An isosceles triangle about a perpendicular from the vertex 
upon the opposite side. 

6. Any triangular area ABO about a perpendicular to its plane 
through A. ~ (36*+3c*-a*).J 
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6 . Thejarea Bounded by r*=a®od^^ about its axis. 

7. A right circular cylinder about (1) its axis, (2) a straight line 
through its centre of gravity perpendicular^to its axis. 

8. A rectangular parallelepiped about an edge. 


9. A hollow sphere about a diameter, its external and internal 

2if a® - \ 


radii being a «knd h. 




10. A truncated cone about its axis, the radii of its ends being 


a and h. 




11. Shew that the moment of inertia of a right solid cone, whose 

height is h and the radius of whose base is a, is about 

a slant side, and ^ (A*+4a2) about a line tWugh the centre of gravity 

oU 

of the cone perpendicular to its axis. 

12. Shew that the momeut of inertia of a parabolic area (of 
latus-rectum 4a) cut ofif by an ordinate at distance h from the vertex 
is f about the tangent at the vertex, and %Mah about the axis. 

13* Shew that the moment of inertia of a paraboloid of revolution 
M 

about its axis is — x the square of the radius of its base. 


14. Find the moment of inertia of the homogeneous solid ellipsoid 


0 ^ 


bounded by ^ + p + about the normal at the point y, «'). 


15. Shew that the moment of inertia of a thin homogeneous ellip- 
soidal shell (bounded by similar, similarly situated and concentric 

ellipsoids) about an axis is M — - — , where M is the mass of the shell. 


16. Shew that the moment of inertia of a regular polygon of n sides 

2+cos — 

about any straight line through its centre is > where n is 

1-cos — 
n 

the number of sides and c is the length of each. 

17. A solid body, of density p, is in the shape of the^ solid formed 
by the revolution of the cardioid r=a(l+cos^) about the initial line; 
shew that its moment of inertia about a straight line through the pole 
perpendicular to the initial line is irpa®. 
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• • 

18. A closed central curve revolves round any line Ox iif its own 

plane which% does not intersect it ; shew that the moment df inertia of 
the solid of revolution so formed about 0^ is equal to where 

M is the mass of the solid generated, a is the distance from Ox of the 
centre C of the curve, and k is*the radius of gyration of the curve about a 
line through C parallel to Ox, ^ 

Prove a similar theorem for the moment of inertia of the surface 
generated by the arc of the curve. 

19. The moment of inertia about its axis of a solid rubber tyre, of 

M 

mass M and circular cross-section of radius a, is ~ (462-f 3a2), where h is 
the radius of th^ core. If the tyre be hollow, and of small uniform 
thickness, shew that the corresponding result is ^(26* + 3a*), 

151. Moxnentsil ellipsoid. Along a line OQ drawn 
through any point 0 take a distance OQy such that the moment 
of inertia of the body ab^ut OQ may be inversely proportional 
to the square of OQ, The result of Art. 148 then gives 
Al^ -{• Bm^ + Gn^ — 2Dmn — 2Enl — 2Flm, 

1 ^M,K^ 

* 0Q^~ OQ^ ’ 

where M is the mass of the body and K is some linear factor. 

If {Xy y, z) are the coordinates of Q referred to the axes OX, 
OY, OZ this gives 

Ax^ -f By^ -f Cz^ — 2Dyz — 2Ezx ~ 2Fxy = MK*^ , , .(1). 

The locus of the point Q is thus an ellipsoid, which is called 
the momental ellipsoid of the body at the point 0, 

Since the position of Q is obtained by a physical definition, 
which is independent of any particular axes of coordinates^ we 
arrive at the same ellipsoid whatever be the axes OX, 0 Y, OZ 
with which we start. 

It is proved in books on Solid Geometry that for every 
ellipsoid there can be found three perpendicular diameters such 
that, if they be taken as axes of coordinates, the resulting 
equation of the ellipsoid has no terms involving yz, zx or xy, 
and the new axes of coordinates are then called the Principal 
Axes of the Ellipsoid. 

Let the momental ellipsoid (1) when referred to its principal 
axes have as equation 

( 2 ). 

13 


u a 
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^ * t 

Th^ products of inertia with respect to these new axes 
must be "zero; for if any one of them, say D', existed, then 
there would, as in^equation (1), be a term — 2D'yz in (2). 

Hence we have the following iiqfiportant proposition: For 
any body whatever there exists at each point 0 a set of three 
perpendicular axes {which are the three principal diameters of 
the momental ellipsoid at 0) such that the products of inertia 
of the hodyrobout them, taken two at a time, all vanish. 

These three axes are called the principal axes of the body 
at the point 0 ; also a plane through any twe^of these axes is 
called a principal plane of the body. 

162. It is also shewn in Solid Geometry that of the three 
principal axes of an ellipsoid, one is the maximum radius vector 
of the ellipsoid, and another is the minimum. Since the square 
of the radius vector of the momedtal ellipsoid is inversely 
proportional to the corresponding moment of inertia of the 
body, it follows that of the three principal axes, one has the 
minimum moment of inertia and^ another has the maximum. 

If the three principal moments of inertia at 0 are equal, 
the ellipsoid of inertia becomes a sphere, all radii of which are 
equal ; in this case all moments of inertia about lines through 
0 are equal. 

Thus, in the case of a cube of side 2a, the principal moments 
of inertia at its centre are equal, and hence the moment of 
inertia about any line through its centre is the same and equal 

X TIT 2a* 

to ilf. 

If the body be a lamina, the section of the momental 
ellipsoid at any point of the lamina, which is made by the 
plane of the lamina, is called the momental ellipse at the point. 

If the two principal moments in this case are the same, the 
momental ellipse becomes a circle, and the moments of inertia 
of the lamina about all lines through 0 are the same. 

163. To shew that the moments and products of inertia of 
a uniform triangle about any lines are the same as4he moments 
and products of inertia, about the same lines, of three particles 
placed at the middle points of the sides, each equal to one-third 
the mass of the triangle. 
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^ •• 

Dmde up the triangle .^.BG into narrow slips Jby a large 
number ofstraight lines parallel 
to its base. 

Let X, = AP, be the distance 
of one of them from A, Then^ 

where AD = hy and 
h 

the mass M of the •triangle 
= ^ah. p, where p is the dei;w|ity. 

The momeat of inertia about a line AK parallel to BG 

«• 

The moment of inertia about AD, by Art. 147, 

where E is the middle point of BG, 

M 


1 a? 


M, 


+ DE^ = ^ [(6 cos G + c cos B)* 

+ 3 (6 cos G — c cos B)“] 


.( 2 ). 


cos^ (7 -f cos* B — hc cos B cos G] 

The product of inertia about AKy AD * 

= dx.x. PE', by Art. 147, 

= ^j’'x>.DE.dx = ^.^h*.DE= [6 cos a- c cos B] . . .(3). 

If there be put three particles, each of mass -g- , at -S, F, 

and G, the middle points of the sides, their moment of inertia 
about AK 

Their moment of inertia about AD 

= ? [(I “ ® + (I + (I ^)*] 

M t 

= L(^ cos 0 — 0 cos By + 6’ cos’ (7 + o’ cos* J5] 
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Also'tkeir product of inertia about AK, AD 

.^[ai>.de+\ab.\dc!-Iad.Ibd] 

4 

^ . 6 cos 0 “ C cos £1 Mh r, ^ 

= -y DE-\’ r~ = C -5]- 

The moments and products of inertia of the three particles 
about AKy AD are thus the same as those of the triangle. 

Hence, by Art. 149, the moments of inertia about any line 
through A are the same; and also, by the same article, the 
products of inertia about any two perpendicular lines through 
A are the same. 

Also it is easily seen that the centre of inertia of the three 
particles coincides with the centre of inertia of the triangle. 

Hence, by Art. 147, it follows Ahat the moments and 
products of inertia about any lines through the common centre 
of gravity are the same for the two systems, and therefore also, 
by the same article, the moments and products about any two 
other perpendicular lines in the . Jilane of the triangle are the 
same. 

Finally, the moment of inertia about a perpendicular to the 
plane of the triangle through any point P is equal to the sum of 
the moments about any two perpendicular lines through P in 
the plane of the triangle, and is thus the same for the two 
systems. 

164. Two mechanical systems, such as the triangle and 
the three particles of the preceding article, which are such 
that their moments of inertia about all lines are the same, are 
said to be equi-momental, or kinetically equivalent. 

If two systems have the same centre of inertia, the same 
mass, and the same principal axes and the same principal 
moments at their centre of inertia, it follows, by Arts. 147 
and 148, that their moments of .inertia about any straight line 
are the same, and hence that the systems are equi-momental. 
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EXAMPLES 


1. The momental ellipsoid at the cedtre of an elliptic plate is 

2. The momental ellipsoid at the centre of a solid ellipsoid is 

(6^ 4- c®) ^ -f (c® + a^) + (a® + W) — const. 

3. The equation of the momental ellipsoid at the corner of a cube, 
of side 2a, referred to its principal axes is 2a?2+ll (^*+22) = const. 

4. The momental ellipsoid at a point on the rim of a hemisphere is 

+ 7 (3/2 + «*) — ^xz s= const. 

5. The momental ellipsoid at a point on the circular edge of a 
solid cone is (3a2-f 2A2) ^2 4.(23^24. 342)^24. 10ato« const., where 
h is the height and a the radius of the base. 

6. Find the principal axes of a right circular cone at a point on the 
circumference of the base ; and shew that one of them will pass through 
its centre of gravity if the vertical angle of the cone is 2 tan”^^. 

7. Shew that a uniform rod, •of mass m, is kinetically equivalent to 
three particles, rigidly connected and situated one at each end of the rod 
and one at its middle point, the masses of the particles being 

and Jm, 

8. ABCD is a uniform parallelogram, of mass M; at the middle 
points of the four sides are placed particles each equal to -g , and at 

the intersection of the diagonals a particle, of mass ^ ; shew that these 

0 

five particles and the parallelogram are equi-momental systems. 


9. Shew that any lamina is dynamically equivalent to three particles, 
each ono-third of the mas» of the lamina, placed at the cornera of a 
maximum triangle inscribed in the ellipse, whose equation referred to 

. . • . 1/2 ‘^2 
the principal axes at the centre of inertia is ^ + j=2, where mA and 


mB are the principal moments of inertia about Ox and Oy and m is the 
mass. 


10. Shew that there is a momental ellipse at an angular point of a 
triangular area which touches the opposite side at its middle point and 
bisects the fgijacent sides. [Use Art, 153.] 

11. Shew that there is a momental ellipse at the centre of inertia 
of a imiform triangle which touches the sides of the triangle at the 

middle pointSi^ 
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12. Silw that a uniform tetrahedron is hinetically equivalent^ to four 
particles^ ea6h of mass ^ , at the vertices of the tetrahedron^ ^and a fifth 

JdXJ 

4}f • . 

particle^ of mass , placed at its centre inertia* 


Let OABC l^e the tetrahedron and through the vertex 0 draw any 
three rectangular axes OX^ OY, OZ, ' Let the coordinates oi B and C 
referred to these axes be (^i, yi, Zi)^ (^2, .^2, ^2) a^id (^3, ya, Zs)i so that 

the middle pojnt of BC is section 

PQR parallel to ABC at a perpendicular distance ^ from 0 ; its area is 

Ao^y where Aq is the area of ABC and p is the pei’ilfendicular from 0 
P 

on ABC, By Art. 163 the moment of inertia of a thin slice, of thickness 
d^y about Oa; 


= that of three particles, each 

points ohQRy RP and PQ 

y2±ys^^ 


t2 

Aop . ^ placed at the middle 


4-^OP 




+two similar terms 


+ + two |>imilar termsj . 


Hence, on integrating with respect to ^ from 0 to p, the moment of 
inertia about OX of the whole tetrahedron 


1 D 

= Yg . ^0/3 . J [{(3^2 +^3 )^ + {Zi 4- 2:3)^ + two similar expressions] 

^M_[ yi®+y2Hys^+y2y3+y8yi+yi2/2"l 

io L+ + *2* + *3* + ^2«3 + *3*1 + *l*2j ^ ’ 

M 

Now the moment of inertia about OX of four particles, each of mass ~ 


4M 

at the vertices of the tetrahedron, and of — at its centre of inertia 
= ^ [(yi® + *1®) + two similar terms] + ^ ["^ ^1 f ^3+^3 ^ ^ ^*i ±^_±_*3^*J ^ 


and this, on reduction, equals (1). Similarly for the moments about the 
axes OY and OZ, 

In a similar manner the product of inertia of the tetrahedron about 

OF, OZ 

•= ^ [(^8+^3) (*2+*3) +two similar expressions] (2), 

and that of the five particles # 

[J/8*8+2^3*3+^^1*,] + ~ 

and this is eiisily seen to be equal to (2). 
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Also it follows at once that tht 'centre of inertia ot the t^rahedron 
coincides with the centre of inertia of the five particles. 

The twS systems are therefore equal momental, for, l>y Arts. 147 
and 148, their moments of inertia abouA any straight line is the same. 

13. Shew that a tetrahedron is kinetically equivalent to six particles 
at the middle points of its edges, each j\jth of the mass of jbhe tetrahedron 
and one at the centroid fth of the m*ass of the tetrahedron. 

165. To find whether a given straight line is, at any point 
of its lengthy a principed axis of a given material system, and, if 
so, to find the other two principal axes. 

Take the given straight line as the axis of z, and also any 
origin 0 on it and any two perpen- 
dicular lines OX, OY 8iS the other two 
axes. 

Assume that OZ is a principal axis 
at a point G of its length and let CX\ 

GY' be the other two principal axes 
where GX' is inclined at an angle Q 
to a line parallel to OZ. Let 00 be h. 

Let X, y, z be the coordinates of 
any particle m of the material systen^ 
referred to OX, OF, OZ and x, y', z' its coordinates referred to 
GX', GY', GZ. 

Then 

z' ft, x = x' cos 0 — y' sin 0, and y = x sin 0 + y' cos 0, 
so that 

X = X cos 0 + ysin 0, y' = —xsind y cos 0, and z' ^ z — h, 
l,my'z' = 2m (— xz sin 6 yz cos 0 + Aa? sin 0 — hy cos 0) 

= D cos 0 sin 0 -f Mh (x sin 0 — cos 0) (1), 

with the notation of Art. 148, 

Xmzx' = 2m \xz cos ^ sin ^ — hx cos 0 — hy sin 0] 

= D sin 0 + jK cos ^ — Mh {x cos 0 + y sin 0) . , .(2), 

and 

Xmafy' = 2m [— x^ sin 0 cos 0 -f xy (cos® 0 — sin* 0) + 1 /* sin 0 cos 0] 
sin 20 (A — cos 20 (3). 

If OZ'^ GY', GZ are principal axes, the quantities Q), (2), 
(3) must vanish. 

''IK 

The latter gives tan 20 = ^ 



(4). 
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Fr 6 t 9 «(l) ahd ( 2 ) we have ' « 

« .gsm 6 — D cos 6 ^ 2)6111^+ EcxiaB _ e 
xaind — ycoad , Ecos^ + ysin^ ” 

These give ==?..! ( 6 ), 

<*>■ 

( 6 ) is the condition that must hold so that the line OZ may 
be a principal axis at some point of its length, and then, if it be 
satisfied, ( 6 ) and (4) give the position of the point and the 
directions of the other principal axes at it. 


166. If an axis be a principal axis at a point 0 of its 
length it is.nt)t,' in general, a principal axis at any other point. 
FoEiifiV^lDe a principal axis at 0 then D, E and F are all zero; 
equation ( 6 ) of the previous article then gives /i = 0 , i,e. there 
is nb/ other such point as 0 , except when ^ = 0 and ^= 0 . 
In this latter case the axis of z passes through the centre of 
gravity and the value of h is indeterminate, i,e. the axis of z is 
a principal axis at any point of its length. 

Hence if an^ axis passes through the centre of gravity of 
a hody^ and is a principal axis at any point of its length, it is 
a principal axis at all points of its length. 


167. If the body be a lamina, as in the figure of Art. 149, 
the principal axes at a point 0 are a normal OZ to its plane, 
and two lines 0X\ OY' inclined at an angle 0 to OX and OF. 

In this case, since z is zero for every point of the lamina, 
both D and E vanish. Hence equation ( 6 ) of Art. 155 gives 
A = 0 , and 6 is given by 

tan 


As a numerical illustration, take the case of the triangle 
of Art. 153. 


Here 


A D ilf r5*COS*0+C*COS*B"l 

^=6L-»ec<«£cosoJ>- 

jP«^(5cosO— c 003^). 


and 
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Tbe inclination 0 of one the principal axes to *JiK is then 
given bjathe above formula. 

168. The principal axes at any point P of a lamina may 
be constructed as follow’s. 

The plane of the lamina being the plane* of the paper, 
let 0 be its centre of inertia and OX, OY the principal axes 
at (t, the moments of inertia about which are A and B, A being 
greater than B. ' * 

On OX take points 8 and H, such that 

n 

es-oa-^^. 

Then, by Art. 147, the moment of inertia about 8Y\ parallef' 
to OY, =B + M.OS» = A. 

SO that the moments of 
inertia about 8X and SY' 
are both equal to A. 

Also the product of in- 
ertia about SX, SY' * 

= 2m {oo — 08 ) . y = %mxy -- 08 . Xmy = 0, 

since OX and OY are the principal axes^fc 0, and since 0 is 
the centre of inertia. 

Hence is a point such that 8X and fifF' are the principal 
axes, and the moments about each are equal to A. 

Hence, by Art. 149 or 152, any line through 8 in the plane 
of the paper is a principal axis at 8, and the moment of inertia 
about it is A. 

Similarly for any line through H. 

Hence the moments of inertia about 8P and HP are each 
equal to A. Also the normal at P to the lamina is clearly one 
of the principal axes at P, so that the other two lie in the 
plane of the lamina. If then we construct the momental ellipse 
at P, its radii- vectores in the directions P8 and PH must be 
equal, since we have shewn that the moments of inertia about 
P8 and PH are the same. Also in any ellipse equal radii- 
vectores are equally inclined to its principal axes, so that the 
latter bisect the angles between equal radii-vectores. 

Hence the principal axes of the momental ellipse at P, 
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i.e, the ptirtcipal axes of the lamink at P in its plane, bisect the 
angles between PS and PH. ^ 

If then, with S and H as /bci, we describe an ellipse to pass 
through any point P of the lamina, the principal axes of the 
lamina are the tangent and normal to this ellipse at P. The 
points S and ll are hence known ks the Foci of Inertia. 

169. The proposition of the preceding article may be 
extended to any body, if 0 be the centre* of inertia, OX, OY, 
and OZ its principal axes at G and P be any point in the plane 
of ZF. 


EXAMPLES 


1. If A and B be the moments of inertia of a uniform lamina about 
two perpendicular axes, OX and OF, lying in its piano, and A^be the product 
of inertia of the lamina about these lines, shew that the principal moments 
at 0 are equal tof[d-f-5±V {A^'By + 4 F 2 J, 


2. The lengths AB and AD oi the sides of a rectangle ABCD are 2a 
and 26 ; shew that the inclination to AB of one of the principal axes at A 
. 1 , 3a6 

13 2 (a*-6*)’ 


3. A wire is in the form of a semi-circle of radius a ; shew that at an 
end of its diameter the principal axes in its plane are inclined to the 


diameter at angles 


^ tan~i i and ? + ^ taii"^ — , 

2 TT 2 2 TF 


4. Shew that at the centre of a quadrant of an ellipse the principal 

axes in its plane are inclined at an angle | tan”^ s^xes. 

‘6. Find the principal axes of an elliptic area at any point of its 
bounding arc. 


6. At the vertex 0 of a triangle ABC, which is right-angled at 0, the 
principal axes are a perpendicular to the plane and two others inclined to 

the sides at an angle ^ tan""^ • 


7. ABG is a triangular area and AD m perpendicular to BG ; E is 
the middle point of BG and 0 the middle point of DE ; shew that BG is a 
principal axis of the triangle at 0, [Use the property of Art. 153.] 

8. 'A uniform square lamina is bounded by the axes of x and y and 
the lines a? = 2c, y==2c, and a corner is cut off by the line -4-|s=2, 
Shew that the principal axes at the centre of the square are inclined 
to the axis of x at angles given by tan2^= l 
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9. ^ uniform lamina is bound Af by a parabolic arc, of Iatne««ctum Aa, 

and a double ordinate at a distance h from the vertex. If 6*^? (7 +4^/7), 

shew that two of the principal axes at the end of a latus-rectum are the 
tangent and normal there. » 


10. Shew that the principal aaes at the node of a*half-loop of the 
lemniscate r^ssa^co8 2d are inclined to the initial line at angles 
lx -1 1 J ^ 1 

^ tan 1 - and 


2 


+ - tan' 
2 2 


■li 


11. The principal axes at a comer (9 of a cube are the line joining 0 
to the centre of tiie cube and any two perpendicular lines. 

12. If the vertical angle of a cone is 90®, the point at which a 
generator is a principal axis divides the generator in the ratio 3 : 7. 

[Use Art. 159.] 

13. Three rods AB^ BG end CDy each of mass m and length 2a, are 
such that each is perpendicular to the other two. Shew that the principal 
moments of inertia at the centre of mass are 7na\ ^7na^ and 4wia*. 



CHAPTER Xir 

D’ALEMBERT’S PRINCIPLE 
THE GENERAL EQUATIONS OF MOTION 


160. We have already found that, if a?, y, z be the co- 
ordinates of a particle m at time its motion is found by 

equating m to the force parallel to the axis of a?, and 

similarly for the motion parallel to the axes of y and z. 

If m be a portion of a rigid body its motion is similarly 
given, but in this case we must include under the forces 
parallel to the axes not only the external forces acting on the 
particle (such as its weight), but also the forces acting on the 
particle which are due to the actions of the rest of the body 
on it. 

. • 

The quantity m is called the effective force acting on 

the particle parallel to the axis of x, [It is also sometimes 
called Ihe kinetic reaction of the partidle.] 

Thus we may say that the a?-component of the effective 
force is equivalent to the a?-component of the external forces 
together with the a?-component of the internal forces, 

or again that the a?-component of the reversed effective 
forces together with the a:-components of the external and 
internal forces form a system in equilibrium. 

So for the components parallel to the axes of y and z. 

Hence the reversed effective force, the external force, and 
the internal force acting on any particle m of a body are in 
equilibrium. 
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So for all the other particlfes on the body. 

Henci the reversed effective forces acting on each particle 
of the body, the external forces, aijid the internal forces of the 
body are in equilibrium. Now the internal forces of the body 
are in equilibrium amongst themselves ; for by Newton's third 
law there is to every action an* equal and opposite reaction. 

Hence the reversed effective forces acting on each particle of 
the body and the external forces of the system are in equilibrium. 

This is D'Alembert's principle. It was enunciated by him 
in his Traiti de Dynamique published in the year 1743. It 
will be noted however that it is only a deduction from Newton's 
Third Law of Motion. 


161. Let Z, F, Z be the components parallel to the axes 
of the external forces acting on a particle m whose coordinates 
are y, e at the time t 

Then the principle of the preceding article says that forces 
whose components are 


d?x ,7.4 a‘y „ a*z 


dhj 


d^z 


dt^ 


dt^^ 


dt^ 


acting at the point (x, y, z), together with similar forces acting 
at each other such point of the body, fori55-a system in equi- 
librium. 

Hence, from the ordinary conditions of equilibrium (Statics, 
Art. 165), we have 

s(r-„g).0. 
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These give 

; «■ 

®- 

W. 

®’ 

and S™(»g-J,g)-S(«F-!,X) (6). 


These are the equations of motion of any rigid body. 

Equations (1), (2), and (3) state that the sums of the 
components, parallel to the axes of coordinates, of the effective 
forces are respectively equal to the sums of the components 
parallel to the same axes of the external impressed forces. 

Equations (4), (5), (6) state tlyit the sum of the moments 
about the axes of coordinates of the effective forces are re- 
spectively equal to the sums of the moments about the same 
axes of the external impressed forces. 


162 . Motion of the centre of inertia, and motion relative to 
the centre of inertia. 

Let (^, y, z) be the coordinates of the centre of inertia, and 
M the mass of the body. ^ 

Then Mx = Xtnx throughout the motion, knd therefore 


M 


dt^ 


^ d'^x 


Hence equation (1) of the last article gives 





(1). 

So 



(2), 

and 

w 

11 

<•-.•(3). 


But these are the equations of motion of a particle, of 
mass M, placed at the centre of inertia of the body, and acted 
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on by forces parallel to, and d'qual to, the external forces acting 
on the different particles of the body. • 

Hence the centre of inertia of ajbody moves as if all the mass 
of the body were collected at ity and as if all the external forces 
were acting at it in directions parallel to those in which they act 
Next, let y', z') be the ‘coordinates, relative to the centre 
of inertia, (?, of a particle of the body whose coordinates referred 
to the original axes were (a?, y, z). 

Then x = x-{-x'y y = ^ + y' and ^ = 0 + / 
throughout th§ motion. 

d^x __ d^x d^x' <Py _ d^ dhf , (Pz _ d^z d^z' 


■« a; = to + S ) (j,.- + -(« + •') (J + ^) 

Hence the equation (4) of the last article gives 


d^z 

yw 


^ (-d?z ~d‘y\ ^ f ,d^z' 

+ Xm| 


dt-) 

dHj ,d?f\ 


and therefore 


so 


[ -d-z' , ,(Pz 

^\y dt- y dt- dt- " dt-\ 

= S[(y + /)^-(5 + 0 7]... (4). 

Now =the y-coordinate of the centre of inertia 

referred to (? as origin =*0, 

Xmy' = 0 and Xm = 0 ; 

Sm/ = 0 and Xm ^ = 0. 

Hence (4) gives 

,, .d^yl , ^ / ,d^z' ,d^y\ 

But equations (2) and (3) give 
.■*. (5) gives 




( 6 ). 
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But tliis equation is of the saihe form as equation (4). of the 
last article;, and is thus the same equation as we shruld have 
obtained if we had regarded the centre of inertia as a fixed 
point. 

Hence the motion of a body about its centre of inertia is the 
same as it wohld he if the centrd of inertia were fixed and the 
same forces acted on the body, 

\ 9 

163. The two results proved in the previous article shew 
us that the motion of translation of the body cai^be considered 
independently of the motion of rotation. 

By the first result we see that the motion of the centre of 
inertia is to be found by the methods of Dynamics of a Particle. 

By the second result we see that the motion of rotation is 
reduced to finding that of a body about a fixed point. 

As a simple example, consider the case of a uniform stick 
thrown into the air in such a way that at the start its centre is 
moving in a given direction and at the same time it is rotating 
with given angular velocity abouf its centre. [Neglect the 
resistance of the air and suppose gravity to be constant.] By 
the first result the motion of the centre of inertia is the same 
as if there were ai^f^lied at it all the external forces acting on 
the body in directions parallel to that in which they act. In 
this case these external forces are the weights of the various 
elements of the body; when applied at the centre of inertia 
they are equivalent to the total weight of the body. Hence 
the centre of the stick moves as if it were a particle of mass M 
acted on by a vertical. force Mg, i,e, it moves just as a particle 
would under gravity if it were projected with the same velocity 
as the centre of the stick. Hence the path of the centre of the 
stick would be a parabola. 

In a subsequent chapter it will be seen that the angular 
velocity of the stick will remain unaltered. Hence the centre 
of the stick will describe a parabola and the stick revolve 
uniformly about it. 

As another example consider a shell which is in jaotion in 
the air and suppose that it bursts into fragments. The internal 
forces exerted by the explosion balance one another, and do not 
exert any influence on the motion of the centre of inertia of 



D'Alembert^s Principle. JUxamptes 209 

the sheik The centre of inertia therefore continues to describe 
the same ^rabola in which it was moving before the explosion. 
[The motion is supposed to be ire vacuo and gravity to be 
constant.] 

164 . Equation (1) of Art. ifel may be written in the form 

i.e, -j [Total momentum parallel to the axis of ai] 

= Sum of the impressed forces parallel to OX 
So for the other two axes. 

Also (4) can be written 

d 

i.e, ^ [Total moment of momentum about the axis of x] 

= Sum of the moments of the impressed forces about OX. 


165* As an example of the application of D’Alembert’s principle let ns 
consider the following question. 

A uniform rod OA^ of length 2a, free to turn about its end 0, revolves with 
uniform angular velocity u about the vertical OZ through^, and is inclined at 
a constant angle a to OZ; find the value of a. 

Consider an element PQ of the rod, such that OP^z^ and PQ=^d^. Draw 
PN perpendicular to OZ. By Elementary g 
Dynamics, the acceleration of P is ^ O ✓ ^ ^ 

Hence the reversed effective force is . I \ * 

2a 


/ \ 2a ” 

. ^sin a as marked. {J N *][ 

All the reversed effective forces acting at \ 

different points of the rod, together with the \ 

external force, i.e. the weight mg, and the * \ 

reactions at 0, form a system of forces in n. 

statical equilibrium. ' 

Taking moments about 0 to avoid th^i<^ 
reactions, we therefore have ^ 

mg . a sin a =s moment about O of aU the several effective forces 
SB S , (tf^l^sin a x ^ cos a 


{sin a 


sin a cos a 


{2 , 4$ SB sin a cos a . ^ 
0 o 


L. D. 


14 
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Hence either o=sO, or cosassT-^?-. If 8o>4a;2a, i.e, if w*<^, tihe second 
equation gives an impossible value for a, and the only solution in this case 
is a=0, i.s. the rod hangs vertically. If 3p<4w2a, then assoos-^j^* 


EXAMPLES 

1. A phnlr, of mass J/, is initially at rest along a line of greatest 
slope of a smcDth plane inclined at an angle cito the horizon, and a man, 
of mass M\ starting from the upper end walks down the plank so that it 
does not move j shew that he gets to the other end in time 

/ 

where a is the length of the plank. 

2. A rough uniform board, of mass m and length 2a, rests on ‘a 
smooth horizontal plane, and a man, of mass if, walks on it from one 
end to the other. Find the distance through which the board moves 
in this time. 

[The centre of inertia of the system remains at rest.] 

3. A rod revolving on a smooth horizontal plane about one end, 
which is fixed, breaks into two parts; what is the subsequent motion 
of the two parts? 

4 . A circular ij^rd is placed on a smooth horizontal plane, and a boy 
runs round the edge of it at a uniform rate ; what is the motion of the 
centre of the board ? 


6. A rod, of length 2a, is suspended by a string, of length ?, attached 
to one end ; if the string and rod revolve about the vertical with uniform 
angular velocity, and their inclinations to the vertical be 6 and ^ re- 


, V i. 1 . i. (4 tan ^ - 3 tan 6) sin (f> 
spectively, shew that ~ = ~ a- - 

^ a (tan tan sin ^ 


6. A thin circular disc, of mass M and radius a, can turn freely about 
a thin axis, OA, which is perpendicular to its plane and passes through 
a point 0 of its circumference. The axis OA is compelled 'to move in a 
horizontal plane with angular velocity <0 about its end A. Shew that the 
inclination 6 to the vertical of the radius of the disc through 0 is 

cos“^(-^), unless and then 6 is zero. 


7 . A thin heavy disc can turn freely about an axis in its own plane, 
and this axis revolves horizontally with a uniform angiflar velocity a> 
about a fixed point on itself. 3hew that the inclination 0 of the plane 

of the disc to the vertical is cos“^^^«, where h is the distance of the 



Impulsive Forces 211 

centre of inertia of the disc from the*axis and k is the radius of^gyration 
of the disc ablut the axis. 

If 0 )® < ^ , then the plane of the disc is ^^^ertical. 

8. Two uniform spherqs, each of mass M and radiu|^ a, are firmly 
fixed to the ends of two uniform thin rods, each of mass wf and length Z, 
and the other ends of the rods are freely hinged to a point 0. The whole 
system revolves, as in the Governor of a Steam-Engine, about a vertical 
line through 0 with angular velocity a>. Shew that, whe^ the motion 
is steady, the rods are inclined to the vertical at an angle B given by the 
equation 

cosd=-^, L 

Impulsive Forces 

166. When the forces acting on a body are very great and 
act for a very short time, we measure their effects by their 
impulses. If the short time during which an impulsive force 

rT^ 

X acts be Ty its impulse is Xdt 

Jo 

In the case of impulsive forces the equations (1) to (6) of 
Art. 161 take a different form. 

Integrating equation (1), we have 

|^2m ^ J = IJSZ .dt = X f^dt. 

If u and u' be the velocities of the particle m before and 
after the action of the impulsive forces, this gives 

— xi) = 2A , 

where X' is the impulse of the force on m parallel to the axis 
of X. 

This can be written 

= 2A' ••••(!)> 

^.e. the total change in the momentum parallel to the axis of a 
is equal to the total impulse of the external forces parallel to 
this direction. 

Hence the change in the momentum parallel to Ox of the 
whole mass M, supposed collected at the centre of inertia and 
moving with ity is equal to the impulse of the external forces 
parallel to Ox, 


14—2 
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So for the change in the motion parallel to the axes of y 
and z, th^ equations being ‘ 

— tmz = SF' (2), 

and 2m«/ — 2«i«; =' 2F' (3). 

Again, on integrating equation (4), we have 

t.e. 2m [y — w)-- z{yl — v)] = 2 [y^' - z Y']. 

Hence 

2m [yw* — zv^] — 2m [yiv ^ zv\^ 'I {yZ' - 2 ^F') . . .(4). 

Heme the change in the moment of momentum about the axis 
of X is equal to the moment about the axis of x of the impulses of 
the external forces. • 

So for the other.two axes, the equations being 

2m (z'U — = S {zX' — xZ^) . . .(6), 

and 2m {pi — yui^^ — 2m (ow — y a) == 2 (a? — yZ') . . .(6). 


167. The equations of Arts. 161 and 166 are the general 
equations of motion of a rigid body under finite and impulsive 
forces respectively; and always give the motion. They are not 
however in a form which can be easily applied to any given 
problem. 

Different forms are found to be desirable, and will be obtained 
in the following chapters, for different classes of Problems. 



CHAPTER XIII 


MOTION* ABOUT A FIXED AXIS 


168. Let the fixed axis of rotation be a perpendicular 
OZ at 0 to the plane of the 
paper, • and let a fixed plane 
through OZ cut the paper in OA. 

Let a plane ZOO^ through OZ 
and fixed in the body, make an 
angle 6 with the fixed plane, so 
that /.AOO — 0. 

Let a plane through OZ and 
any point P of the body make 
an angle (f> with ZOA and cut t’ e plane of the paper in OQ, so ^ 
that ZA0Q==(f>. 

As the body rotates about OZ the angle QOO remains the 
same always, so that the rate of change of 0 is the same as that 
of (f>. 

d(f> de , d^6 d^O 



If r be the distance, PM, of the particle P from the axi^ OZ, 
then, since P describes af circle about M as centre, its accelera- 
tions are r along PM and r ~~ perpendicular to PM, 

^ Hence its effective forces in these directions are 




(p<l> 


and mr 


© 


and mr^rz. 
dt* 


Hence the moment of its effective forces about the axis 
Oz is 



214 


Dymmics of a Eigid Body 


d^Dce the moment of the ‘effective forces of the whole body 
about OZ is 

d^0 . d^0 




d^0. 


dt^ 


since ^ is the same for all particles of the body. 

Now 2wr* is the moment of inertia, Mk^, of the body about 
the axis. Hence the required moment of the effective forces is 

Mk^ . ^ , where 0 is the angle any*plane through the axis 

which is fixed in the body makes with any-plane through the 
axis which is fixed in space. 

169. Kinetic ^ergy of the body. 

dd> ' do * 

The velocity of the particle m is r ^ , i.e. ^ ^ • Its energy 

is therefore • Hence the total kinetic energy of the 

body 


: S I mr^ 




170. Moment of momentum of the body about the fixed 
axis, 

dO 

The velocity of the particle m is r ^ in a direction perpen- 
dicular to the line, of length r, drawn from m perpendicular to 
the axis. Hence the moment about the axis of the momentum 

of m is mr X r i,e, ^ . Hence the moment of momentum 
dt dt 

of the body 

* 2 mr* . ^ ^ . 2mr-» = ~ . 

dt dt dt 

171. To find the motion about the axis of rotation. 

Art. 161 tells us that in any motion the moment of the 
effective forces about the axis is equal to the moment of the 
impressed forces. Hence, if L be the moment of the impressed 
forces about the axis of rotation, in the sense which would 
cause 6 to increase, We have ‘ 

d^e ^ 
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This |quation on being integrated twice will give^5 and ^ 

in terms of the time t The arbitmry constants which appear 
in the integration will be known if we are given the position 
of the plane ZOQy which* is fixed in the body, and its angular 
velocity at any time. * • 

172. Ex. 1. A uniform rody of mass m and length 2a, can turn freely about 
one end which is fixed ; it is started with angular velocity w from the position in 
which it hangs vertically ; find the motion. • 

The only external force is the weight Mg whose moment L about the fixed 
axis is Mg .a sin 0. when the rod has revolved a 
through an angle J , and this moment tends to 
lessen d. Hence the equation of motion iq ^ ^ 

d^e h . ^ 

-Mga Bine y * ’ 


or, since si — y 


d^e Sg . ^ 

dt^ 4ia 


Integrating, we have 


••• I'l' 


Mg 

/O 


giving the angular velocity at any instant. ^ ‘ 

general the equation (1) cannot be integrated further, so that t cannot be found 
in terms of d. ^ 

The angular velocity ~ gets less and less as 6 gets bigger, and just vanishes 

when ^= 7 r, i.e. when the rod is in its highest position, if 

This is the least value of the angular velocity of the rod, when in its 
lowest position, so that the rod may just make complete revolutions. With 
this particular angular velocity the equation (1) gives 


\dt ) 2a 


|(l + cos0) = ^?.oosa|. 


.=2[logtan(| + |)]J 


“21ogtan^| + |^, 

giving the time of describing any angle $ in this particular case. 
Energy and Work. 

The equation (1) may be written in thejorm 


2^-T 


■\Tt) 


. w2=: - Mga (1 - cos B)^ 


i.s.y by Art. 169, the change in the kinetic energy of the body is equal to the 
work done against the weight of the body. 
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A fi/ni $tring hat two mattes, M and M', tied to its endf and pastes 
over a rou^ pulley, of matt m, whole centre it fixed ; if the ttriny doei not 
0 

slip over the pulley ^ shew that M will descend with acceleration ■■■■■ 

a^ 

where a U'the radius and k the of the pulley. 

If the pulley be not sufficiently rough to prevent sliding, and M he the 

descending mass, shew that its acceleration is pulley 

will now spin with an angular acceleration equal to — — . 

• ' mk^{M+M'ei^^) 

Let T and T* be the tensions of the string when the pulley has turned 
through an angle 6 ; and let the depths of M and m ^ 
below the centre of the pulley be x and y. Then, by 
Art. 171( the equation of motion of the pulley is 

mm=(T^T')a (!)• 

Also the equations of motion of the weights are 
Mx^Mg-^T and M'‘y=M'g-r ...(2). 

Again x+y is constant throughout the motion, 
so that 

y= (3). 

First, let the pulley be rough enough to prevent 
any sliding of the string, so that the string and pulley 
at A are always moving with the same velocity. Then 
issad always, and therefore 

«=a^ [4yis. 

M - M' 



Equations (1) to (4) give x staffs 
acceleration with which M descends. 


jrg, giving the constant 


If the pulley be a uniform disc, k'^z=^, and this acceleration is 

A 

M-M' 


■ar -aM, Ul 

Af + M' + - 




If it be a thin ring, k^=a\ and the acceleratipii is a. 

Secondly, let the pulley be not rough enough to prevent all sliding of the 
string. In this case equation (4) does not hold ; instead, if /tt be the coeliioient 
of friction, we have {Statics, Art. 266), 

( 6 ). 

Solving (2), (3) and (5), we have 

and ,, 

itf+itf'e'** M. + M.'ef^’ 

and then (1) givea . -. M¥' . . 

»»*’ ar+M'e'*’^ 

The result of the first case might have been easily obtained by assuming the 
Principle of Work and Energy ; in the second case it does not apply. 
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exI’mples 

* 

L A cord, 10 feet long, is wrapped round the axle, whose diameter 
is 4 inches, of a wheel, and is pulled with a constant force equal to 
60 lbs. weight, until all t^e cord is unwound. If the wheel is then 
rotating 100 times per minute, shew that its moment of inertia is 

ft.-lb. units. 

2 . A uniform wheel, of weight 100 lbs. and whose radius of gyration 
about its centre is one fdot, is acted upon by a couple dqiial to 10 ft.‘lb. 
units for one minute ; find the angular velocity produced. 

Find also th% constant couple which would in half-a-minute stop the 
wheel if it be rotating at the rate of 15 revolutions per second. Find also 
how many r-^volutions the wheel would make before stopping. 

^*31'* A wheel: consists of a disc, of 3 ft. diameter and of mass 60 lbs., 
loaded with a i^iass of 10 lbs. attached to it at a point distant one foot 
from its centre ; it is turning freely about its axis which is horizontal. 
If in the course of a single revolution its least angular velocity is at the 
rate of 200 revolutions per minute, shew that its maximum angular 
velocity is at the rate of about 204*4 revolutions per minute. 

4 . Two unequal masses, M and if', rest on two rough planes inclined 
at angles a andj /3 to the horizon ; they are connected by a fine string 
passing over a small pulley, of mass m and radius a, which is placed at 
the common vertex of the two i)lane8 ; shew that the acceleration of 
either mass is 

g [if (sin a — /i cos a) - if ' (sin cos jS)] j^if -f M'-^m ^ J , 

where fjL, g! are the coefficients of friction, k is the radius of gyration 
of the pulley about its axis, and M is the mass which moves downwards. 

6. A uniform rod aB is freely movable on a rough inclined plane, 
whose inclination to the horizon is i and whose coefficient of friction is fi, 
about a smooth pin fixed through the end A ; the bar is held in the 
horizontal position in thev plane and allowed to fall from this position. 
If ^ be the angle through which it falls from rest, shew that 

sin^ , . 

sss^COt 

6 . A uniform vertical circular plate, of radius a, is capable of revolving 
about a smooth horizontal axis through its centre ; a rough perfectly 
flexible chain, whose mass is equal to that of the plate and whose length 
is equal to its circumference, hangs over its rim in equilibrium ; if one 
end be slightly displaced, shew that the velocity of the chain when the 

other end reaches the plate is 

[Use the Principle of Energy and Work.] 
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7. .AViijiform chain, of length 2Q> feet and mass 40 lbs., Liangs in 
equal lengths over a solid circular pulley, of mass 10 lbs. ^viU small 
radius, the axis of the pulley being horizontal. Masses of 40 and 36 lbs. 
are attached to the ends of thet chain and motion takes place. Shew 
that the time taken by the smaller mass to reach the pulley is 

log, (9 + 4 V6) secs. 


8. A heavy fly-wheel, rotating about a symmetrical axis, is slowing 
dovm under the friction of its bearings. During a certain minute its 
angular velocity drops to 90 of its value at tHe beginning of the minute. 
What will be the angular velocity at the end of the next minute on the 
assumption that the frictional moment is (1) comtant/t{^) proportional 
to the angular velocity^ (3) proportional to the square of the angular 
velocity? 

Let I be the moment of inertia of the body about its axis, (o its 
angular velocity at any time and Q. its initial angular velocity. Let 
xQ. be the angular velocity at the end of the second minute. 

(1) If i^be the constant frictional moment, the equation of Art. 171 is 

4"-^' 


/o)= + 


where 


( 2 ) 


10 




and 1204*/a 

80 




100 * 


If the frictional moment is X®, the equation of motion is 


dt 


’ — X®.‘ 


/log®= -X^-f const. 

e t 


where 


10 


= fi0 I 


and 


-^.iso 
xQ=.Qe ■< 


Vioj 100' 


(3) Lot the frictional moment be so that the equation of motion is 


j-d(0 2 








12 

9q' 


■/*.60+ — , and 
&2 


xQ, 


.120 + : 


where 
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WiA the three suppositions .the angular velocity at t^jO'^nd of two 
minuft^is therefore 80, 81, and 81^ ®/^ of the initial angular velocity. 

9. A fly-wheel, weighing 100 lbs. and having a radius of gyration 
of 3 ft., has a fan attached to its spindfe. It is rotating at 120 revolutions 
per minute when the fan w suddenly immersed in water. If the resistance 
of the water be proportional to tl^ square of the speedj^and if the angular 
velocity of the fly-wheel be halved in three minutes, shew that the initial 
retarding couple is 207r ft.-poundals. 

10. A fly-wheel, whpse moment of inertia is /, is aci^d on by a variable 
couple (7cosp^; find the amplitude of the fluctuations in the angular 
velocity. 


THE COMPOUND PENDULUM 


173. If a rigid body swing, under gravity, from a fixed 
horizontal axis, to shew that the time of a complete small oscilla- 

tion is 27r>^ ^ , where k is its radius of gyration about the fixed 

axis, and h is the distance between the fixed axis and the centre 
of inertia of the body. 

Let the plane of the paper be the plane through the centre 
of inertia Q perpendicular to the fixed axis; let it meet the 
axis in 0 and let 6 be the angle between tjie vertical OA and the 
line OQ, so that 6 is the angle a plane fixed in the body makes 
with a plane fixed in space. 

The moment L about the horizontal axis of rotation OZ of 
the impressed forces 

= the sum of the moments of the weights of the component 
particles of the body 

= the moment of the weight Mg acting at 0 
= Mgh sin 6, where OQ-h, 
and it acts so as to diminish 0. 

Hence the equation of Art. 171 becomes 


Mgh sin 0, 




gh 


sin 


0 


.( 1 ). 


dt^ k’^ 

If 0 be so small that its cubes and higher powers may be 
neglected, this equation becomes 

gh ^ 



220 


Dyrmmcs of a Rigid Body 




The 'liiQtion ‘ is now simple harmonic and the tinfe^ of a 
complete oscillation is 

27r 

7 ?' 

By Art. 97 the time of oscillation is therefore the same as 

that of a simple pendulum of length This length is that of 
• # 
the simple equivalent pendulum. 

Even if the oscillation of the compound pendulum be not 
small, it will oscillate in the same time as a simple pendulum 

of length ^ . 

For the equation of motion of the latter is, by Art. 97, 

d^d — g sin 6 9^ • a /o\ 



h 


which is the same equation as (1). Hence the motion given 
by (1) and (3) will always be the same if the initial conditions 
of the two motions are the same, e.g, if the two pendulums are 
instantaneously at rest when the value of 0 is equal to the 
same value a in each case, or again if the angular velocities of 
the two pendulums are the same when each is passing through 
its position of stable equilibrium. 


174. If from 0 we measure off, along Off, » 
equal to the length of the simple equivalent 

penduluju , the point 0i is called the centre 

of oscillation. 

We can easily shew that the centres of 
suspension and oscillation, 0 and Oj, are con- 
vertible, i,e. that if we suspend the body from 
0i instead of from 0, then the body will swing 
in the same time as a simple pendulum of 
length OiO. 

For we have 


distance OOi, 


o 


G 




Ox 

Q 

09 


00i = 


A;* 


0& * 
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where K is the radius of gyration about an axis 'through 0 
parallef to the axis of rotation. • 

Hence K^^OO. 00, - Q(?» = 0(? . QO, ( 1 ). 

When the body sviings about a parallel axis through Oi, 
let Oa be the centre of oscijlation. We then Jiave, similarly, 

0 , 0 . 00 , ( 2 ). 

Comparing ( 1 ) and ( 2 ) we see that 0, and 0 are the same 
point. Hence when^Oi is the centre of suspension, 0 is the 
centre of oscillation, so that the two points are convertible. 

This property was used by Captain Kater in determining 
the value of g. His pendulum has two knife-edges, about 
either of which the pendulum can swing. It also has a movable 
mass, or masses, which can be adjusted so that the times of 
oscillation about the two knife-edges are the same. We then 
know that the distance, Z, between the knife-edges is the length 
of the simple equivalent pendulum which would swing in the 
observed time of oscillation, T, of the compound pendulum. 

Hence g is obtained from^the formula 

For details of the experiment the Student is referred to 
practical books on Physics. 



176. Mwimum time of oscillation of a compound pendulum. 
If K be the radius of gyration of the body about a line 
through the centre of inertia parallel to the axis of rotation, 
then = iT* -f h\ 

Hence the length of the simple equivalent pendulum 


The^simple equivalent pendulum is of minimum length, and 
therefore its time of oscillation least, when ^ ^ j 

i,e, when 1 — -77 = 0 , i.e. when h==K, 


and then the length of the simple equivalent pendulum is 2if. 

h -J) er infinity, i.e. if the axis of suspension either passes 
through the centre of inertia or be at infinity, the corresponding 
simple equivalent pendulum is of infinite length and the time 
of oscillation infinite. 
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The abeve gives only the miifimum time of oscillation for 
axes of suspension which are drawn in a given direction. But 
we know, from Art. 152, thajb of all axes drawn through the 
centre of inertia O there is one such th^ the moment of inertia 
about it is a maximum, and another such that the moment of 
inertia about it is a minimum. If the latter axis be found and 
if the moment of inertia about it be K^, then the axis about 
which the time is an absolute minimum^will be parallel to it 
and at a distance Kj,. 

176. Ex, Find the time of oscillation of a compound peitdulum, consisting 
of a rod, of mass m and length a, carrying at one end a sphere^ of mass m\ and 
diameter 26, the other end of the rod being fixed. 

Here (m + mi) /c2=»i . ^ +mi + , 

and (m+mi) h=zm,^+mi(a+b). 

Hence the length of the required simple pendulum 

^ m|+Wi(a+6) 

177. Isochronisln of Torsional Vibrations. 

Suppose that a heavy uniform circular disc (or cylinder) is 
suspended by a fairly long thin wire, attached 
at one end to the centre G of the disc, and 
with its other end firmly fixed to a point 0. 

Let the disc be twisted through an 
angle a about OG, so that its plane is still 
horizontal, and let it be then left to oscillaSie. 

We shall assume that the torsion-couple 
of the wire, i,e. the couple tending to twist 
the disc back towards its position of equi- 
librium, is proportional to the angle through 
which the disc has been twisted, so that the 
couple is \6 when the disc is twisted through 
an angle 0. 

Let M be the mass of the disc, and k its 
radius of gyration about the axis of rota- 
tion OG. 




Toriioml Vibrations 223 


By^^rt. 171 the equation if motion 

Ta /I 


IS 


= ie. fi = . 


The motion is therefore simple harmonic, and the time of 
oscillation = 27r + ^ 27r*,y/^ 7 (1). 

This time is independent of a, the amplitude of the oscilla- 
tion. • 

We h^nce test practically the truth of the assumption 
that the torsien-couple is \9. Twist the disc through any 
angle a and, by taking the mean of a number of oscillations, 
find the corresponding time of oscillation. Repeat the experi- 
ment for different values of a, considerably differing from one 
another, and find the corresponding times of oscillation. These 
times are found in any given case to be approximately the same. 
Hence, from (1), the quantity X is a constant quantity. 


178 . Experimental determination of moments of inertia. 
The moment of inertia of S body about an axis of symmetry 
may be determined experimentally by the use of the preceding 
article. 

If the disc be weighed, and its diameter determined, then 
its is known. Let it be I. 

Its time of oscillation is then T, where 

2’=2^v/| (1). 

Let the body, whose moment of inertia I' about an axis of 
symmetry is to be found, be placed on the disc with this axis 
of symmetry coinciding with (70, and the time of oscillation T' 
determined for the compound body as in the previous article. 

Then (2). 

(1) and (2) give 

i+r j. T^-T* 

giving 1 ' iii terms of known quantities. 
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EXAMPLES 


Find the lengths of the simpld equivalent pendulums in the following 
oases, the axis being horizontal : 

1. Circular Hrire ; axis (1) a^tangedt, (2) a .4>orp©ndioular to the plane 
of the wire at any point of its arc. 


2 . 

3. 

1 


6 . 


Circular disc ; axis a tangent to it. 

c 

Elliptic lamina j axis a latus-rectum. 
Hemisphere ; axis a diameter of the base. 





Cube of side 2a ; axis (1) an edge, (2) a diagonal of one of its faces. 
^Result*. (I)|v2a; 


6. Triangular lamina ABG\ axis (1) the side BCy (2) a perpendicular 
to the lamina through the point A, 

\RetvlU. ( 1 ) iisinC; (2) 7 - ! .: .1 

L ’ ^ 4 v'26H2c»-a» J 

7. Cone ; aiis a diameter of the baae. . A.J 

8. Three equal particles are attached to a weightless rod at equal dis- 
tances a apart. The ay stem is suspended from, and is free to turn about, 
a point of the rod distant j; from the middle particle. Find the time of a 
small oscillation, and shew that it is least when a;^-82a nearly. 


9. A bent lever, whose arras are of lengths a and 6, the angle between 
them being a, makes small oscillations in its own plane about the fulcrum ; 
shew that the length of the corresponding simple pendulum is 

2 

• S + 2a^b^ cos a -f 

10. A solid homogeneous cone, of height A and vertical angle 2a, 
oscillates about a horizontal axis through its vertex ; shew that the 

length of the simple equivalent pendulum is g (4+ tan* a). 

11. A sphere, of radius a, is suspended by a fine wire from a fixed 
point at a distance I from its centre; shew that the time of a small 

oscillation is given by w ^ ^ I j * where a represents 

the amplitude of the vibration. 

12. A weightless straight rod ABC^ of length 2a, is movable about 
the end A which is fixed and carries two particles of the same mass, 
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one fasten^k to the middle point B eCad the other to the end (7«f the rod. 
If the rod held in a horizontal position and be then let gc^ shew that 

its angular velocity when vertical is that ^ is the length of 

the simple equivalent pendulum. 


13. For a compound pendulum Shew that there are tRree other axes 
of support, parallel to the original axis and intersecting the line from the 
centre of inertia perpendicular to the original axis, for which the time 
of oscillation is the same as about the original axis. What is the practical 
application of this result ? 


14. Find the leyv of graduation of the stem of the common metronome. 

15. A simple circular pendulum is formed of a mass M suspended from 
a fixed point by a weightless wire of length I ; if & mass m, very small 
compared with Jfj be knotted on to the wire at a point distant a from 
the point of suspension, shew that the time of a small vibration of the 

pendulum is approximately diminished by of itself. 

16. A given compound pendulum has attached to it a particle of 
small mass ; shew that the greatest alteration in the time of the 
pendulum is made when it is p]^tced at the middle point of the line 
bisecting the distance joining the centres of oscillation and of suspension ; 
shew also that a small error in the point of attachment will not, to a first 
approximation, alter the weight of the particle to be added to make a given 
difference in the time of oscillation. 


17. A uniform heavy sphere, whose mass is 1 lb. and whose radius 
is 3 inches, is suspended by a wire from a fixed point, and the torsion- 
couple of the wire is proportional to the angle through which the sphere 
is turned from the position of equilibrium. If the period of an oscillation 
be 2 secs., find the couple that will hold the sphere in equilibrium in the 
position in which it is turned through four right angles from the equi- 
librium-position. 

€> 

18. A fly-wheel is hung up with its axis vertical by two long ropes 
parallel to and equidistant from the axis so that it can perform torsional 
vibrations. It is found that a static-couple of 50 ft. -lbs. will hold it when 
it is turned through fgth of a radian, and that if it be turned through 
any small angle and let go it will make a complete oscillation in 5 secs. 
Shew that when this fly-wheel is revolving at the rate of 200 revolutions 
per minute the energy stored up in it will be about 31 ft. -tons. 


179. Reactions of the axis of rotation. Let us first 
consider the simple case in which both the forces and the body 
are symmetrical with respect to the plane through the centre 
of gravity perpendicular to the fixed axis, ue* with respect to 
x*. D. 16 
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the plane of the paper, and Iftt gravity be the only, external 
force. • ^ 

By symmetry, the actions of the axis on the body must 
reduce to a single force acting at 0^ 
in the plane of the paper; let the 
components of this single force be 
P and Q, along and perpendicular 
to 00. 

By Art.* 162 the motion of the 
centre of gravity 0 is the same as it 
would be if it were a particle of 
mass M acted on by all the ei:ternal 
forces applied to it parallel to their 
original directions. 

Now G describes a circle round 0 as centre, so that its 
accelerations along and perpendicular to GO are 


Kf)’ - 

Hence its equations of motioU are 

( 1 ), 

(72a 

and M . h ^ = Q — Mff sin ff (2). 

Also, as in Afi. I7l, we have 

Mk^ ■^ = --Mgh sin 0 (3). 


. - -^2^ 

Q is given by eliminating ^ between (2) and (3), 

If (3) be integrated and the resulting constant determined 
fr6m the initial conditions, we then, by (1), obtain P. 

As a particular case let the body be a uniform rod, of length 2a, turning 
about its end O, and let it start from the position in which it was vertically 


above 0 . In this case /i=:a, — = 

3 3 

Hence e(luatiou (3) becomes 

^=-^8in9 (4). 

= (1 + oosd) (6), 

since ^ is zero when 
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/i\ j*/rv • n Ti/r 3 + 5 COS ^ 

(1) and (5^ give P=Mg. ^ , 

(2) and (4) give Q = ^Mg sin 

Hence the resulting reaction oi^ the fixed axis. When $ is zero, Le* when 

the rod is in its lowest position, tliis reaction is four times the weight. 

The vertical rejwtion for any position^of the jod 

= PcosO+Qf^in0=Mg ^ , 

and therefore vanishes when d:=cos~^ ( “ J)* 

The horizontal reaction = P sin 6 ~-Q cos 0 = ^Mg sin ^ (2 + 3 cos e^). 

180. In the^general case when either the external forces 
acting on the body, or the body itself, is not symmetrical about 
the axis of rotation we may proceed as follows. 

Let the axis of rotation be taken as the axis of y, and let 
the body be attached to it at two points distant hj and from 
the origin. Let the component actions of the axis at these 
points parallel to the axes be Xj, Fi, and Xg, Fg, Z^ 
respectively. 



Let P be any point (w, y, z) of the body, whose perpendiculll^ 
distance PM from OF is of length and makes an angle 0 with 
a line parallel to OZ, 

Then during the motion P describes a circle about M as 
centre, so that r is constant throughout the motion and hence 
r is zero. 

Now x = r&md; ^ = r cos 

A = rcoa 60 , and »=~rsin^A 
.*• ^ — r sin 0^* -h r cos 00 ; i? =s — r cos 06 ^ —r sin 69, 


16—2 
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f 

Hen6e, if ^ be denoted by m, 

s= — x(o^ +2^0); ’y = 0 ; i?= — Z(o^ — cc&, 

[These results may also be obtained by resolving parallel to 
the axes the accelerations of P, viz. along PM and rco 
perpendicular to MP^ • 

The equations of motion of Art. 161 now become, if A, F, Z 
are the components parallel to the axes of the external force 


acting at any point (a?, y, z) of the bodj*, 

2 Z + Aj -h Xa = Xmx = 2m [— a?©* + 

= — ilfir . 0 )® -f . d) ( 1 ); 

2 F + Fi 4- Fa = 2my = 0 (2) ; 

2 Z 4- 4- Zg = 2mif = 2m (— zco^ — i»d)) 

= — Mz . 0 )* — . 0 ) ,( 3 ) ; 

2 (yZ — ^ F) 4" ZJ}i 4* Zjb^ 

= 2m {yz — = 2my (— — ^ci)) 

= — (o^Xmyz — &i%mxy ( 4 ) ; 

2 {zX — xZ) = 2m — xz) 


as 2 m (—^^0)* 4- 4- cczoa^ 4- (x^^) = i > . ( 5 ), 

< 

where k is the radius of gyration about OF ; and 

2 (a?F-yZ)-Zx 6 i-Za 62 

= 2 m {ay — yx) = — 2 my (— 4 - -s^d>) 

=s ft)®2ma7y — &)^myz (6). 

On integrating (6) we have the values of « and (», and then, 
by substitution, the right-hand members of equations ( 1 ) to ( 4 ) 
and (6) are given. 

(1) and (6) determine Zi and Z*. 

( 3 ) and ( 4 ) determine Z^ and F9. 

Fi and Fj are indeterminate but (2) gives their sum. 

It is clear that the right-hand members of ( 4 ) aqd (6) would 
be both zero if the axis of rotation were a principal axis at the 
origin 0; for then the quantities ^mxy and ^myz would be 
zero. o 

In a problem of this kind the origin 0 should therefore be 
always taken at the point, if there be one, where the axis of 
rotation is a principal axis. 
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EXAMPLES 

1. A thin uniform rod has one end atCaohed to a smooth hinge and is 
allowed to fall from a horizontal position ; shew that the horizonal strain 
on the hinge is greatest when the rgd is inclined at an angle of 45* to 
the vertical, and that the vertical strain then ^ times the weight of 
the rod. 

2. A heavy homogeneous cube, of weight IT, can swing^about an edge 
which is horizontal ; it starts from rest being displaced fix)m its unstable 
position of equilibrium ; when the perpendicular from the centre of 
gravity upon the edge has turned through an angle shew that the 
components of the action at the hinge along, and at right angles to, this 

W W 

perpendicular are ~ (3 - 6 cos 6) and sin B. 

3. A circular area can turn freely about a horizontal axis which 
passes through a point 0 of its circumference and is perpendicular to 
its plane. If motion commences when the diameter through 0 is 
vertically above 0, show that, when the diameter has turned through 
an angle the components of the strain at 0 along, and perpendicular to, 

W W 

this diameter are respectively — (7«os^~4) and — sin^. 

o o 

4 . A uniform semi-circular arc, of mass m and radius a, is fixed at 
its ends to two points in the same vertical line, and is rotating with 
constant angular velocity <o. Shew that the horizontal thrust on the 

upper end is m ,~—^ — 

5. A right cone, of angle 2a, can turn freely about an axis passing 
through the centre of its base and perpendicular to its axis ; if the cone 
starts from rest with its axis horizontal, shew that, when the axis is 
vertical, the thrust on the fixed axis is to the weight of the cone as 

1 + J,cos2 a to 1 - i cos2 a. 

6. A regular tetrahedron, of mass M, swings about one edge which is 
horizontal. In the initial position the perpendicular from the centre of 
mass upon this edge is horizontal. Shew that, when this line makes an 
angle d with the vertical, the vertical component of thrust is 

^(2sm2^ + 17co32tf). 

181. Mptiou about a fixed axis. Impulsive Forces. 
By Art. 166 vre have that the change in the moment of 
momentum about the fixed axis is equal to the moment L of 
the impulsive forces about this axis. 
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Butj^as in Art. 170, the moment of momentum of , the body 
about the axis is Mh ^ . fl, where fl is the angular velocity and 
Ml^ the moment of inertia about the axis. 

Hence, if and be ‘the angular velocities about the axis 
just before and just after the action of the impulsive forces, this 
change is ^ 

and we have Mk^ (cd' — 


Ex, A uniform rod OA, of mass M and lenpth 2a, rests on a smooth table 
and is free to .turn about a smooth pivot at its end 0 ; in contact with it at 
a distance b from 0 is an inelastic particle of mass m; a horizontal blow^ of 
impulse P, is given to the rod at a distance x from O in a direction perpendicular 
to the rod; find the resulting instantaneous angular velocity of the rod and 
the impulsive actions at 0 and on the particle* 



If ta be angular velocity required and 8 the impulse of the action 
between the rod and particle, then, by the last article, we have 

4a2 

M^ia=P,x-8.b ( 1 ). 


Also the impulse 8 communicates a velocity bie to the mass m, so that 

< m.bu)==S (2). 

(1) and (2) give w — Pxj ^ + mb^^ . 

Again, let X be the action at 0 on the rod. Then, since the change in the 
motion of the centre of gravity of the rod is the same as if all the impulsive 
forces were applied there, 

.-. M,a<a = P-8-X. 


X=P - (Ma-^mb) u)=P \ 1- 


{Ma + mb) x 
4a^ „ 

cJlf — + mb^ 


Also (2) gives 




mPb x 
,4a2 


M^ + mb^ 


182. Centre of percussion. When the fixed axis of 
rotation is given and the body can be so struck that there is no 
impulsive action on the axis, any point on the line of action 
of the blow is called a centre of percussion. 

As a simple case consider a thin uniform rod OA (= 2a) 
suspended freely from one end and struck by a horizontal blow 
at a point (7, where OG is oc and P is the impulse of the blow. 
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Letts' be the instantaneoiwy angular velocity* compiunicated 
to the r(5d, and X the impulsive action ^ / 

upon the rod of the axis about which it 
rotates. 

The velocity of the cehtre of gravity 
0 immediately after the blow is ruo'. / 

Hence the result (1) of Art. 166 gives 

+ X (1). 

Also the moment of momentum of 

the rod about 0 immediately after the ^ 
blow is where h is the radius of 

gyration of the rod about 0, ix, . 

o 

Hence the result (4) of Art. 166 gives 

il/ k'^co' — P . X 


Ja \ 


( 2 ). 


k-> a 

Hence X = Maay' - M - <o' = Mam' . (3). 

Hence X is zero, ix. there is no impulsive action at 0, 
^2 

when ^ , and then 0(7= the length of the simple equivalent 

d 

pendulum (Art. 173). In this case (7, •the required point, 
coincides with the centre of oscillation, ix. the centre of 
percussion with regard to the fixed axis coincides with the 
centre of oscillation with regard to the same axis. 

7^2 

If X be not equal to — , then, by (3), X is positive or 

Of 

negative according as x is greater or less than - , ix, the 
• * 
impulsive stress at 0 on the body is in the same, or opposite, 

direction as the blow, according as the blow is applied at a 
point below or above the centre of percussion. 


183, For the general case of the motion of a body free to 
move about an axis, and acted on by impulsive forces, we must 
use the fundamental equations of Art. 166. 

With the notation and figure of Art. 180, let {X, F, Z) be 
the components of the impulsive forces at any point (x, y, z) 
and (Xi, Fj, Z-^ and (X 2 , Fg, Z^ the components of the corre- 
sponding impulsive actions at and B^. 
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Tben^as in Art. 180, *» 

, u^w^za)\ t;=y = 0; 

v!r=zzo)*\ v' = 0; and = — d?6>', 

where is the angular velocity abou^ OF after the blows. 
The equations (1) to (6) of ^rt. 166 then become 

XX Xi + Xnizo}' — Xmzco^ Mz . (a>' — a>) ...(1) ; 


2F+F, + F,= 0 (2); 

2 -Z' 4-' == 2m (— xa/) — 2 wf (— oc(a) 

= -if^.(a>'-a)) (3); 

2 {yZ — 2 :F) 4- Zi6i 4- Zj)^ = 2m [— a?ya)'] — 2m [— xy(o\ 

= — (o)' — tt>) . Xmxy (4) ; 

2 {zX — xZ) = 2m 4- 

(5) ; 

and 2 (osY — yX) — Xibi — Xjb2 = 2m (— y-s^o)') — 2m (— y^so)) 

= (ft)' — ^o) . Xniyz (6). 

The rest of the solution is as in Art. 180. 


184. Centre of Percussion. Take the fixed axis as the 
axis of y ; let the plane of xy pass through the instantaneous 
position of the centre of inertia Q ; and let the plane through 
the point of application, Q, of the blow perpendicular to the 
fixed axis be the plane of xz^ so that 0 is the point {x, y, 0) 
and Q is the point (^, 0, f). 

Let the components of the %low parallel to the axes be X, 
T and Z, and let us assume that 
there is no action on the axis 
of rotation. 

The equations of the previous 
article then become 

-^ = 0 (1), 

r=o ( 2 ), ^ 

Z= - Mx (o' — o) ...(3), 1' 

^Y={o>'-w)'Zmaiy (4), I y, 

^X-^Z = (o' - o) . . .(5), 



a 




i-lb'T 




i 


and ^Y = — (m" — (o)l,myg (6). 

Equations (1) and (2) she# that the blow must have nS 
components parallel to the axes of w and y, it must be 
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perpendicular to the plane through the fixed axia and the 
instantaneous position of the ceptre of inertia. 

(4) and (6) then give Sm/ry — O, and %myz==iO, so that 
the fixed axis must be^a principal axis of the body at the 
origin, i,e. at the point where the plane through the line of 
action of the blow perpendicular to the fixed axis cuts it. 

This is the essential condition for the existence of the 
centre of percussion. Hence, if the fixed axis is not a principal 
axis at some point of its length, there is no centre of percussion. 
If it be a principal axis at only one point of its length, then 
the blow must act in the plane through this point perpendicular 
to the axis of rotation. ^ 

Finally, (3) and (5) give f ~ . 

cc 

It follows, therefore, from Art. 173, that when a centre of 
percussion does exist, its distance from the fixed axis is the 
same as that of the centre of oscillation for the case when the 
body oscillates freely about the fixed axis taken as a horizontal 
axis of suspension. ♦ 

Corollary. In the particular case when y — 0 and the 
centre of inertia Q lies on Ox, the line of percussion passes 
through the centre of oscillation. This is the case when the 
plane through the centre of inertia perpendicular to the axis of 
rotation cuts the latter at the point at which it is a principal 
axis, and therefore, by Art. 147, the axis of rotation is parallel 
to a principal axis at the centre of inertia. 

The investigation of the three preceding Articles refers to 
impulsive stresses, i,e, stresses due to the blow, only ; after the 
rotation^has commenced there will be on the axis the ordinary 
finite stresses due to the motion. 

186. A rough example of the foregoing article is found in 
a cricket-bat. This is not strictly movable about a single 
axis, but the hands of the batsman occupy only a small portion 
of the handle of the bat, so that we have an approximation to 
a single axis. If the bat hits the ball at the proper place, there 
is very little jar on the batsman's hands. 

Another example is the ordinary hammer with a wooden 
handle ; the principal part of the mass is collected in the iron 
hammer-head ; the centre of percussion is situated in, or close 
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to, the hammer-head, so that* the blow acts at a point very 
near the centre of percussion, and the action on tlie axis of 
rotation, %,e, on the hand^ of the workman, is very slight 
accordingly. If the handle of the hammer were made of the 

same material as its head, the effect would be different. 

• • 

186. E*' ^ triangle ABC is free to move about its side BG ; find the centre 
of percussion. 

Draw AD perpendicular to BC^ and let E bo the middle point of BG and F 
the middle point of DE, Then, as in Ex. 7, pagb 202, F is the point at which 
BG is & principal axis. 

If AD=:pt then, by Art. 153, the moment of inertia aboi^t BG 


M 

3 




SO that 

o 


Also 


/i= 


8 ’ 


so that f = |. 


In the triangle draw FF' perpendicular to BG to meet AE in F\ so 
1 n 

that FF' = ^.AD — ^. Hence E' is the centre of percussion required. If wo 

A i 

draw EE' perpendicular to BG and equal to ^ , then E' is the centre of 

u 

oscillation for a rotation about BG as a horizontal axis of suspension. 

The points E' and F' coincide only when the sides AB^ AC oi the triangle 
are equal. 


EXAMPLES 

Find the position of the centre of percussion in the following cases : 

1. A uniform rod with one end fixed. 

2. A uniform circular plate ; axis a horizontal tangent. 

3. A sector of a circle ; axis in the plane of the sector, perpendicular 
to its symmetrical radius, and passing through the centre of the circle. 

% 

4. A uniform circular lamina rests on a smooth horizontal plane, 
shew that it will commence to turn about a point 0 on its circumference 
if it be struck a horizontal blow whose line of action is perpendicular to 
the diameter through 0 and at a distance from 0 equal to three-quarters 
of the diameter of the lamina. 

6. A pendulum is constructed of a solid sphere, of mass M and 
radius a, which is attached to the end of a rod, of mass m and length b. 
Shew that there will be no strain on the axis if the pendulum be struck 
at a distance + from the axis. 

6. Find how an equilateral triangular lamina must be struck that 
it may commence to rotate about a side. 
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• * 

7. A uniform beam AB can turn about its end A and is in equi- 
librium ;*find the points of its length where a blow must-be applied to 

it so that the impulses at A may be^n each case -th of that of the 
blow. 

8. A uniform bar AB^ of Idhgth q feet and mass 20 lbs., hangs 
vertically from a smooth horizontal axis At A ; it is struck normally at 
a point 5 feet below A by a blow which would give a mass of 2 lbs. a 
velocity of 30 feet per second ; find the impulse received by the axis and 
the angle through which bar rises. 

9. A rod, of^mass m and length 2a, which is capable of free motion 
about one end A, falls from a vertical position, and when it is horizontal 
strikes a fixed inelastic obstacle at a distance b from the end A. Shew 

that the impulse of the blow is ^ ^ • /y / > ^ud that the impulse of 
the reaction at A is m f ® J vertically upwards. 

10. A rod, of mass nif, is lying on a horizontal table and has one end 
fixed ; a particle, of mass i/, is in contact with it. The rod receives a 
horizontal blow at its free end ;*find the position of the particle so that it 
may start moving with the maximum velocity. 

In this case shew that the kinetic energies communicated to the rod 
and mass are equal. 

11. A uniform inelastic beam can revolv C CI*(^UUU I uS centre of gravity 
in a vertical plane and is at rest inclined at an angle a to the vertical. 
A particle of given mass is let fall from a given height above the centre 
and hits the beam in a given point F ; find the position of F so that the 
resulting angular velocity may be a maximum. 

12. A rod, of mass M and length 2a, is rotating in a vertical plane 
with angular velocity « about its centre which is fixed. When the rod 
is horizontal its ascending end is struck by a ball of mass m which is 
falling with velocity w, and when it is next horizontal the same end is 
stnick by a similar ball falling with the same velocity u ; the coeflScient 
of restitution being unity, find the subsequent motion of the rod and 

balls. 

13. A uniform beam, of mass m and length 21, is horizontal and can 
turn freely about its centre which is fixed. A particle, of mass m' and 
moving with vertical velocity u, hits the beam at one end. If the 
coefficient ^of restitution for the impact be e, shew that the angular 
velocity of the beam immediately after the impact is 

3m' (1 + e) ul{m + 3m') 1, 
and that the vertical velocity of the ball is then 
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14. Twa wheels on spindles in fixed bearings suddenly engag<| so that 
their angular, velocities become inversely proportional to their Ifcadii and 
in opposite directions. One wheel, bf radius a and moment of inertia lu 
has angular velocity q> initially ; •the other, of radius h and moment of 
inertia 1%^ is initially at rest Shew that their new angular velocities are 

• j * Iicth 

/i6?+/jsa2" 

15. A rectangular parallelepiped, of edges 2a, 2&, 2<7, and weight 

is supported by hinges at the upper and lower ^nds of a vertical edge 2a, 
and is rotating with uniform angular velocity o) about that edge. Find, 
in so far as they are determinate, the component pressures on the hinges. 

16. A rod, of length 2a, revolves with uniform angular velocity q> 
about a vertical axis through a smooth joint at one extremity of the rod 
so that it describes a cone of semi-vertical angle a ; shew that 


«-==7 . 

4 a cos a 

Prove also that the direction of the reaction at the hinge makes with the 
vertical the angle tan*"i(f tan a). 


17. A door, I feet mde and of mass m lbs., swinging to with angular 
velocity <0 is brought to rest in a small ^aifgle ^ by a buffer-stop which 

applies a imiform force P at a distance g from the axis of the hinges. 


Find the magnitude of P and the hinge reactions normal to the door 
when the bufier is placed in a horizontal plane half-way up. 

If the door be 2^ feet high and have two hinges disposed symmetrically 
and 26 apart, find the hinge-reactions when the bufier is placed at the 
top edge. * 


18. A uniform rod AP, of length c and mass hangs from a fixed 
point about which it can turn freely, and tho wind blows horizontally 
with steady velocity v. Assuming the wind pressure on an element dr of 
the rod tb be Icv'^^dr^ where v is the normal relative velocity, shew that 
the inclination a of the rod to the vertical in the position of stable 
equilibrium is given by m^sina^c^i^^cos^a ; and find the time in which 
the rod will fall to this inclination if it be given a slightly greater inclina- 
tion and let fall against the wind. 


19. A rod is supported by a stiff joint at one end which will just 
hold it at an angle 0 with the vertical If the rod be lifted through a 
small angle a and be let go, shew that it will come to rest after moving 
through an angle 2a-*ia2tan^ nearly, the friction couple Qjy the joint 
being supposed constant. 

20. door of a railway carriage stands open at right angles to the 
length of the train when the latter starts to move with an acceleration /; 
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the door^ing supposed to be si^oothly hinged to thef carriage and to be 
unifomi %nd of breadth 2a, shew that its angular velocity, Vhen it has 

turned through an angle d, is yy/|~sm d. 


21. ‘ A Catherine whee?is constructed by rolling a thin casing of 
powder several times round the' circumference of a« circular disc of 
radius a. If the wheel burn for a time T and the powder be fired 
off at a uniform rate with relative velocity V along the circumference, 
shew that the angle turned through by the wheel in time T will be 

where 2o is the ratio of the masses of the disc and powder. 

The casing is supposed so thin that the distance of all the powder from 
the centre of the disc is a. 

[If m be the whole mass of the powder and F the impulsive action at 
any time t, the equations of motion are 

|2cm. ~+m and F.di^^ . K] 
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MOTION IN TWO DIMENSIONS. FINITE FOECES 


187. The position of a lamina compelled to move in the 
plane of xy is clearly known when we are given the position of 
some definite point of it, say its centre of inertia, and also the 
position of some line fixed in the body, Le. when we know the 
angle that a line fixed in the body makes with a line fixed in 
space. These quantities (say x, y, 0^ are called the coordinates 
of the body, and, if we can determine them in terms of the 
time t, we have completely determined the motion of the body. 

The motion of the "centre of inertia is, by Art. 162, given by 


the equations 



( 2 ). 


If y') be the coordinates of any poipt of the body relative 
to the centre of inertia, then the motion about the centre of 
inertia 0 is, by equation (6) of Art. 162, given by 


^.e. 




.( 8 ), 


Now a;' — y' = the moment about Q of the velocity 

of 7» relative to Q, 
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Let <^be the angle that th^ -line 'joining ml(fO makes with 
a line (}B fixed in space ; and 6 the angle that a line^ OA, fiixed 
in the hody^ makes with QB, • 

Then, as in Art 168, since AQrA is the same for all positions^ 
of the body, we have • 
d<}> 

~dt'^ dt' 

If Om = r, the velocity 

of m relative to is r ^ . 

dt 

Hence its moment about 


O 



0^ 9 O 

dt dt~ dt 


Hence 2m ( x 


dt 


, dx\ 

■yw" 


: the sum of the moments about 


0 of the velocities of all the mass-elements such as m 


where k is the radius of gyration of the body about an axis 
through Q perpendicular to the plane of the motion. 

Hence equation (3) becomes 


i.e. Mk^, 


d^e 

dt^ 


= the moment about 0 of all the external forces 
acting on the system (4). 


188. The equations (1), (2) and (4) of the previous ^ticle 
are the three djmamical equations for the motion of any body 
in one plane. In general there will be geometrical equations 
connecting x, y and 0, These must be written down for any 
particular problem. 

Often, as in the example of Art. 196, the moving body is in 
contact with fixed surfaces ; for each such contact there will be 
a normal reaction R and corresponding to each such R there 
will be a geometrical relation expressing the condition that the 
velocity of the point of contact of the moving body resolved 
along the normal to the fixed surface is zero. 
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If, as in Art. 202, we hav^ two moving bodies Ivhich are 
always in contact there is a normal reaction R at the point of 
contact, and a corresponding geometrical relation expressing 
that the velocity of the point of contact of each body resolved 
along the common normal is the samb. 

Similarly** for other c^ses; It will be clear that for each 
reaction we have a forced connection and a corresponding 
geometrical equation so that the number of geometrical equa- 
tions is the same as the number of reactions. 

189. Friction. The same laws are assumed for friction, 
as in Statics, viz, that friction is a self-adjusting force, tending 
to stop the relative motion of the point at which it acts, but 
that it cannot exceed a fixed multiple (yu.) of the corresponding 
normal reaction, where //» is a quantity depending on the 
substances which are in contact. This value of jju is assumed 
to be constant in dynamical problems, but in reality its value 
gets less as the relative velocity increases. 

The fundamental axiom concerning friction is that it will 
keep the point of contact at which it acts at relative rest if it 
can, i.e, if the amount of friction required is not greater than 
the limiting friction. Hence the friction will, if it be possible, 
make a body roll. 

In any practical problem therefore we assume a friction F 
in a direction opposite to what would be the direction of 
relative motion, and assume that the point of contact is at 
relative rest; there is a* geometrical equation expressing this 
latter condition. So to each unknown friction there is a 
geometrical equation. 

If however the value of F required to prevent sliding is 
greater than fiR, then sliding follows, and there is discontinuity 
in our equations. We then have to write them down afresh, 
substituting jxR for F and omitting the corresponding geo- 
metrical equation. 

190. Kinetic energy of a body moving in two 
dimensions. Let (x, y) be the centre of inertia, pi the 
body referred to fixed axes ; let (a?, y) be the coordinates of any 
element m whose coordinates referred to parallel axes through 
the centre of inertia are («?', y'). 
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Then a? = a? -f a;' and y — y^yf* 

Hence the kinetic energy of tl^e body 


f~+— 

\dt dt 


) 


dt) _ 


= ^27n 




+ 2m- — + 2m^^' 
^ dt dt dt dt 


.( 1 ). 


Since is the ^r-coordinate of the point referred to the 
centre of inertia as origin, therefore, as in Art. 162, 

dx' 


%mx = 0 and 2m 


dt 


0 . 


^ dx dx dx ^ dx^ 


0. 


Hence the last two terms of (1) vanish, and the kinetic 
energy 


-In 






= the kinetic energy of a particle of ma^ M placed at the 
centre of inertia #ind moving with it 

+ the kinetic energy of the body relative to the centre of 
inertia. 


Now the velocity of the particle m relative to 0 

^ d<l> _ dd 
~'^~dt~'^di’ 

and therefore the kinetic energy of the body relative to G 

- \ (f)’ - 5 • (f)’ ^”’'-5 ■ ©■ • - 1 


Hence the required kinetic energy 

where v is the velocity of the centre of inertia (?, 0 is the angle 
that any lini fixed in the body makes with a line fixed in space, 
and k is the radius of gyration of the body about a line through 
O perpendicular to the plane of motion. 

lu D. 


16 
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191. Moment of momei^tum about tbe origin O of 
a body moving in two dimensions. 

With " the notation of (*he last article, the moment of 
momentum of the body about the origin 

^ dt\ c 


= %m 


dt 


<«■ 

dx' 

But, as in the last article, 2m^' == 0 and Sm -37 = 0. 

at . 

/. Smir'^ = ^SW=0, 

dt dt 


and 


Smy 


dx' _ 


dx' 


dt 


y^rn-^=0. 


So also for the corresponding y terms. Hence, from (l),the 
moment of momentum about 0 

=^[4-4] 

= moment of momentum about 0 of 'a particle of mass M 
placed at the centre of inertia 0 and moving with it 
+ the moment of momentum of the body relative to 0. 

Now the velocity of the particle m relative to G 

d<f> dO 
dt df 

and ife moment of momentum about 0* 

de .dd 

-’■’‘’•a =’^5- 

Therefore the moment of momentum of the body relative to 0 

■= Swr* ^ ^ . Smr* = Mk ^ . d. 

dt dt 


Hence the total moment of momentum 

= Mvp + f (2), 

where p is the perpendicular from 0 upon the dfrection of the 
velocity v of the centre of inertia. 
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Or agdin, if the polar coordiifates of the centre of inertia Q 
referred t<5 the fixed point 0 aa origin be (R, yjr), this expression 
may be written » 


at ^ at 


(3). 


192. The origin 0 being a fixed point, the rate of change 
of the moment of mcynentum about an axis* through it 
perpendicular to the plane of rotation (for brevity called the 
moment of momqptum about 0) is, by equation (3) of Art. 187, 
equal to the moment of the impressed forces about O. For the 
moment of momentum we may take either of the expressions 
(1), (2), or (3). 

Thus taking (1) we have 

the moment of the forces aboiy} 0. 

Hence ^ S] ^ 

Similarly, if we took moments about the point y,), the 

equation is 

= the moment of the impressed forces about (a?©, ^o)* 

The use of the expressions of this article often simplifies the 
solution of a problem ; but the beginner is very liable to make 
mistakes, and, to begin with, at any rate, he would do well 
to confine himself to the formuise of Art. 187. 


193. Instead of the equations (1) and (2) of Art. 187 may 
be used any other equations which give the motion of a particle, 
e,g. we may use the expressions for the accelerations given in 
Art. 49 or in* Art. 88. 

The remainder of this Chapter will consist of examples 
illustrative of the foregoing principles. 


16—8 
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194 . A unifbrm sphere rolls dowp an vndined planSy rou^ enough to 
prevent any sliding; to find the motion, 

Let 0 be the point of contac| initially T«i(|^n the sphere was at rest 
At time ty when the centre of tjjie sphere has ' 

described a distance Xy let A be the position 
of the point of the sphere which was originally 
at Oy so that OA is a line fix<jd in the body. 

Let L KG Ay being an angle that a line fixed 
in the body makes with a lino fixed in space, 
be 6. Let R and F be the normal reaction 
and the friction. 

Then the equations of motion of Art. 187 ^e 




M Mg Bin a — F 

(1), 


0 = J/^cosa — ^ 

( 2 ), 

and 

Mk^^^=F.a 

( 3 ). 

Since there is no 
the motion, 

sliding the arc /fA=line KOy so 
x^aB 

that, throughout 
(4). 

(1) and (3) give 

d'^x , 
dfi'^ a 


».«•, by (4), 



i.». 

d^x d* . 



( 5 ). 


Hence the centre of the sphere moves with constant acceleration 
” 2 :j:^^sina, and therefore its velocity v==-^^^gmia,t and 

la* • A 

In a sphere J hence the acceleration sin a. 

2^2 

[If the body were a thin spherical shell, would = , and the accelera- 

tion be ^psina. 

If it were a uniform solid disc, would and the acceleration be 


If it were a uniform thin ring, k^ would s=a^, and the acceleration be 
sin a.] 

From (1) we have Mg sin a — ^Mg sin a *= ^Mg sin a 

and ^2) gives Mg cos a. 
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Hencd’j^ince ^ must be < the coefficient of friction /ut, therefore ^ tan a 

must be < /it, in order that there may b4 no sliding in the case of a solid 
sphere. • * 


Equation of Energy. On iiitegrating equation (5), we have 





gx ski a, 


the constant vanishing since the body started from rest. 
Hence the kinetic energy at time by Art. 190, 

* ^Mg . X sin a= the work done by gravity. 


Ex. 1. A uniform solid cylinder is placed with its axis horizontal on a 
plane, whose inclination to the horizon is a. Shew that the least coefficient 
of friction between it and the plane, so that it may roll and not slide, is 
^ tan a. 

If the cylinder be hollow, and of small thickness, the least value is tan a. 


Ex. 2. A hollow cylinder rolls down a perfectly rough inclined plane in 
one minute; shew that a solid cylinder will roll down the same distance in 
62 seconds nearly, a hollow sphere in 56 seconds and a solid sphere in 
60 seconds nearly. 


Ex. 3. A uniform circular disc, 10 inches in diameter and weighing 6 lbs. , 
is supported on a spindle, ^ inch in diameter, which rolls down an inclined 
railway with a slope of 1 vertical in 30 horizontal. Ffhd (1) the time it takes, 
starting from rest, to roll 4 feet, and (2) the linear and angular velocities at the 
end of that time. 


Ex. 4. A cylinder rolls down a smooth plane whose inclination to the 
horizon is a, unwrapping, as it goes, a fine string fixed to the highest point of 
the plane ; find its acceleration and the tension of the string. 


Ex. 6. One end of a thread, which is wound on to a reel, is fixed, and the 
reel falls in a vertical line, its axis being horizontal and the unwound part of 
the thread being vertical. If* the reel be a solid cylinder of radius a and 
weight W, shew that the acceleration of the centre of the reel is and the 
tension of the thread -JlF. 

Ex, 6. Two equal cylinders, each of mass wi, are bound together by an 
elastic string, whose tension is T, and roll with their axes horizontal down 
a rough plane of inclination a. Shew that their acceleration is 

2 . r, 2/xT 1 

3 nig sm aj 

where jj. is the coefficient of friction between the cylinders. 


Ex. 7, A circular cylinder, whose centre of inertia is at a distance e from 
its axis, rolls on a horizontal plane. If it be just started from a position of 
unstable equilibrium, shew that the normal reaction of the plane when the 
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•« 4c2 

centre of 'mass is in its lowest position is 1 + ^^ — c) ^ k^ tim^Mts weight, 

where h is the radius of gyration alfout an axis through the centre of mass. 

r r 

195. A , uniform rod la held in a vertical position with one end resting 
upon a perfectly rough tahle^ and when released rotates about the end in 
contact with the table. Find' the motion, ^ 

Let R and F be the normal reaction and the friction when the rod 
is inclined at an angle B to the vertical ; let x and *y 
be 'the coordinates of its centre, so that ^=~asind 
andy=acoSd. 

The equations of Art. 187 are then 

/^==i/^^ = if[acosd/tr-asind^2] ...(1). 




%=i/ Jr[ - a sin - a 008 ^ ...( 2 ), 

* * 

and M, ^=i2asin d-jFacosd 

o 

= Mga sin 6 - MdfB^ by (1) ana (2), 

so that 



M — B— Mga sin d (3). 

o 


[This latter equation could have been written down at once by 
Art; 171, since the rod is rotating about A as a fixed point.] 

(3) gives, on iutegrtition, 4^=^ (l*-cosd), since B is zero when d=0. 

Hence (1) and (2) give 


F—M, ~ sin B (3 cos d - 2) and ^ (1 ~ 3 cos B)\ 




It will be noted that R vanishes, but does not change its sign, when 
cos d=^. The end A does not therefore leave the plane. 

T|jie friction changes its sign as B passes through the value cos^if; 
hence its direction is then reversed. • 

The ratio ^ becomes infinite when cosd±=^; hence unless the plane 

be infinitely rough there must be sliding then. 

In any practical case the end A of the rod will begin to slip for some 
value of B less than cos*^-J, and it will slip backwards or forwards 
according as the slipping occurs before or after the inclination of the 
rod is cos""^!. 


196. A uniform straight rod slides down in a vertical^plane^ its ends 
being in contact with two smooth planes^ one horizontal and the other 
vertical. If it started from rest at an angle a with the horizontal^ find the 
motion. 
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w ^ w 

Let R and S be the reactions •of the two planes when. the rod is 
inclined af $ to the horizon. Let x and y be the , 

coordinates of the centre of gravity OJ Then the ^ 

equations of Art. 187 give • • 


M 




and 




dt^" 


■ R. a sift d — JSa cos d 


Since* — , these give 

u 




- =sin ^ - cos ^ ^ - cos ^ 


acW 
' * 3 dt'^ 

Now x^acoa B and y=a sin d, so that 

dt^ 



■ ^acoaBB'^’-’aainB /B^ 
and -asind.^^+a cos 

Hence (4) gives g a ^ cos d. 

Hence, on integration, | sin where 


,.(6). 


0« — sin a + (7. 
4a 





From (1), -acosd.^^-asindd 


^ (sin a — sin d) cos ^ ^ sin ^ cos d, from (5) and (6), 

^^9 


cos d (3 sin ^ — 2 sin a) 
S 


.(T). 


From (2), B^^+a cos 


■= j [1 — 6 sin a sin d + 9 sin® B] = ^ [(3 sin B - sin a)* + cos® a] . . .(8). 

From (7) it follows that R is zero when 8ind=»§sina, and, for a 
smaller value of R becomes negative. Hence the end A leaves the 
wall when sin ^=* Jsino, and its angular velocity is then, by (6), equal to 

instant the horizontal velocity of (? 
dx 


dB 1 



248 


Dynamics of a Rigid Body 


The eqiiations of motion now tat^ a different form. They become 


M 


5). 

d*y 


Also y=asin0, so that 



= - a sin 0 . 0*4-a cos (p . 0. 

(2') and (3') now give 

. ^Q+cos^<^)-sm,^cos,^.(gy=-|co80 (4'). 

On integration we have 



The constant is found from the fact that when the rod left the wall, 


2 • 1 i. d<t> , . /< 

_A wQa omiQ l T/\ » / ‘ 


t.e. when sin<^ = gsina, the value of was equal to 


^sm a 


tt /I./X . grsinar4 4sin2*a'l 2g gsiiia ^ 
Hence (5') gives L __J= _ 

^ 2a sin a P- sin^al 

.^‘= -^L — ^J' 


so that 

Hence we have 


/d^yri ^ 1 2(9rsinar sin^al 

(■i) J= « J-f 

When the rod reaches the horizontal plane, t.e. when (^*0, the 
angular velocity is Q, where ^ J ~ , 

^5'sinar_ sin^aH 

('>• 

dx 

The equation (1') shews that during the second part of the motion ^ 

is constant and equal to its value ^ V %ag sin^ a at the end of the first part 
of the motion. 

Energy and Work. The equation (6) may be deduced from the 
principle of the Conservation of Energy. For as long as the rod is in 
contact with the wall it is clear that GO^a, and GOB ^6, so that G is 
turning round 0 as centre with velocity a6. Hence, by Art. 190, the 

kinetic energy of the rod is ]: MaW^ M ^ 6% i.e. 

Equating this to the work done by gravity, viz. Mga (sin a - sin d), we 
have equation (6). 
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Ex, 1* A uniform rod is held in^ vertical position with on^end resting 
upon a hofizontal table and, when released, rotates about the eijd in contact 
with the table. Shew that, when it isjinclined at an angle of 30® to the 
horizontal, the force of friction that must be eaerted to prevent slipping is 
approximately *32 of the weight. 

Ex. 2. A uniform rod is placed with one end in contact with a horizontal 
table, and is then at an inclination a to thS horizon and is allowed to fall. 

When it becomes horizontal, shbw that its angular velocity is -y/^sina, 

whether the plane be perfecrfily smooth or perfectly rough. • Shew also that 
the end of the rod will not leave the plane in either case. 


Ex. 3. A rougl^ uniform rod, of length 2a, is placed on a rough table at 
right angles to its edge *, if its centre of gravity be initially at a distance b 
beyond the edge, shew that the rod will begin to slide when it has turned 

fJLO^ 


through an angle tan” 




where fi is the coefficient of friction. 


Ex. 4. A uniform rod is held at an inclination a to the horizon with one 
end in contact with a horizontal table whose coefficient of friction is a. 
If it be then released, shew that it will commence to slide if 

3 sin a cos a 
'*■' l + 38in2o • 

Ex. 6. The lower end of a uniform rod, inclined initially at an angle a to 
the horizon, is placed on a smooth horizontal table. A horizontal force is 
applied to its lower end of such a magnitude that the rod rotates in a vertical 
plane with constant angular velocity w. Shew that wjien the rod is inclined at 
an angle $ to the horizon the magnitude of the force is 

mp cot d - maui^ cos 0, 


where m is the mass of the rod. 


Ex. 6. A heavy rod, of length 2a, is placed in a vertical plane with Its ends 
in contact with a rough vertical wall and an equally rough horizontal plane, 
the coefficient of friction being tane. Shew that it will begin to slip down 
if its initial inclination to the vertical is greater than 2e. Prove also that the 
inclination 0 of the rod to th^ vertical at any time is given by 
0 ( 7c2 4- a* cos 2€) - 0^ sin 26 = a^r sin - 2e) . 

Ex. 7. At the ends of a uniform beam are two small rings which slide on 
two equally rough rods, which are respectively horizontal and vertical ; obtain 
the value of the angular velocity of the beam when it is inclined at any angle to 
the vertical, the initial inclination being a. 


197 . A solid homogeneous sphere., resting on the top of another fixed 
sphere, is slightly displaced and begins to roll down it. Shew that it vfill 
slip when thm common normaZ makes with the vertical an angle B given by 
the equation 

2 sin — X) = 5 sin X (3 cos B — 2), 

where X is the angle of friction. 
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Assume that 'the motion continuto to be one of pure rolling. . 

Let CB be the position, at time ty of the radius of the u|Jper sphere 
which was originally vertical, so tl|at 
if Z) be the point of contact and A 
the highest point of the sphere, then 

arc-4i)==arc-Bi), 

• • 

t.«. a^ = 60....;v (1). 

Let Ry F be the normal reaction 
and friction acting on the ^pper 
sphere. * ^ 

Since (7 describes a circle of raidius 
‘a+6 about 0, its accelerations are 
(a+h) and (-0 + 6) S along and per- 
pendicular to' CO. 

Hence/' | 

Jlf(a4’b)S^^Jfycoa^^R.„(2), 

I/'(a+b) Bs^Mg sin 
Also if ^ be the angle that CB, a 
line fixed in the moving body, makes 
with a line fixed in space, viz. the vertical, then, 

But and 

so that * M. — B^F (4). 



(3) and (4) give ^ « 5 gjn B. 

7 a+o 

... 

-cosd), since the sphere started from rest when 

/ d + O 

[This equation could be directly obtained from the principle of energy.] 
(2) and (3) then give ^ 

F^^^~ gnmB and .^=^(17 cos ^-10) (5). 


The sphere will slip when the friction becomes limiting, i.e. when 
/^asZZtanX, i.e. when 


cos X . 2 sin ^=sin X (17 cos B - 10), 
i.e. 2 sin (d - X) = 5 sin X (3 cos 6 - 2). 

If the sphere were rough enough to prevent any slipping, then by (6) 
R would be zero, and change its sign, the upper sphere wAld leave the 
lower, when cos ^ 

[If the spheres were both smooth it could be shewn th^t the upper 
sphere would leave the lower when cos 
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198 . , 3 [ hollow cylinder^ of radins a, is fixed with He axis horizonUd; 
inside it n^ovez a solid cylinder^ of radius whose velocity in its lowest position 
is given; if the friction between the cylinders he sufficient to prevent any 
sliding^ find the motion,^ 

Let 0 be the centre of t^e fixed cylinder, and G that of the movable 
one at time t] let CN ho the radivys 
of the movable cyliirder which was 
vertical when it was in its lowest 
position. Since there has been no 
sliding the arcs BA and^ BN are 
equal; therefore 

afl>=^bx lBCN. 

Hence if 6 b^ the angle which 
CN, a line fixed in the body, makes 
with the vertical, He. a line fixed in 
space, then 

The accelerations of (7 are {a - b)^^ 
and (a - 6) 0 along and perpendicular 
to (70. Since the motion of the dcntre of inertia of the cylinder is the 
same as if all the forces were applied at it, therefore 

•, • 

M(a — b)^'^i=:R^ Mg cos (f) (2), 

and M(a-b)f)= F— Mg sin 0 (3), 

where R is the normal reaction, and F is the friction at i? as marked. 

Also for the motion relative to the centre of inertia, we have 

moment of the forces about (7= —F.by 

i.e. ^ W* 

These equations are sufficient to determine the motion. 

Eliminating F between (3) and (4), we have 



Integrating this equation, we have 

“OS + -cos <^) (6), 

where h is the value of <p when the cylinder is in its lowest position. 

This equation cannot in general be integrated further. 

7 ? n 

(2) and give (a - 5) O® 4- ^ [7 cos ~ 4] ( 7 ). 

In order that the cylinder may just make complete revolutions, R must 
be just zero at the highest point, where 
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In this, case anS' hence the velocity of pjrhjection 

3 

If Q be less than this value, jff will be zero, and hence the inner 
cylinder will leave the outer, when co 9 0 = ^j^4 — 

(4) and (6) give ^ sin (/> (8). 

The friction is therefore zero when the cylinder is in its lowest position, 
and for any other position is positive, and therefore acts in the direction 
marked in the figure. 

Equation of Energy, The equation (6) may be deduced at once by 
assuming that the change in the kinetic energy is equal to the work done. 

Wherf'the centre is at G the energy (by Art. 190) 

= J if (a- <#,*+1 if . I _ 5)2 


Hence the' loss in the kinetic energy as the cylinder moves from its 
lowest position=fjf (a- 6)2(02 — <^2^. This equated to the work done 
against gravity, viz, Jf^(a-6)(l~cos <^), gives equation (6). 

Small oicillations. Suppose the cylinder to make small oscillations 
about the lowest position so that 0 is always small. Equation (6) then 


gives q>~ 


3 (a- 6) 




so that the time of a small oscillation 


*=27r 





Ex. 1. A disc rolls on the inside of a fixed hollow circular cylinder whose 
axis is horizontal, the plane of the disc being vertical and perpendicular to the 
axis of the Cylinder ; if, when ih its lowest position, its centre is moving with a 

velocity (a-6), shew that the centre of the disc will describe an angle <f> 
about the centre of the cylinder in time 


Ex. 2. A solid homogeneous sphere is rolling on the inside of a fixed 
hollow sphere, the two centres being always in the same vertical plane* 
Shew that the tmaller sphere will make complete revolutions if, when it is 
in its lowest position, the pressure on it is greater than ^ times its own. 
weight 


Ex. 8. A circular plate rolls down the inner circumference of a rough 
circle under the action of gravity, the planes of both the platg and circle 
being vertical. When the line joining their centres is inclined at an angle $ 

to the vertical, shew that the friction between the bodies is x the weight of 
the plate* 
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Ex» 4. ®A cylinder, of radius a, li^ within a rough fixed cylindrical cavity 
of radius The centre of gravity of the cylinder is at a distance c from its 
axis,* and the initial state is that of stable equilibrium at the IdWeat point of 
the cavity. Shew that the smallest angular velo^itjr with which the cylinder 
must be started that it may roll right round the cavity is given by 

(22(a+c)=^ + . 

where k is the radius of gyration about the centre of gravity. 

Find also the normal reaction between the cylinders in any position. 


199. Jn imperfectly ro^gh sphere moves from rest dowii a plane inclined 
at an angle a to the horizon ; to determine the motion. 

Let the centre Q have described a ^stance x in time t, and the sphere 
have rolled through an angle ^ ; so that 
6 is the angle between the normal CB 
to the plane at time t and the radius 
CA which was normal at zero time. 

Let us assume that the friction was 
not enough to produce pure rolling, 
and hence that the sphere slides as well 
as turns ; in this case the friction will 
be the maximum that the plane can 
exert, viz. pR, where is the coefl^piont pf frictioi^ 

Since the sphere remains in contact with the plane, its centre is always 
at the same distance a from the plane, so that y and y are both zero. 
Hence the equations of motions are 




M Mg Bin a- fiR 

(1). 


0=:R — Jfgcosa 

(2). 

and 

ir 72 I? 



(3). 

Since Fs 

-g ,(2)and(3)give^ = -|^cosa. 



dd bug 

• • :v7~ ipcosa.f 

dt 2a 

(4), 

and 

^ bug <2 



(6). 


the constants of integration vanishing since S and d are Ijoth zer« 


initially. 


So (1) and (2) give ^=p^(sin a-^ncos a). 


^ = 5 ^ (sin a -ft cos a) f (6), 

and Of ^,9 (sm a-fi cos o) ^ (7), 

the constants vanishing as before. 
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The velocity v)f the point B dovra the plane~the velocit/'of (7-f the 
velocity of B relative to ~ ^ ^ ^ /t* cos ^ 

Mrsty suppose sina-|^C4Coso,to be positive, i.e. /i<f tana. 

In this case the velocity of B is always positive and never vanishes ; so 
that the point of contact B has always a velocity of sliding, and the sphere 
therefore never Volla ; the motion is then entirely given by equations (4), 
(5), (6) and (7). 

Secondly y suppose sin a - fi cos a to bo zero, so that tan a. 

In this case the velocity of B vanishes at the ^tart and is always zero. The 
motion is then throughout one of pure rolling and the maximum friction 
fiE is always being exerted. 

Thirdly y suppose sin a — ^ ft cos a to be negative, so that ft> tan a. 

In thi^ case the velocity of B appears to bo negative which is impos- 
sible ; for friction only acts with force sufficient at the most to reduce the 
point on which it acts to rest ; and then is only sufficient to keep this 
point at rest. In this case then pure rolling takes place from the start, 
and the maximum friction fiE is not always exerted. 

The equations (1), (2), (3) should then be replaced by 


= ( 8 ), 

' 0—R- J/^'bos Cl .(9) 

and .-....(10). 


Also, since the point of contact is at rest, we have 

dx d6 * 
dt ^ dt^ 

(8) and (10) now give ^ ^ “• 


.( 11 ), 


Therefore, by (11), sin a. 

x-aB=^gmia.t (12), 

3 5 . <2 . 

and ^ sm a . ^ (13), 

the constants of integration vanishing as before. 

Equation of Energy, The work done by gravity when the centre has 
described a distance xmMg , x sin a, and the kinetic energy then 

In the first case the energy, by (4) and (6), 

a)*-f- coS®a] .......••\.....(14), 

and the work done by gravity, by (7), 

s»Mg. 47 sin MgHJ sin a (sin a — /a oosa) ( 16 ). 
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It is easjjy seen that (14) is less than (15) so long as nwC ^tan o, i.e. so 
long as there is any sliding. In this case then there is work lost on 
accoupt of \he friction, and the equation of work and energy does not 
hold. I 

In the third case the kinetic energy, (12) fifnd (13), 

Jlf^ + J M, ■§ J/. I: a® . f 

and the work done, by (13), • • 

. ii? sin a = ii^ sin a . sin a I = I i/. sin® a«*. 

In this case, and similarly in the second case, the Jcinetic energy 
acquired is equal to the work done and the equation of work and energy 
holds. 

This is a simple example of a general principle, that where there is 
no friction, ^.e. where there is pure sliding, or where there is pure rolling, 
there is no loss of kinetic energy; but where there is not pure rolling, but 
sliding and rolling combined, energy is lost. 


Ex, 1. A homogeneous sphere, of radius a, rotating with angular 
velocity w about a horizontal diameter, is gently placed on a table whose 
coefficient of friction is /x. Shew that there will be slipping at the point of 

contact for a time and that then the sphere will roll with angular 

*r*lf 


velocity y* 

Ex, 2. A solid circular cylinder rotating about its axis is placed gently 
with its axis horizontal on a rough plane, whose inclination to the horizon 
is a. Initially the friction acts up the plane and the coefficient of friction is /ut. 
Shew that the cylinder will move upwards if /a>tana, and find the time that 
elapses before rolling takes place. 


Ex, 3. A sphere is projected with an underhand twist down a rough 
inclined plane; shew that it will turn back in the course of its motion if 
2a(i) (/a - tan a) > 5 u/a, where u, <>> are the initial linear and angular velocities of 
the sphere, p, is the coefficient of friction, a the inclination of the plane and 
fo^tana. 


Ex. 4. A sphere, of radius a, is projected up an inclined plane with 
velocity V and angular velocity (1 in the sense which would cause it to roll up ; 
if F>aQ and the coefficient of friction >| tana, shew that the sphere will 


cease to ascend at the end of a time 
the plane. 


5 F4-2an 
bg sin a 


where a is the inclination of 


Ex, 5. If a sphere be projected up an inclined plane, for which tan a, 
with velocity V and an initial angular velocity 0 (in the direction in which 
it would roll up), and if F>aO, shew that friction acts downwards at first, 
and upwards Afterwards, and prove that the whole time during which the 

^ , . 17r+4aO 

sphere rise, is 
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Ex» C. A Loop is projected with velocity V down a plane of faiolination a, 
the coefficient of friction being ft (>ta%a). It has initially such^A backward 
spin Q that .after a time ti it fiftarts moving uphill and continues to do iso for 
a time t 2 after which it once more (descends. The motion being in a vertical 
plane at right angles to the given inclined plane, shew that 
(h + ^ 2 ) gBina=ail- V. 

Ex. 7. A imiforra sphere,, of radius a, is rotating about a horizontal 
diameter with angular velocity and is gently placed on a rough plane which 
is inclined at an angle a to the horizontal, the sense of the rotation being such 
as to tend to cause the sphere to move up the plane along the line of greatest 
slope. Shew thkt, if the coefficient of friction be tan a, the centre of the sphere 

will remain at rest for a time , and will then move downwards with 

op sm a 

acceleration sin a. 

If the. body be a thin circular hoop instead of a sphere, shew that the 

time is - and the acceleration ip sin a. 
p Bin a 2 


200. A sphere, of radius a, whose centre of gravity O is at a distance 
c from its centre C is placed on a rough plane so that CG is horizontal; shew 

ac 


that it will begin to roll or slide according as jx is ; 




2 > 


where k is the 


radius of gyration about a horizontal axis through O. If fx is equal to this 
value, what happens ? o 

When CO is inclined at an angle 6 to the horizontal let A, the point ot 
contact, have moved through a horizontal distance 
X from its initial position 0, and let OA = x. 

Assume that the sphere rolls so that the 
friction is F\ since the point of contact A is at 
rest, 

x^ad (1). 

The equations of motion of Art. 187 are 

M-^\x-\‘C cos 0] 

= i/ [(a - c sin d) d — c cos 66^1*., {2), 
jR ~ ifpr = i/ ^ [a - c sin = i/ [ - c cos + c sin (3), 



and Re cos 6 — F {a — c sin &) = Mk^6 (4). 

We only want the initial motion when ^=0, and then B is zero but 6 
is not zero. The equations (2), (3), (4) then give 
F^Ma 'B, I 

R^Mg-Mch, > for the values, 
and Eg — Fa^^MlcId, I 


Hence we have 

R 

M" 






6 - 

k^-¥a^ , X- 

and ^ 
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In order^that the initial motion nvty be really one of rolling we must 

V ffM 

have F< it> • 

It n he < this value, the sphere will^npt roll» since the friction is not 
sufficient. 

Critical Case, If necessary to consider whether, 

F 

when B is small but not absolutely zero, the value of ^ is a little greater or 

a little less than fx. ^ , 

The question must therefore be solved from the beginning, keeping in 
the work first powers of B and neglecting B\ etc. 

(2), (3) and (4) tllen give, on eliminating F and 

B 4- a® + c2 - 2ac sin - oc cos B4^ * gc cos B (6). 

Hence, on integration, 

6^ + a* + - 2ac sin B"] = ^gc sin ^. (6). 

If these give, neglecting squares of B, 

and e[K^-2ac6]=gc-h^S^, 


Hence, to the first power of B, we have from (2) and (3), 


F_ {a-cB)B--cB^ ac P Zk\^a^ 

R g-cB A;2+a2 L ^ ^ a * 


on substitution and simplification. 
If ^ , then ^ is less than 


rJ—hi i is less than the coefficient 

K^+a* K 


of friction and the sphere rolls, 
a® F 

If /t* < ^ , then o > the coefficient of friction and the sphere slides. 

O Ji 0 

Ex, 1. A homogeneous sphere, of mass M, is placed on an imperfectly 
rough table, and a particle, of mass m, is attached to the end of a horizontal 
diameter. Shew that the sphere will begin to roll or slide according as /a is 

greater or less than • If M be equal to this value, shew that 

the sphere will begin to roll. 


Ex, 2. A homogeneous Solid hemisphere, of mass M and radius a, rests 
with its vertex in contact with a rough horizontal plane, and a particle, of 
mass m, is placed on its base, which is smooth, at a distance c from the centre. 
Shew that the hemisphere will commence to roll or slide according as the 

ooeffloient of friction 5 • 


h. D. 


17 
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Ex, 3. A sphlfe, of radius a, whosa^centre of gravity Q is not i£t its ©entire 0, 
is placed on a rough table so that OO is inclined at an angle a te the upward 
drawn vertical ; shew that it will commence to slide along the table if thd* coeffi- 
cient of friction be < , where 0G=c and k is the radius of 

lc2-)-(a+ccosa)* 

gyration about a horizontal axis through G. ^ 

Ex, 4. If ^ uniform semi-circular wire be placed in a vertical plane with 
one extremity on a rough horizontal plane, and the diameter through that 
extremity vertical, shew that the semi-circle will begin to roll or slide according 

as /I S . If Ai has this value, prove that the wire will roll. 


Ex, 5, A heavy uniform sphere, of mass is resting on a perfectly 
rough horizontal plane, and a particle, of mass m, is gently placed on it at 
an angular distance a from its highest point. Shew that the particle will at 

XI. 1 . -t sin a ( 1 -f cos a)l , . 

once slip on the sphere if /i < ? — 7 ^ ^ » where u is the 

r* 7Mcosa-t-6»i(l + coBa)2 * ^ 

coefficient of friction between the sphere and the particle. 


201. A uniform circular disc ts •projected^ with its plane vertical^ along 
a rough horizontal plane with a velocity v of translation^ and an angular 
velocity w about the centre. Find the motion. 

Case I, v-^y <0 ^ and v > aa. 

In this case the init^ial velocity of ilie point of contact is v - aw in the 
direction and the friction is pMg 

When the centre has described a distance 
4 ?, and the disc has turned through an angle 
the equations of motion are 

a^ 

— phfgy and if . — . <9 = fiMga, 


and ,..( 1 ), 



2 2 

Hence the velocity of the point of contact P 

— aw — Zfigt, 

Sliding therefore continues until f= ^- ^^ 'and pure rolling then begins. 


22 ?+ aw 


.( 2 ). 


Also at this time the velocity of the centre— 

The equations of motion then become 

Also x^a^j since the point of contact is now at rest ; . *, x^a^. 

These three equations give F^Oy i.e, no friction is now inquired. 

Also a<i>«i= constant = the velocity at the commencement of the 

rolling= 7 -^ — , by (2). 


and 


, where F is the friction 


3 
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The di 9 (f therefore continues to roil with a constant veloci^ which is 
less than ith initial velocity. 

Case 11. v ^ and v < a®. 

^ • • 

Here the initial velocity of the point of contact is ^ and hence the 
friction is ii,Mg The equaiJlons of motion are then 

Mx *= iiMg^ and J/ . d = - tiMga^ 

giving x=^v + ixgt and 

Hencapure rolling begins when x—aBy i.e. when 

The velocity, i?, of the centre then and, as in Case I^the disc 

rolls on with constant velocity which is greater than the initial velocity of 
the centre. 

Case IlL ^ . 

Initially the velocity of the point of contact is v4-aa> so that the 
friction is yiMg The equations of motion are 

ct^ ** 

Mx=^ - fiMgy and M-^ d=^iiMgay 

• • 

x^^v-figt md 

Pare rolling begins when i?=a^, i.e. when y and the velocity 

o 

of the centre then 

3 

If 2v ^ owy this velocity is and the motion during pure rolling is 
with constant velocity as before. 

If however 2v < aco, the velocity of the centre when pure rolling 
commences is and the disc rolls back towards 0. In this particular 

case the velocity of the centre vanishes when t=— which is less than 
, if 2v <a<i> ; hence the disc begins to move in the direction 

6g,g 

before pure rolling commencea 

[In this last case the motion is of the same kind as that in the well- 
known experiment of a napkin-ring projected cdong the table with a 
velocity and a sufficient angular velocity <0 in the direction 

Ex. A napkin-ring, of radius a, is propelled forward on a rough horizontal 
table with a l^ear velocity u and a backward spin c#, which i8>u/a. Find the 
motion and shew that the ring will return to the point of projection in time 

■ - where u is the coefficient of friction. 

4/tp (a« - «) 

What happens if u>aw? 


17-41 
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202- Two unequal smooth sphere^tare placed one on th^ top o^ the other 
in unstable equilibrium.^ the lower sphere resting on a smooth \ahle, ^ The 
system is slightly disturbed; shew that the spheres will separate when the line 
joining their centres makes an angle B with the vertical given by the equation 

— 3003^-1-2=0, where M is the hiass of the lower, and m of the 
M-^m * 

upper, sphere. * • 

Let the radii of the two spheres be a and h, and O their centre of 
gravity, so that 

CG ^ a + 6 ,, 

m~ M ~~ 

There being no friction at the table 
the resultant horizontal force on the 
system co^xsistiTig of the two spheres is 
zero. 

Hence, by Art. 162, the horizontal 
velocity of the centre of gravity is constant, 
and equal to its value at the compience- 
ment of the motion, i.e. it is always zero. 

Hence the only velocity of G is vertical, 
and it therefore describes a vertical 
straight line GO, where 0 was the initial position of the point of contaot 
B, so that 0 is a fixed p<^int. 

For the horizontal motion of the lower sphere, we thus have 

(Ssin 6=.M ^ [GG . sin (9] = [cos -sin ^<92] ...(1). 

For the vertical motion of the upper sphere 

>S'cos ~ [a-f-(a+6) cos ^]=m(a-f-6)[- sin - cos ^^ 2 ] ...( 2 ). 

Eliminating 8, we have 

*B [M+ m sin* -H w sin B cob B6 ^ = ^ (3). 

Hence, by integration, 

^2[if+msin2tf]=^^(jr+OT)(l-costf) (4), 

since the motion started from rest at the highest point. 

By (1), 8 vanishes, i.e. the spheres separate, when 

cos ^i9=sin B . (6). 

(3) and (6) give instant and then (4) gives, on sub- 

stitution, m cos^ B^ (if + m) (3 cos B - 2). 

There are no forces acting so as to turn either sphere about its centre, 
so that neither of them has any rotatory motion* 
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Worh a!hd Energy, Equation (4j«may be obtained thus, by assuming 
the principle of work. The horizontal veloo^iy of the lower sphere 

SO that its kinetic energy is ^ 

The horizontal and vertical velocities of the upper sphere are 
^[G'C'sind] and ^[a-|-(a+6)cosd], 

so' that its kinetic energy is 




- COS 66 and - (a+ 6) sin i 


(«+*)'• C 08 *tf+ 8 m*fl]. 

Equating the sum of these two energies to the work done, viz, 
(a+&) (1 - cos 6\ we obtain equation (4), 

203. Varying mass. In obtaining the equations of Art. 
161 we assumed the mass of the body to remain constant. If 
the mass m of a particle is not constant, the component effective 


force is |( 


m 


dx 

dt 


and not 

av 


The equation (1) of Art. 161 is then 

XT ^ d ( dx\ d ^ dx d f dx\ 
Also the equation (6) of the same article is 


dy 

dx' 

r 

( dy 

dx\ 

x,m-S 

dt 

-y-^dt\ 

~ dt^ 

^Vdt- 

-y-dt)] 


4 ["f ■ 


as in Art. 187. 


Ex. A cylindrical mass of snow rolls down an inclined plane covered with 
snow of uniform depth E, gathering up all the snow it rolls over and always 
remaining cir^pilar; find the motion of the snoWf and shew that it will move 

with an acceleration -J^sina, if initially y when its radius is a, it be started 
with velocity where a is the inclination of the plane. 



262 


fiynamics of a 'Rigid Bodf 

At time t itoxL the start, let » bet^e distance described dowli the plane, 
and r be the radius, so that 

* IT (r* - a2) = the amount of snow picked up 

.=-E.f •' (1). 

If F be the friction up the plane, and $ the angle turned through by the 
snow-ball, we have 

* ^ ~ sin a - F (2) , 

and ^ [jrrV . }fi 6 ]=F. r (8), 

where p is the density of the snow-ball. f 

Also iB-rd=0 (4), 

since there is no sliding. 

Since the equations (2) and ( 3 ) give 

t * 

f . 

t.e. 3 a;-f- 7 -r^= 2 psma, 

or. from (1), S+l __^i2=|gsina. 

On putting x^-u and hence 2 x = ~, this equation becomes linear, and its 
solution is „ « 

*2 (*.^2 4. Ex )^ = I p sin a . (ttu* -f Ex)^'S'' + C- 

Le, (^^2 4. Ex) -f- ^ . 

{va^ + Ex)t 

This equation cannot in general be integrated further. 

If, however, • when a;=0, we have (7=0, and then 

2fl8ina 2irfla2sina 2flBina 

___ 

so that the acceleration is . 

f 0 


MISCELLANEOUS EXAMPLES ON CHAPTER XIV. 

1 . A uniform stick, of length 2a, hangs freely by one end, the other 
being close to the ground. An angular velocity a> is then given to the 
stick, and when it has turned through a right angle the fixed end is let go. 
Shew that on first touching the ground it will be in an upright position if 

~ ^ * where p is any odd multiple of ^ . 

2 . A circular disc rolls in one plane upon a fixed plane and its centre 
describes a st^ight line with uniform acceleration /; find the magnitude 
and line of action of the impressed forces. 
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A sjpindle of radius a carries^ wheel of radius hf the mass of the 
combination being M and the moment of ine^ia /; the spindIe*rolls down 
a fixefl track at inclination a to the horizon, and a string, wOund round 
the wheel and leaving it at its under sM^ passes over a light pulley and 
has a mass m attached to the end which hangs vertically, the string 
between the wheel and pulley Ibeing ^parallel to the track. Shew that the 
acceleration of the weight is 

^(5— a){J/asma-f w(ft-a)} ^ [/4-i/a^-f m (6 — a)^]. 


4, Three uniform spheres, each of radius a and of viass m, attract 
one another according to the law of the inverse square of the distance. 
Initially they are placed on a perfectly rough horizontal plane with their 
centres forming a tl4angle whose sides are each of length 4a. Shew that 


the velocity of their centres when they collide is 
the constant of gi'avitation. 



wilere y is 


6. A uniform sphere, of mass m ^nd radius a, rolls on a horizontal 
plane. If the resistance of the air be represented by a horizontal force 

acting at the centre of the sphere equal to ^ and a couple about it equal 

to myLv\ where v is the velocity of the sphere at any instant, and if F be 
the velocity at zero time, shew thiJPb the distance described by the centre in 

time ^ is 2 log [ 1 4- ^ Ff], where A = 5 . 

6. A uniform sphere rolls in a straight line* on a rough horizontal 
plane and is acted upon by a horizontal force X at its centre in a direction, 
opposite to the motion of the centre. Shew that the centre of the sphere 
moves as it would if its mass were collected there and the force reduced to 
f X, and that the friction is equal to f A" and is in a direction opposite to 
that of X, 


7. A man walks on a rough sphere so as to make it roll straight up a 
plane inclined at an angle oito the horizon, always keeping himself at an 
angle jS from the highest point of the sphere ; if the masses of the sphere 
and man be respectively M and shew that the acceleration of the sphere 

bg {m sin ~ ( J/4 w) sin a} 

7i/'+6nt{l+cos(a+^)} ’ 

8. A circular cylinder, of radius a and radius of gyration ky rolls 
inside a fixed horizontal cylinder of radius 6. Shew that the plane through 
the axes will move like a simple circular pendulum of length 

If the fixed cylinder be instead free to move about its axis, and have 
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its centre of gravity in its axis, th^ corresponding penduluAi will be of 
length {b -^a) (1 +»), where ^ 

< ? 

mk^ * 

fn, and M are respectively the hiasses of the inner and outer cyimaers, auu 
K is the radius of gyration of the outer cylinder about its axis. 

[In the second case, if the outer cylinder has at time t turned through 
an angle yjry tho- equations of motion are, as iiy Art. 198, 

m {b- a) mg coa (j) ; m(b--a)(fi— F- mg sin (f); 

mk^==-F.a; and 

Also the geometrical equation is a (^+0)= 5(0 --i//').] 

9. A uniform circular hoop has a fine string wound round it. The 
hoop is placed upright on a horizontal plane, and the string, leaving the 
hoop at its highest point, passes over a smooth pulley at a height above the 
plane equal to the diameter of the hoop and has a particle attached to its 
other end. Find the motion of the system, supposed to be all in one vertical 
plane ; and shew that whether the plane be smooth or rough the hoop will 
roll without slipping. 


10. A disc rolls ujfon a straight fine on a horizontal table, the flat 
surface of the disc being in contact with the table. If v be the velocity of 
the centre of the disc at any instant, shew that it will be at rest after a 

time - , where u irf the coefficient of friction between the disc and 
table. 


11. A perfectly rough cylindrical grindstone, of radius a, is rotating 
with uniform acceleration about its axis, which is horizontal. If a sphere 
in contact with its edge can remain with its centre at rest, shew that the 

angular acceleration of the grindstone must not exceed ^ . 

12. ' A perfectly rough ball is at rest within a hollow cylindrical 
garden roller, and the roller is then drawn along a level path with uniform 
velocity V. If V^>^g(b^a)y shew that the ball will roll completely 
round the inside of the roller, a and b being the radii of the ball and 
roller. 


13. A solid uniform disc, of radius a, can turn freely about a horizontal 

axis through its centre, and an insect, of mass ^ that of the disc, starts 

from its lowest point and moves along the rim with consjiant velocity 
relative to the rim ; shew that it will never get to the highest point of the 

disc if this constant velocity is less than -j2ga{H+2), 
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14. Infi?de a rough hollow c^lindar, of radius a and mass M, which is 
free to turn* about its horizontal axis, is placed an insect of mass vn , ; if the 
insect%tarts from the lowest generator and walks in a plane perpendicular 
to the axis of the cylinder at a uniform* mte v lelatively to the cylinder, 
shew that the plane containing it and the axis never makes with the 

• r ^ Mk^ “I 

upward drawn vertical an angle < 2co3-x[.^;;f^==^J, where 
is the moment of inertia of the cylinder about its axis 


15. A rough lamina, of mass if, can turn freely aboijt a horizontal 
axis passing through its centre of gravity, the moment of inertia about 
this axis being Mk\ Initially the lamina was horizontal and a particle of 
mass m was placed it at a distance c from the axis and then motion 
was allowed to ensue. Shew that the particle will begin to slide on the 


lamina when the latter has turned through an angle tan~^ 


^r,Mk^ 


where fi is the coefficient of friction. 


16. A uniform beam, of mass M arfti length I, stands upright on per- 
fectly rough ground ; on the top of it, which is flat, rests a weight of mass w, 
the coefficient of friction between the beam and the weight being fi. If the 
beam is allowed to fall to the ground, its inclination 6 to the vertical when 


the weight slips is given by 


cosd— 

,3 / bfi 


17. A rough cylinder, of mass i/, is capable of motion about its axis, 
which is horizontal ; a particle of mass m is placed on it vertically above 
the axis and the system is slightly disturbed. Shew that the particle will 
slip on the cylinder when it has moved through an angle d given by 
ft {M-^-Qm) cos 6 — if sin d = 4mft, where ft is the coefficient of friction. 


18. A hemisphere rests with its base on a smdoth horizontal plane ; a 
perfectly rough sphere is placed at rest on its highest point and is slightly 
displaced. Shew that in the subsequent motion the angular velocity of 
the line joining the centres, when its inclination to the vertical ^ is 

2 sin 1 5 ^q 32 sphere will leave the 

hemisphere when 6 satisfies the equation 


5 



cos® ^ + 20 cos® ^ -h 7 (15 - 1 7») cos <9 •+• 70 (w - 1 ) as 0, 


where c is the sum of the radii and n the ratio of the sum of the masses of 
the sphere and hemisphere to that of the sphere. 

[Use the Principles of Linear Momentum and Energy.] 


19. A thin nonow cylinder, of radius a and mass if, is free to turn 
about its axis, which is horizontal, and a similar cylinder, of radius b and 
mass rolls inside it without slipping, the axes of the two cylinders being 



266 


^Dynamics of a 'Rigid Bod^ 


parallel Shew that, when the plane/>f the two axes is inclined fit an angle 
6 to the vertical, the angulan velocity O of the larger is given by 
a* (if +m) (2 = 2gm^ (a — b) (cos 0 - cos a), 

provided both cylinders Are at rest when 6= a. 


20. A pei’fectly rough solid cylinder, of mass m and radius r, rests 
symmetrically on another solid cylinder, of mass M and radius /S, which is 
free to turn about its Axis which is horizontal. If m rolls down, shew that 
at any time during the contact the angle which the line joining the 
centres makes with the vertical is given by 

2 (J/4-m) 


(/2+r)^« 


3M+2m 


. g sin (^. 


Find also the value of when the cylinders separate. 


21. A locomotive engine, of mass if, has two pairs of wheels, of radius 
a, the moment of inertia of each pair about its axis being ; and the 
engine exerts a couple Z on the forward axle. If both pairs of wheels 
commence to roll without sliding when the engine starts, shew that the 
friction between each of the front wheels and the line capable of being 


L 

called into action must be not less than — . 

a 2^2 


22. A rod, of mass m, is moving in the direction of its length on a 
smooth horizontal plane, with velocity «. A second perfectly rough rod, of 
the same mass and length 2a, which is in the same vertical plane as the 
first rod, is gently placed with one end on the first rod; if the initial 
inclination of the second rod to the vertical be a, shew that it will just rise 
into a vertical position if sin* a == Aga (1 — sin a) (5 +3 cos* a). 


23. A rough wedge, of mass M and inclination a, is free to move on a 
smooth horizontal plane ; on the inclined face is placed a uniform cylinder, 
of mass m ; shew that the acceleration of the centre of the cylinder down 

M -{■ m 

the face, and relative to it, is 


24. A uniform circular ring moves on a rough curve under the action 
of no forces, the curvature of the curve being everywhere less than that of 
the ring. If the ring be projected from a point A of the curve without 
rotation and begin to roll at Z, then the angle between the normals at A 

and B is . 


25. A imiform rod has one end fastened by a pivot to the centre of a 
wheel which rolls on a rough horizontal plane, the other extremity resting 
against a smooth vertical wall at right angles to the plane containing the 
rod and wheel ; shew that the inclination 6 of the rod to the vertical, when 
it leaves the wall, is given by the equation 

9Jf cos* d + 6m COS d — 4m cos a 0, 

where M and m are the mewses of the wheel and rod and a is tt|e initial 
inclination to the vertical when the system was at rest. 
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26. Rgpe is coiled round a drwto of a feet radius. Two wheels 
each of radius h are fitted to the ends of the drum, and the wheels and 
drum %rm a rigid body having a common axis. The system stands on level 
ground and a free end of the rope, after jfajssing under the drum, is inclined 
at an angle of 60° to tho horizon. If a force P be applied to the rope, 
show that the drum starts to roll in the opposite direction, its centre having 

acceleration » where M is the mass of the system and k its radius 

of gyration about the axis. 


27. A thin circular cylinder, of mass M and radius 6, rests on a 
perfectly rough horizontal plane and inside it is placed a perfectly rough 
sphere, of mass m ej^d radius a. If the system be disturbed in a plane 
perpendicular to the generators of the cylinder, obtain the equations of 
finite motion and two first integrals of them; if the motion lP9 small, 


shew that the length of the simple equivalent pendulum is 


l4:M(b-a) 
lOM + lrn 


28. A uniform sphere, of mass J/, rtsts on a rough plank of mass m 
which rests on a rough horizontal plane, and the plank is suddenly set in 
motion with velocity u in the direction of its length. Shew that the 
sphere will first slide, and then roll, on the plank, and that the whole system 

will come to rest in time — where u is the coefficient of friction 

at each of the points of contact. 


29. A board, of mass J/, whose upper surface is rough and under 
surface smooth, rests on a smooth horizontal plane. A sphere of mass 
m is placed on the board and the board is suddenly given a velocity V in 
the direction of its length. Shew that the sphere will begin to roll after a 



30. On a smooth table there is placed a board, of mass J/, whose upper 
surface is rough and whos€b lower surface is smooth. Along the ‘upper 
surface of the board is projected a uniform sphere,, qf mass m, so that the 
vertical plane through the direction of projection passes through the 
centre of inertia of the board. If the velocity of projection be v, and 
the initial angular velocity of the sphere be a> about a horizontal axis 
perpendicular to the initial direction of projection, shew that the motion 


will become uniform at the end* of time 


velocity of the board will then be 


2m 

7if+27w 


2M 

lM’h2m fig * 
(u — Oco). '' 


and that the 


31. A perfectly rough plane turns with uniform angular velocity » 
about a horizontal axis lying in its plane ; initially when the plane was 
horizontal a homogeneous sphere was in contact with it, and at rest 
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relative to it at* a distance a from tke axis of rotation; shewSjiat at time 
t the distance of the point of contact from the axis of rotation was 

a cosh ^ [n/1 

Find also when the sphere leaves the plan&. 

[For the motion of the centre of gravity use revolving axes, as in 
Art. 61.] 

32. In the previous question the plane turns about an axis parallel to 
itself and at a distance c from it ; when thOcplane is horizontal and above 
the axis the sphere, of radius 6, is gently placed on the plane so that its 
centre is vertically over the axis ; shew that in time t the centre of the 
sphere moves through a distance 



CHAPTER XV 

MOTION IN TWO DIMENSIONS. IMPULSIVE FORCES 

204. In the case of impulsive forces the equations of 
Art. 187 can be easily transformed. For if T be the time 
during which the impulsive forces act we have, on inte- 
grating (1), 

where X' is the impulse of the force acting at any point (oo, y). 
Let u and v be the velocities of the centre of inertia parallel 
to the axes just before the impulsive forces act, and u' and v' 
the corresponding velocities just after their action. 


Then this equation gives 

= ( 1 ). 

So M{v'^v)^tY' (2). 


These equations state that the change in the momentun\ 
of the mass Jf, supposed collected at the centre of inertia, in 
any direction is equal to the sum of the impulses in that 
direction. 

So, on integrating equation (4), we have 

i.e. if 0 ) and*©' be the angular velocities of the body before and 
after the action of the impulsive forces, we have 

Mi? (©' - ©) = S (x' Y' - y'X'). 
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Hence the change produced in the moment of hjiomentum 
about th^ centre of inertia is equal to the moment abo^t the 
centre of inertia of the impulses of the forces. 

f € 

205* !• nniforvi rod of )ength 2a, is lying on a smooth 

horizontal plane- and is struck a horizontal blow^ of impulse P, in a direction 
perpendicular to the rod at a point distant h from its^^entre; to find the 
motion. 

Let u' be the velocity of the centre of inertia pei-pendicular to the rod after 
the blow, and the corresponding angular velocity about the centre. Then 
the equations of the last article give 

Ma' = P, and ^ 

Hencf we have u' and w'. 

Ex. 2. A uniform rod at rest is struck by a blow at right angles to its 
length at a distance x from its centre. Find the point about which it will 
begin to turn, ^ 



quired centre of motion, GO^y, where G is the centre of 
inertia, and GA::sGB=a, 

Let the impulse of' the blow be P, and the resulting angular velocity 
about O bo w. The velocity acquired by G is yw. Hence, from Art. 204, we 


have 

( 1 ), 

+ ( 2 ). 


Solving, and 2/ = ^ » giving the resulting angular velocity and the 

. . 1 P 

position of 0. The velocity of the centre of ineitia G=i/a>=— , 

^ M 

The kinetic energy acquired, by Art. 190, 



P2 a2 + 8®2 
2Jlf a3 


(3). 


If the end A were fixed, the resulting angular velocity wi would be given by the 
equation Jtf |^o»+^ <^ =?(«+«), so that and the kinetic 

energy generated would 






The ratio of the energies given by (3) and (4) 
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The leag4 value of this ratio is easily ^en to be unity, when 

Heikje tbe kinetic energy generated when the rod is free is alWkys greater 

than that when the end A is fixed, except Wen xs =£ , in which case A is the 

o 

centre of rotation. 


Ex. 8. Two uniform rods AB^ BG are fnely jointed at B and laid on a 
horizontal table ; AB is struck by a horizontal blow of impulse P in a direction 
perpendicy^r to AB at a distance c from its centre; the lengths of AB, BG 
being 2a and 2b and their masses M and M\ find the motion immediately after 
the blow, ’ * ^ 


■Xwi 

, • ”'r ' 

Q 

Q . 

A Qi ® 


B G2 0 


Let and wi be the velocity of the centre of inertia of AB and itt* angular 
velocity just after the blow ; «2 "2 similar quantities for BG. There will 

be an impulsive action between the two rods at B when the blow is struck ; 
let its impulse be Q, in opposite directions on the two rods. 

Then for the rod AB, since it was at rest before the blow, we have 

’ ( 1 ). 

and ifeT — . «i=:P.c- Q . a (2). 

So, for BG, we have M'u 2 =Q .*. (3), 

and Af'^.<.> 2 = -Q.6 ; (4). 

Also, since the rods are connected at B, the motion of B, as deduced from 
each rod, must be the same. 

/. ui + aciJi=U2-btJ2 (5). 


These five simple equations give wj, wi, U 2 , «a and Q. On solving them, 
we obtain 




wi 


4 M + M 

- P 1 ^ 




and 


"*“~4(Ar+M')b\ <»/■ 


Ex. 4. Three equal uniform rods AB, BG, CD are hinged freely at their 
ends, B and C, so as to form three sides of a square and are laid on a smooth 
table ; the end^ is struck by a horizontal blow P at right angles to AB. Shew* 
that the initial velocity of A is nineteen times that of D, and that the impulsive 

actims at B and € are respectively ^ and 
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/ 


The initial iiafbtion of the point B(^ti 8 t|||il perpendioul^r to so that the 
action at h must be along Bjp ; similarly ^ 

the action ^at C must be along OB. Let ^ j w® / ^1..^ 

them be Xi and X 2 as marked. Jjet the 


velocities and angular velocities oi the rods ^ X 1 
be ui and ui, u^f and U 3 and ( 1)3 as in the \ 

figure. . * X 

For the motion of AB we ha9e 0 J 

mui^P + Xi (1), \ 


and 


.( 2 ), 


m^(»ii=^(P-Xi)a 

where m is the mass and 2a the length of P 
each rod. / 

For BCt we have mii 2 =Xi -X^ 


7^ 


‘“f 

\ 






D 5 


For CD, we have 


and 


( 8 ). 

tm3=Xi (4), 

( 6 ). 


a> 

W0 — Cil3 = X2 * d 
O 


Also the motion of the point B of the rod AB is the same as that of the 
same point B of the rod BC. 


m\ tti-aa»i=~t£3 (6). 

So, for the point C7, 

1l3 + a«3 = W 2 (7). 


On substituting from (I)... ( 6 ) in (bj and (7), we obtain 

6 X 1 — X 2 ~ 2P and ss 6 X 2 , 

. . ^ bP . ^ P 

giving = -^2 =j2- 

Hence we have <« 


velocity of the 
velocity of the 


point D aw 2 - 


EXAMPLES 

1. ABj BO are two equal similar rods freely hinged at B and lie in a 
straight line on a smooth table. The end A is struck by a blow perpen- 
dicular to show that the resulting velocity of A is 3^ times that of B. 

2. Two uniform rods, AB and -5(7, are smoothly jointed at B and 
placed in a horizontal line ; the rod BO is struck at (7 by a blow at right 
angles to it ; find the position of Q so that the angular velocities of AB and 
BO may be equal in magnitude. 

3. Two equal uniform rods, AB and AO^ are freely hanged at A and 
rest in a straight line on a smooth table. A blow is struck at B perpen- 
dicular to the rods; shew that the kinetic energy generated is ^ times 
what it would be if the rods were rigidly fastened together at A, 
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4 . Two %qual uniform rods,. Ji? and BO, are freely jointed at B and 
turn about’a smooth joint at A. Wlben the^rods are in a straight line, 
<0 bein^ the angular velocity of iii^and u the velocity of the cenihre of mass 
of BC, BO impinges on a fixed inelastic ol^tacle |bt a point I); shew that 

the rods are instantaneously brought to rest if BD^^^a , where 2a 

is the length of either rod. 

5. Two rods, AB and BO, of lengths 2a and 26 and of masses propor- 
tional to their lengths, are freely jointed at B and are lying in a straight 
line. A blow is communicated to the end A ; shew thab the resulting 
kineticr energy when the system is free is to the energy when 0 is fixed as 
(4a+36)(3a+46) : 12 (a+6)2 

6. Three equal rods, AB, BG, CD, are freely jointed and placed in a 
straight line on a smooth table. The rod A .5 is struck at its en3 A by a 
blow which is perpendicular to its length ; find the resulting motion, and 
shew that the velocity of the centre of AB is 19 times that of CD, and 
its angular velocity 11 times that of CD,^ 


7. Three equal uniform rods placed in a straight line are freely 
jointed and move with.a velocity v perpendicular to their lengths. If the 
middle point of the middle rod be suddenly fixed, shew that the ends of 


the other two rods will meet in tiifie , where d is the length of each 


rod. 

8. Two equal uniform rods, AB and AC, are freely jointed at A, and 
are placed on a smooth table so as to be at right angles. The rod AC m 
struck by a blow at (7 in a direction perpendicular to itself ; shew that the 
resulting velocities of the middle points of AB and AC axe in the ratio 
2:7. 


9. Two uniform rods, AB, AC, are freely jointed at A and laid on a 
smooth horizontal table so that the angle BAC is a right angle. The rod 
AB is struck by a blow JP at jB in a direction perpendicular to AB; shew 

2P • 

that the initial velocity of Is - — j -- — , where m and m' are the masses of 
AB, AC respectively. 


10. AB and CD are two equal and similar rods connected by a string 
BC; AB, BC, and CD form three sides of a square. The point A of the 
rod AB is struck a blow in a direction perpendicular to the rod ; shew 
that the initial velocity of A is seven times that of D. 

11. Three particles of equal mass are attached to the ezid% A and 0, 

and the middlq point of a light rigid rod ABO, and the systm is at 
rest on a smooth table. The particle Cf is struck a blow at right angles to 
the rod ; shew that the energy communicated to the ^ “ 

fixed, is to the energy communicated when the system is Re as 24 to 25. 

L. D* 18 
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12. A xinifcrm straight rod, of length 2 ft. and mass ^ lbs., has at 
each end « mass of 1 lb., and at its' middle point a mass of 4 lbs. One of 
the 1 lb. masses is struck i blow at right angles to the rod and this end 
starts off with a velocity of 6 ft^,per second ; shew that the other end of 
the rod begins to move in the Opposite direction with a velocity of 2*5 ft. 
per sea ® 


206. A uniform sphkre, rotating with an angular velocity to 
about an aods perpendicular to the. plane of motion of its centre^ 
impinges on a horizontal plane ; find the resulting change in its 
motion. 

First, suppose the plane rough enough to prevent any 
sliding. 

Let u and v be the components of its 
velocity before impact as marked in the 
figure; u* and v* the components, and 
the angular velocity, just after the impact. 

Let R be the normal impulsive reaction 
and F the impulsive friction. 

Then the equations of Art. 204 give^ 

< M{u' — 'U)-’- F 
M {v' -{‘V) — R 

and ' Mk'^ (m' — a>) = Fa . 

Also since the point A is instantaneously reduced to rest, 
there being no sliding, 

u' — aay =0 (4). 



Also, if e be the coeflScient of restitution, 

v' = cv 


( 6 ). 


Solving (1), (3), and (4), we have ^ 

, , + 2tta) 

ft = ao) = ^ 

and .P = ilf . f- (w — aw) 


( 6 ), 

( 7 ). 


Case I. = aw. 

There is no fnction called into play, and u and w are unaltered. 


Case II. u < aw. 

Then F acts — ► ; w' < w, and u* > u. Hence when the point 
of contact A before impact is moving -«• — , the angular velocity 
is decreased by the impact, the horizontal velocity is increased. 
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and the difection of motion of t];>e sphere after iiApact makes a 
smaller angle with the plane than it #would if there^ were no 
friction. 


Casein. u>ao). . 

Then F acts ^ — ; m'>(o <u. Henc^ when the 

point of contact A before impact is moving — the angular 
velocity is increased, the horizontal velocity is diminished, and 
the direction of motion after impact makes a greats angle with 
the plane than it would if there were no friction. 


Case IV. Leif the angular velocity before the impact be 
We must now change the sign of co, and have 


u = ato = 


5p, — 2aa) 


( 8 ). 


and M , f- {u-¥ aca) (9). 

If then v! and ol are both zero, and the sphere 

rebounds from the plane vertiQ^lly with no gpin. 

If u<-^, then u' is negative and the sphere after the 


impact rebounds towards the direction from •which it came. 

[Compare the motion of a tennis ball on hitting the ground 
when it has been given sufficient under-cut.”] 

In each case the vertical velocity after the impact is ev and 
It== M(1 -h e)v. 

In Cases I, II and III, in order that the point of contact 

F 

may be instantaneously brought to rest, we must have ^ 
the coefficient of friction, i.e. from (2), (5) and (7), 


(w — ao)) < /a (1 -f e) v. 


If 1“ (w — a^i)) > /6 (1 4* e) t;, the friction is not sufficient to 
bring the point of contact A to instantaneous rest, equation (4) 
will not hold and for equations (1), (2), (3), we must have 


(!'), 

+ = ( 2 '), 

Idh^ ifii' — » fjiR , a (3"). 


18— 2 


and 
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These with equation (5) g^^e 

o w' = U — /A'i; (1 + e\ v' « ev, 

and * cd' = o) + t; (1 + e) (4'). 

In Case fTV in order Ijbat tiie friction may bring the point 
of contact to rest we must have F< fiR. 

Hence from (2), (5) and (9) we must have 

' < /iv (1 + e). 

If however >f^v(l + e) (5'), 

€ 

the friction is not sufiBcient, and we have equations similar to 
(!'), (2^), and (3')» but with the sign of © changed. They 
will give 

u'=u — fiv(l + e), v = eo, 
and V (1 + e) - ®. 


In this it will, from (6'), be possible for « to be less than 
/iit» (1 + e), . if ® b,e large enoygh; hence, if the ball has 
sufficiently large enough under-cut, u'can be negative, i.e. the 
ball can reltound backwards. 

[Compare again the motion of a tennis ball.] 

207* A rody of length 2a, U held in a position inclined at an 

angle a io the* vertical^ and is then let fall on to a smooth inelastic horizontal 
plane. Shew that the end which hits the plane will leave it immediately after 
the impact if the height through which the rod falls is greater than 

sec a ooseo^ a (1 + 8 sin* a)*. 

If u and w be the vertioal and angular velooitj just after the impact, V 
the y6|tical velocity before the impact and R the impulse of the reaotioh of 
,the plane, then 


Hence 


m(F-u)=i2. = 22a sin a, .and u-ocasina 

K vertical velocity of the end in contact with the plane =0. 
u STsina 


.( 1 ). 


a sin a a (1 + 8 sin^a) 

Assuming the end to remain in contact with the plane, and that iSf is the 
normal reaction when the rod is inclined at $ to the vertical, we have 


(8f-mpssm^(aoo«^), and B * as^x^essm^B^^ 


.( 2 ). 


Eliminating 8, we have 

4(l+8sin>d}*f88in^cos^^s£^sin (8). 
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Now 8 negative when if ^ is i^dgative then, bo that eqaat^n (3) then 
gives .\iin a cos a;« - v ^ — 0— 

Hence, from (1), 


. sin a, i.e, oii*>~ • 

a n CDS a 


(1 + 8 flin^ g)^ ^ (1 + 8 sin^ a)* 

" 9 ’ Bin^ a 7 9 cos a sin® a 

Hence the given answer. * * 

Ex, 2. Four equal rode^ each of mass m and length 2a, are freely jointed at 
their ends so as to form a rhombus. The rhombus falls with a diagonal vertical, 
and is moving with velocity Vwhen it hits a fixed horisontaf inelastic plane. 
Find the motion of the rods immediately after the impactt and shew that their 

angular velocities aremeach equal to | ^ » where a is the angle each 

rod makes with the vertical, • 

Shew also that the impact destroys a fraction kinetic 

energy just before the impact. 

After the impact it is clear that AB i» moving with some angular velocity 
about and BC with an angular velooit||^ 

<j 2 ^ about B, 

Since G is, by symmetry, moving vertically after n/ 

the impact, its horizontal velocity is %ero. • U 

/, 0 s= horizontal velocity of JB + horizontal velocity 
of C relative to B 

= 2a«i cos a + 2a W 2 cos a, ^ P' 

i.e, W8=-wi (1). 

The horizontal velocity of 0% similarly 

s=2awiCOSa + a(i;2COSa^a<(^iCos a-*., S 

and its vertical velocity 

s= 2a wj sin a - aw 2 sin o = Sawj sin a ^ . 

If X be the horizontal impulse at G as ma^d (there being no vertical 
impulse there by symmetry) we have, as in Art. 192, on taking moments about 
A tor the two rods AB, BO • 

oostt.Sa cos a -f 3a(«q sin a . a sin a + ~ (i> 2 j - 2mFa sin a 

stX, 4a cos a, 
( 2 )- 



V 2X 

2<i;i =— sin «H oosa. 

^ a ma 


Similarly, taking moments about B for the rod BO, we have 
m a • a cos a “• Sao^j sin a » a sin a + *• J •* FJ • asm a^K, 2a COStti^ 


%.s. 


bti (^-48in®a 


, ) SB SI] 

J 


2X 

sin a + — 008 a . 
ma 


.( 8 ). 


Soling (2) (8}» VO (Cl and X, and the results given are obtained. 
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The impulsive actions Xj-*- and'^Fif at B on the rod BC^are clearly 
given by ^ % 

Xi + X=»i. horizontal veloci^ communicated to (? 2 =m . auti cos a, 

• • 

and Fissm X vertical velocity communicated to G% 

s=m ( — Saui sin a) — m [ — F5] = w [F — Saati sin a]. 

Also the impulsive action X 2 ^ at ^ on AB is given by 

X 2 =:m. horizontal velocity communicated to awi cos a. 

The total ao^on A — total change in the vertical momentum 

= 4mF - 8 ma«i sin a. 

On solving these equations, we have ^ 

_3F sin g mF tan a 3 oos^ a - 1 

“ 2a * 1 + 3 sin* a * 2 1 + 3 sin* a ' 

mF tana _mF3co62a-l^ 

"“2 l +8 8 in«o‘ l + Ssinaa* 

^ 3mF sin a cos a ^ 

^*-" 2 “ l +'3^n'2i ’ ^*“lT 8 8 iii*a' 

Also the final kinetic energy 

ss ~ . 2 m . ™ wi* + ^ . 2 m cos* a + 9a*wi* sin* « + ^ 

” l + 3 " sm^ " a ^ kinetic energy. 

It will be noted that, since we are considering only the change in the 
motion produced by the 'blow, the finite external forces (the weights of the 
rods in this case) do not come into our equations. For these finite forces 
produce no effect during the very short time that the blow lasts. 

Ex. 3. A body, wjiose mass is m, is acted upon at a given point P by a blow 
of impulse X. If V and F/ be the velocities of P in the direction of X just before 
and just after the action of X, shew that the change in the kinetic energy of 
the body, i.e, the work done on it by the impulse, is ^ {V+V') X. 

Take the axis of x parallel to the direction of X. Let u and v be the 
velocities of the centre of inertia Q parallel to Qx and Oy, and w the angular 
Velocity round G just before the action of X, Let u\ v', and w' be the same 
quantities just after the blow. The equations of Art. 204 then become 

m(w'~«) = X; m(v'-v) = 0 , and mfc 2 (w' - w)= ,X ( 1 ), 

where {x', y') are the coordinates of P relative to G, 

By Art. 190, the change in the kinetic energy 

= Jm (tt' 2 + v'* + A; 2 «' 2 ) - 4 m (w* + 1 ;* + A:*^*) = 4 m (w'* - w*) + ^mk^ (w '2 - w*) 

=4X (u'+u) - 4y' • ^ by (1), = 4 ^ [(^' - 2 / V) + (u ~ y'co)]. 

Now F=the velocity of G parallel to 0« + the velocity of P rq)atlve to G 
sszu - ta . GP sin GPx=u - y'w, 
and similarly F' = w' - yW. 

KAnofl the chanse in the kinetic enerKy=:iX(F'+ Fh 
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EXAMPLES ON CHAPTER XV 

1 , A uniform inelastic rod falls withoiit rotaUlon, being hiclined at any 

angle to the horizon, and hits«a smooth fixed peg at a distance from its 
Upper end equal to one-third of its length.. Shew that the Ipwer end begins 
to descend vertically. * 

2. A light string is wound round the circumference of a uniform reel, 
of radius a and radius of gyration k about its axis. The^free end of the 
string being tied to a fixed point, the reel is lifted up and let fall so that, 
at the moment when the string becomes tight, the velocity of the centre of 
the reel is u and the^string is vertical. Find the change in the motion and 

show that the impulsive tension is mu . ■ ^ ^ • 

O’" “T" 


3, A square plate, of side 2a, is falling with velocity % a diagonal 
being vertical, when an inelastic string attached to the middle point of 
an upper edge becomes tight in a tertical position. Shew that the 
impulsive tension of the string is where M is the mass of the 

plate. 

Verify the theorem of Art. 207, Ex. 3. 


4 . If a hollow lawn tennis f)all of elasticity e has on striking the 
ground, supposed perfectly rough, a vertical velocity u and an angular 
velocity <a about a horizontal axis, find its angular velocity after impact 


and prove that the range of the rebound will be g ~ < 


5. An imperfectly elastic sphere descending vertically comes in contact 
with a fixed rough point, the impact taking place at a point distant a from 
the lowest point, and the coefficient of elasticity being e. Find the motion, 
and shew that the sphere will start moving horizontally after the impact 

6. A billiard ball is at rest on a horizontal table and is struck by .. 
horizontal blow in a vertical plane passing through the centre of the ball ; 
if the initial motion is one of pure rolling, find the height of the point 
struck above the table. 

[There is no impulsive friction.] 


7. A rough imperfectly elastic ball is dropped vertically, and, when its 
velocity is F, a man suddenly moves his racket forward in its own plane 
with velocity^ ^7, and thus subjects the ball to pure cut in a downward 
direction making an angle a with the horizon. Shew that, on striking the 
rough ground, the ball will not proceed beyond the point of impact, 

provi^^ {U-V sin a) (jl - cos a) > (1 -h e) Fsinacoso. 
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8. An inelastic sphere, of radiuS#a, rolls down a flight of perfectly rough 
steps; shew that if the veltcity of the centre on the first step exceeds 

its velocity will be the sam^ on every step, the steps being such that, 
in its flight, the sphere ilever ifiipinges on an edge. 

[The sphere leaves each edge immediatoly.] 

9. An equilateral triangl^,* formed of uniform rods freely hinged at 
their ends, is falling freely with one side horizontal and uppermost. If the 
middle point of this side be suddenly stopped, shew that the impulsive 
actions at the upper and lower hinges are in the ratio ; 1. 

10. A lamina in the form of an equilateral triangle ABC lies on a 
smooth horizontal plane. Suddenly it receives a blow at A in a direction 
parallel to BC^ which causes A to move with velocit;^ F. Determine the 
instantaneous velocities of B and C and describe the subsequent motion of 
the lamiaa. 


11. A rectangular lamina, whose sides are of length 2a and 26, is at 
rest when one corner is caught and suddenly made to move with pre* 
scribed speed F in the plane of thejamina. Shew that the greatest angular 

3F 

velocity which can thus be imparted to the lamina is ^ • 


12, Four freely-jointed rods, of the same material and thickness, form 
a rectangle of sides 2a ^nd 26 and of mass M', When lying in this form 
on a horizontal plane an inelastic particle of mass M m oving with velocity 
Fjn a direction perpendicular to the rod of length 2a impinges on it at a 
distance c from its centre. Shew that the kinetic energy lost in the 


^ • 1 173 fl . . 3a4-36c3\"l 

ampact « ^ ^ -.)J. 


la Four equal uniform rods, AB, BO, CD, and DE, are freely jointed 
at C and D and .lie on a smooth table in the form of a square. The 
rod A 5 is struck by a blow at A at right angles io AB from the inside of 
the square ; shew that the initial velocity of A is 79 times that of E, 


14. A rectangle formed of four uniform rods freely jointed at their 
ends is^moving on a smooth horizontal plane with velocity Fin a direction 
aJong one of its diagonals which is perpendicular to a smooth inelastic 
vertical wall on which it impinges ; shew that the loss of energy due to 
the impact is 




3 cos* 


3 sin^a \ 


^l4’3W2j * 

where mi and m 2 are the masses of the rods and a is the angle the above 
diagonal makes with the side of mass mi. 


15. Of two inelastic circular discs with milled edges, each of mass m 
%nd radius a, one is rotating with angular velocity <0 rounq. its centre 0 
which is fixed on a smooth plane, and the other is moving without hpin in 
the plane with velocity v directed towards 0. Find the motion immediately 

afterwards, and shew that tho energy lost by the impact is ^ m • 



Impulsive motion in two* dimensions. Ex<pnples 281 


16. A joniform circular disc, of ir^iss M and radius a,* is rotating with 
uniform angular velocity q> on a smooth pjane and impinges normally 
with any velocity u upon a rough rod, of mass m, resting on the plane. 
Find the resulting motion of the rod anfl disc, and shew that the angular 

I ^ 

velocity of the latter is immodift.tely ^educed to «>. 


17. An elliptic disc, of mass m, is dropped in a vertical plane with 
velocity F on a perfectly rough horizontal plane ; shew that the loss of 

kinetic energy by the impa^jt is ^ (1 — e^) » 


where r is the 


distance of the centre of the disc from the point of contact, p is the central 
perpendicular on thn tangent, and e is the coefficient of elasticity. 


18. Two similar ladders, of mass m and length 2a, smootl^Jy hinged 
together at the top, are placed on a smooth floor and released from rest 
when their inclination to the horizontal is a. When their inclination to 
the horizontal is 6 they are brought to rest by the tightening of a string 
of length I which joins si milarly situ ated rungs. Shew that the jerk in 
the stsing is 

4m . j cot 6 

19. A sphere of mass m fall^ with velocity •F on a perfectly rough 
inclined plane of mass M and angle a which rests on a smooth horizontal 
plane. Shew that the vertical velocity of the centre of the sphere immedi- 

atoly after the impact is th% bodies being aU sup- 

posed perfectly inelastic. 




5 ga (sin a - sin 6). 
o 


20. A sphere, of mass m, is resting on a perfectly rough horizontal 
plane. A second sphere, of mass m\ falling verticauy with velocity V 
strikes the first ; both spheres are inelastic and perfectly rough and the 
common normal at the point of impact makes an angle y with the horizon. 
Shew that the vertical velocity of the falling sphere will be instantaneously 

reduced to F(m + wf) — ?7^sec* y -h m' + ? m' taii^ J , 

Shew also that the lower sphere will not be set in motion if siny=f, 
but that the upper sphere will be set spinning in any case. 



CHAPTER XVI 

INSTANTANEOUS CENTRE. ANGULAR VELOCITIES. 

MOTION IN THREE DIMENSIONS 

( 

208. To fix the position of a point in space we must know 
its three coqrdiiTales ; this may be otherwise expressed by 
saying tha^ it has three- degrees of freedom. 

If one condition be given {e,g. a relation between its 
coordinates, so that it must lie on a fixed surface) it is said to 
have two degrees of freedom and one of constraint. 

If two conditions are given {e.g, two relations between its 
coordinates sq that it must be on a line, straight or curved) it is 
said to have one degree of freedom and two of constraint. 

A rigid body, free to move, has six degrees of freedom. For 
its position is fujly determined when three points of it are 
given. The nine coordinates of these three points are con- 
nected by three relations expressing the invariable lengths of 
the three lines joining them. Hence, in all, the body has 
6 degrees of freedom. , 

' A rigid body with one point fixed has 6-3, i.e, three, 
degrees of fireedom, and therefore three of constraint. 

A rigid body with two of its points fixed, i,e, free to move 
about an axis, has one degree of freedom. For the six co- 
ordinates of these two points are equivalent to five constraining 
conditions, since the distance between the two points is constant. 

. 209. A rigid body has its position determine^! when we 

know the three coordinates of any given point Q of it, and also 
the angles which any two lines, OA and GB, fixed in the body 
make with the axes of coordinates. 
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[If 0* and GA only were ^iven the body mighjb revolve 
round* OAJ\ ^ • 

Since there are the three rqjationg (1) + 1, 

(2) + ^'^ = 1 and (§) IV + mm! -f nn* — the cosine of the 

given angle AOB, between the dir^ection cosines^(/, m, n) and 
{V, m\ n') of the two lines, it f^lows that, as before, six 
quantities, viz. three coordinates and three angles must be 
known to fix the position of the body. 


210. Uniplanar motion. 

At any instanli there is always an axis of pure rotation, 
a body can be moved from one # ^ , 

position into any other by a /T^ ^*'|0 

rotation about some point with- / \ 

out any translation. , -'V 

During any motion let three - 

points A, By 0 fixed in the body 
move into the positions A\ B\ \ v \ 

and G* respectively. Bisect AA\ * 

BF at M and N and erect per- \ 

pendiculars to meet in 0, so that \ 

OA = OA' and OB = OB'. \ 

Then the triangles A OB, ^ 

A' OB' are equal in all respects, so ^at Z A OB == z A'OB\ 

and , zA0A'^zB0B\ (1), 

and zOBA^zOB'A'. 


But zGBA^zG'B'A'. 

.% by subtraction Z OBG—Z OB'G'. 

Also OB ^ OB' and BG^B'CT. 


Hence the triangles OBG, OFG' are equal in all respects, 


and hence 0(7= OG' (2), . 

and ZGOB^ZGVB', 

ie. ZGOC'^ZBOF^ZAOA' (3). • 


Hence the same rotation about 0, which brings A to A' and 
B to B', brings any point G to its new position, i.e. 0 is the 
required centre of rotation. 
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The point'O always exists* unless A A* and BB are parallel, 
in which ^case the motioti is one of simple translation ai^d the 
corresponding point 0 is at infinity. 

Since th*e proposition is true for all finite displacements, it 
is true for very small displacements. Hence a body, in 
uniplanar mdtion, may he 'inoved into the successive positions it 
occupies by successive instantaneous rotations about some centre 
or centres. 

To obtain the position of the point 0 at any instant let A 
and A' be successive positions of one point, and B and F 
successive positions of another point, of the 'body. 

Erecjj perpendiculai's to A A' and BB ' ; these meet in 0. 

211 ... VThe" centre, or axis, of rotation may be either 
permanent, as in the case of the axis of rotation of an ordinary 
pendhluni, or instantaneous, as in the case of a wheel rolling in 
a stijaight line on the ground, where the point of contact of the 
wheiel with the ground is, for the moment, the centre of 
rotation. « ' • 

The instantaneous centre has two loci according to whether 
we consider its position with regard to the body, or in space. 
Thus in the case o*f the cart-wheel the successive points of 
contact are the points on the edge of the wheel ; their locus 
with regard to the body is the edge itself, Le. a circle whose 
centre is that of the wheel. In space the points of contact are 
the successive points bn the ground touched by the wheel, i,e, a 
straight line on the ground. 

These two loci are called the Body-Locus, or Body-Centrode, 
and thb’.Spaee-Loeus, or Space-Centrode. 


212. Thp m.otion of the body is 


ven by the rolling of the 


body-centrode, carrying the body with it, 
up<)n the space*centrode. 

Let Cl, O2', Gt, 0/, ... be successive 
points of the body-centrode, and Gi, G^, C^, 
O 4 ... successive points of the space-cen- 
trode. 

At any instant let Oj and (7/ coincide 



so that the body is for the instant moving 


O4 
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about Gx afi centre. When the. body has turned through the 
small angle 6 the point (7/ coincides yith G^ 
and oecomes the new centre of rotation; a 
rotation about Oj through a small angle 
brings G^ to and then a small rotation 
about G^ brings 0/ to G^ and so on.* , 

In the case of the wheel the points (7/, 

C/ ... lie on the wheel and the points 6^ 

Ca • * . on the ground. » ^ 

Ex. 1. Bod sliding on a plane with its ends on two perpendicular straight 
lines GX and GY. • 

At A and B draw perpendiculars to GX and GY and let them meet in 0. 
The motions of A and B are instantaneously 
along AX and BC, so that 0 is the instantaneous 
centre of rotation. 

Since BOA is a right angle, the locus of 0 
with respect to the body is a circle on AB as 
diameter, and thus the body^centrode is a circle 
of radius i . AB. 

Since CO^AB, the locus of O in space is a 
circle of centre G and radius AB. Hence the 
motion is given by the rolling of* the smaller 
circle, carrying AB with it, upon the outer circle 
of double its size, the point of contact of the two circles being the instantaneous 
centre. 

• 

Ex, 2. The end A of a given rod is compelled to move on a given straight 
line CYy whilst the rod itself always passes through a fixed point B. 

Draw BC (=a) perpendicular to GY. The instantaneous motion of ^ is 
along GY, so that the instantaneous centre • 

0 lies on the perpendicular AO. 

The point B of the rod is for the moment 
moving in the direction AB, so that O lies 
on the perpendicular OB to AB. 

Body-Gentrode. By simyar triangles 
GAB, ABG we have 

AB _ a , if}— ® 

AO'^AB* 

so that with respect to the body the locus 
of 0 is the curve 

*^“C0S2^» ^ 

Spctce-Gentrdde. If OM be perpendicular to (7B, and GM=:x. MO=y, then 
a;=a-fy#otOBjlf=a+y tan0, and yssCA=atan^. 

Therefore the locus of 0 in space is the parabola y^=s:a ^ a). 

The motion is therefore given by the rolling of th^ curve (1), carrying the 
rod with it, upon the parabola. 

This motion is sometimes known as Conchoidal Motion \ for every fixed 
point JP on the rod clearly describes a conchoid whose pole is 
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f 

Ex. 3. Obtain the position of the centre of instantaneous mo^iion, and the 
body- aud s^ace-oentrodes in the follo^ng cases : 

(i) Arrod^B moves with its ends upon two fixed straight lines^not at 

right angles. , 

« • • 

(ii) A rod AB moves so that its end A describes a circle, of centre 0 and 
radius a, whilst B is compelled to movc<on a £xed straight line passing through 
0. [Conneotin^rod motion.] Qotnpare the velocities oi A and B. 

(iii) Two rods AB, BD are hinged at B ; AB is hinged to a fixed point 
at A and revolves round A ; BD always passes through a small fixed ring at C 
which is free to Rotate about C, [Oscillating cylinder motion.] 

(iv) The middle point G of a rod AB is forced to move on a given circle 

whilst at the same time the rod passes through a small ring at a fixed point C 
of the circle, the ring being free to rotate. • 

[Hence show that in a lima^on the locus of the intersection of normals at 
the ends of a focal chord is a circle.] 

Ex. 4. The arms AG, GB of a wire bent at right angles slide upon two 
fixed circles in a plane'. Shew that the locus of the instantaneous centre in 
space is a circle, and that its locus ifi the body is a circle of double the radius 
of the space-centrode. 

Ex. 5. A straight thin rod moves in any manner in a plane ; shew that, at 
any instant, the directions of mQtion of all its particles are tangents to a 
parabola. * 

Ex. 6. . AB, BG, GD are three bars connected by joints at B and G, and 
with the ends A and D fixgd, and the bars are capable of motion in one plane. 
Shew that the angular velocities of the rods AB and GD are as BO .DC is to 
AB.CO, where O is the point of intersection of JB and CD. 


213. The position of the instantaneous centre may be 
easily obtained by analysis. 

Let u and v be the velocities parallel to the axes of the 
centre ^of mass O of the body and a> the angular velocity about 
Ck Then the velocities of any point P, whose coordinates 
referred to G are x and y and such that PG is inclined at 6 to 
the axis of x, are 

u ~ PG . sin 9 . (o and v + PG . cos 6 . m parallel to the axes, 
i.e. n — yco and v-\-xto. 

These are zero if a? = — ~ and v = — • 

O) ft) 

coordinates of the centre of no acceleration are also easily found. 
For the accelerations of any point P relative to G are PG . along PG and 
PG . w perpendicular to PG. ^ 
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Therefore the acceleration of P parallel to OX 

n =w - PG . . COS ^ . w sin 0 =ti - - tSy, 

and its acceleration parallel to Oy > 

= w - PG . 0)2 . sin $ + PG . cos 9 — v- + ux. 

These vanish at the point 

- vw voj^ 4- ww t ^0)^ + w* 


214. The point P, whose coordinates referred to 0 are 
(a?, y), being the instantaneous centre and L the moment of 
the forces about it, the eTjuation of Art. 192 gives 


L = M [k^co + yu - ccv], 

where Mk^ is the moment of inertia about 0, 






ili d r7> o o 


Now, since P is the instantaneous centre, 


M d 


M d 





2a) dt 


where ki is the radius of gyration about the instantaneous 
centre. 


(1) If the instantaneous 'centre be iixed in the body, so 
that k^ is constant, this quantity = it/Aji^o). 

(2) If P(? (=r) be not constant, the quantity (1) 

M d M 

^¥a>dt ^ k 

= Mk^^ -f Mrrca. 

Now if, as in the case of a small oscillation, the quantities f 
and o) are such that their squares and products can be neglected, 
this quantity becomes Mk^o), so that in the case of a small 
oscillation the equation of moments of momentum about the 
instantaneous centre reduces to 

moment of momentum about the instantaneous 

. _ L centre I 

^ Mk^ moment of inertia about I 

the squares of snsall quantities being neglected, 

Le, as far as small oscillations are concerned we may treat 
the instantaneous centre as if* it were fixed in space. 
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215 . Motion in three d^imenBionB. 

Ommint 0 of a rigid body being fixed, to shew that the body 
may ^ejfansferred from om position into any other position by 
% rotation about a suitable oMs. 

Let the radii from 0 t<^ny two |;iven points a, /9 of a body 
neet any spherical surface, 

)f centre 0, in the points A 
md B, and when the body 
las been moved into a t>/ • 
second position let A and B 
JO to A^ and J5' respectively. 

Bisect AA^ and BB' in 
D and B and let great circles 
through D and E perpen- 
iicular to and BB' meet 
nO. 

Then f 

GA = GA\ CB ^ GE and AB - A'B\ 

AACB^aA'CF, 

so that the same rotation about OC 
«rhich brings A to A' will bring B to B\ 

Now the position ofj^y rigid body is given when three 
3oints of it are given, and as the three points 0, A, B have 
jeen brought into their se<^nd positions 0, A', B' by the same 
'otation about OG, it follows that any other point P will be 
Drought into its second position by the same rotation. 

216 . Next, remove the restriction that 0 is to be fixed, and 
iake the most general motion of the body. Let 0' be the 
DositioH pf 0 in the second position of the body. 

Give to the whole body the translation, without any rotation, 
vhich brings 0 to O'. 0' being now kept fixed, the same 
rotation about some axis O'G, which brings A and B into their 
inal positions, will bring any other point of the body into its 
inal position. 

Hence, generally, every displacement of a rigid body is 
jpmpounded of, and is equivalent to, (1) some motion of transla- 
tion whereby evety particle has the same translation as any 
assumed point 0, and (2) some motion of rotation about some 
jtxis passing through 0. 
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These Actions are clearly in^pendent, and can take place 
in either order or simultaneously. 

217. Angular velocities of a hod'^ abouH more thdn one axis. 
Indefinitely small rotations . " 

A body has an angular velocity c^rabout an axis > when every 
point of the body can be brought from its position at time t to 
its position at time t + ot' by a rotation round the axis through 
an angle (ohL > ‘ . 

When a body is said to have three angular velocities q)i, Wg, 
and 6)3 about throe perpendicular axes Ox, Oy, and Oz it is 
meant that during three successive intervals of time Bt the body 
is turned in succession throiigh angles coiBt, co^St and cDaSt about 
these axes. 

fThe angular velocity is taken as positive when its effect 
is to turn the body, in the direction from Oy to Oz; so ©g and 
wg are positive when their effects are to turn the body from Oz 
to 0^, and Ox to Oy respectively. This is a convention always 
adopted.] , 

Provided that Bt is so small that its square may be neglected 
it can be shev/n that it is immaterial in what order these 
rotations are performed, and hence that they can be considered 
to take place simultaneously. 

Let P be any point {x, y, z) of a body ; draw PM perpen- 
dicular to Ox and let PM be in- 
clined at an angle 6 to the plane 
xOy so that 

y = MP cos 0, z^ MP sin 0, 

Let a rotation ©jSt be made 
about Ox so that P goes to P' 
whose coordinates are 

X, y-vBy, z-\-Bz. 

Then y + Sy = MP cos {0 + 

« MP (cos ^ — sin ^ . (OiBt) = y — zwiBty 
powers of Bt above the first being neglected. 

So z + Bz — MP sin {0 + WiBt) 

« MP (sin + cos 0 + yoo^Bt 
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Hence a potation abqut Ox moves the point {x, y, s) to 
the point 

‘ (x, y--Z(OiSt, z + ya)iSt) ^.(1). 

So a rotation co^t about Oy would move the point {x, y, z) 
to the point 

^ (x + yy z — xco^ht) (2). 

- Also a rotation about Oz would move the point (a?, y, z) 
to the points c 

(a? - yoi^hty y + xcd^ht, z) (3). 

•i 

218. Now perform the three rotations, about the perpen- 
dicular hxes Ox, Oy, Oz, of magnitudes wiU, to^U, respectively 
in succession. 

By (1) the rotation wiht takes the point P (x, y, z) to the 
point Pi, viz. ' 

{x, y — zoniht, z + ywiU). 

By (2) the rotation takes Pi to the point Pg, viz, * 

% ‘ • 

[a? 4* y — ztoiht, z + ycoj^t — xco^Bt], 

ie. [x-^zw^t, y — Z(Oiht, z-¥{y(o^ — x(ji>^W\, 

on neglecting squares of 

Finally the rotation about Oz takes Pa to the point Pj, 

% 

viz, \x + zto^Zt — (y -T zoniht) (o^ht, y — zcniht + (a? 4 zay^Zt) 

z 4 {ywi — x(o^ S^], 

, [x 4 (zw^ - ycoz) St, y 4 (a?ft)8 - zay^) St, z 4 (ywi - xx^) Si], 

on again neglecting squares of Si. 

The symmetry of the final result shews, that, if the squares 
of Si be neglected, the rotations about the axes might have 
been made in any order. 

Hence when a body has three instantaneous angular velocities 
the rotations may he treated as taking place in any order and 
therefore as taking place simultaneously. 

If the rotations are of finite magnitude, this statement is 
not correct, as will be seen in Art. 226. 
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# 

219. if a body possesses twp angular velodUes «»i and 6>a, 
about two given lines which are represented in magnitude by 
distartces OA and OB measured along these two lines, then the 
resultant angular velocity is about h^line QC, where OAGB is a 
parallelogram, and will be represented in magnitude by 00. 

Consider any point P lying or^G and draw^if and PN 
perpendicular to OA and OB, 

The rotations ©iSi and tOzBt 
about OA and OB respectively 
would move P through a small 
distance perpenjjicular •to the 
plane of the paper which 

= “*• PM . COlBt H“ Pi\r , €l)nBt 

^X[^PM,OA^PN. OB] Bt = 2X [~ A POA + A POB]Bt== 0. 

• 

Hence P, and similarly any point on 0(7, is at rest. 

Hence 0(7 must be the resultant axis of rotation; for we 
know, by Art. 215, that there is always one definite axis of 
rotation for any motion. 

If a> be the resultant angular velocity about 00, then the 
motion of any point, A say, will be the same whether we 
consider it due to the motion about 00, hr about OA and OB 
together. 

Hence ca x perpendicular from A on 00 = Wg x perpendicular 
from A on OB, 



0 ) X OA sin AOG = Wg x OA sin AOB. 

® _ sip AOB _ sin OAG _ 00 _ ^ 
ft >2 ~ sin AOG ~~ sin AOO ~ AO OB 

Hence on the same scale that g), is represented by OB, or 
by OA, the resultant angular velocity g> about 00 is represented 
by 00. 

Angular velocities are therefore compounded by the same 
rules as forces or linear velocities, i,e, they follow the Parallelo- 
gram Law. 

Similarly, as in Statics and Elementary Dynamics, the 
Parallelogram of Angular Accelerations and the Parallelepiped 
of Angular Velocities and Accelerations would follow. 
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\ 

Hence an*angular velocit^i ca about a line OP is*equivalent 
to an angular velocity © cos a about Qx, where xOP = a, and 
an angular velocity cd sin a about a perpendicular line. ^ 

Also angular velocities «*, ©2 and ©a about three rectangular 
axes Ox, Oy and Oz are equivaleiit to an angular velocity 
G) (= 4- (»/ + aboui^a line whose direction-cosines are 

(0(0 (O 


220 . A body has angular velocities, ©i and co^, about two 


parallel axes ; to find the motion. 
Take the plane of the paper 
body perpendicular to the two 
axes, meeting them in Oi and 

Oj. « 

Then the velocities of P are 
r^(Oi and rjcoa along PK^ and 
PK2 perpendicular to OjP and 
O2P respectively. * 

Take N on O1O2, such that coi 


through any point P of the 



The velocities of P are ©i . POi and (o^ . PO2 perpendicular tc 
POi and POa respectively. 

Hence by the ordinary rule their resultant is (wi -f Wg) PiV 
perpendicular to PN, i,e, P moves as it would if it had ar 
angular velocity *((1)1 + ©2) about N. 

Hence two angular velocities (o^ and coj about two parallel 
axes 0i and Oa are equivalent to an angular velocity (o^ + co^ 
about an axis which divides the distance O1O2 inversely in the 
ratio of ©1 to ©j. 


221. If the angular velocities are unlike and (o^ :> (O 2 numeri- 
cally, then N divides 0 ^ 0 ^ externally so 
that ©1 . OiN = ©2 . 02N, and the resultant 
angular velocity is ©1 — ©3. \ ^^3 

Exceptional case. If the angular T5 0% O9) 

velocities are unlike and numerically 
equal, JT is at infinity and the resultant angular velocity is 
zero. 
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The i;/sultant motion is thej^a linear velocity. For, in this 
case, the velocities of P are perpendicular and proportional to 
OiP and PO 2 , and hence its rei^ltantw- 
velocity is perpendicular and proportional * 
to O 1 O 2 , it is * • 

Wi.OAj. •• o] 

Aliter. The velocity of P parallel to ^ 

0,0, 

= G)i . OiP sin POiOa — . O 2 P. sin PO^Oi ?= 0, 

and its velocity perpendicjilar to 0,0, 

= © 1 . OiP co9 POiOj + ( 0 , . cos PO 3 O 1 = ft)i . OiOa I . 

222. An angular velocity 6) about an axis is equivalent to 
an angular velocity to about a parallel axis distant a from the 
former together with a linear velocity < 0 . a. 

Let the two axes meet the pl&ne of the fiaper in 0, and 0, 
and be perpendicular to it. 

The velocity of any point P in the plane 
of the paper due to a rotatioq (o about 0, ^ 

= ft) . OiP perpendicular to OiP; 
and this, by the triangle of velocities, is equivalent to velocities 
ft) . OjOa and (o . O 2 P perpendicular to 0,0, and 0,P in the same 
sense 

= ft) . a I together with a velocity ft) . 0,P perpendicular to 0,P. 

Hence the velocity of any point P, giveh by an angular 
velocity w about Oi, is equivalent to that given by an equal 
angular velocity ft) about Oa, together with a linear velocity 
ft) . 0,0, perpendicular to 0,0,, 

• 

223. In practice the results of Arts. 220 — 222 are re- 
membered most e«ily by taking the poirft P on 0,0, \ 



Thus (1) the v^city of P = ®i. OiP + %. 0 ,P 

™ (OiOj.1- O2P) + . OJP = (wi + Wg) ( OtP H 7^ — . OiO,') * 

= ( 0)1 + o)g) . NF, where iV 0 g= 0,0,. 

G)j -h ft)a 
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(2) ^he velocity of P = wl 1 0,P - < 0 t . QJP 


= a>, (0,0, -K>,P) - ®, . OiP = («. - a>,) r 0.P + — ^ . 0,0,1 

L <»i — coa J 

= (coi — ©a) • NP, where O^N = — — — . OiOj. 

• ©i — ft)| 

(3) The velocity of P = o) . OiP — o) . O 2 P 


afc 


= ft) . 0i08= a constant velocity perpendicular to OiO^. 

(4) The velocity of P = a> . OiP = co . OjOa + co . OaP, and 
is therefore equivalent to a * 


oi P 

linear velocity o) . 0,0, perpendicular to 0,0, together with an 

angular velocity w about 0,. 

0 . 

224. Po the instantaneous motion of a body rmy 

be reduced to a twisty i.e, to a linear velocity along a certain line 
together with an ajigular velocity about the line. 

By Art. 216 the ^instantaneous motion of a rigid body is 
equivalent to a translational velocity of any point 0 together 
with an angular velocity about a straight line passing through 
p. 



axipi of the ancriilar velooitv ak 



^linear velocity v, and Oz 
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In the.plane zOA draw Ox ajs* right angles to*Oz and draw 
Oy at fight angles to the plane zOx, Jjet Z zOA = 

On Oy take 00' such that 00' .ju> = v sin 6. 

Then, by Art. 222, the angulal* veldcity o) rfbout Oz is 
equivalent to <o about a pa!*allel axis 0'/ to Oz together with a 
linear velocity co . 00', i.s. v sin 0, through 0 perpendicular to 
the plane z00\ 

Also a linear velocity v may be transferred to a parallel 
linear velocity through 0^ and then resolved into t?wo velocities 
t; cos ^ and v sin 6. We thus obtain the second figure. 

In it the two linear velocities v sin 6 destroy one another, and 
we have left the motion consisting of a linear velocity vcos^ 
along O'y and an angular velocity (o about it. 

This construction is clearly similar to that for Poinsot’s 
Central Axis in Statics; and properties similar to those for 
Poinsot's Central Axis follow. * 

It will be noticed that, in the preceding constructions, an 
angular velocity corresponds to a force in Statics, and a linear 
velocity corresponds to a couple. 

225. Tinif Rotations. If the rotations are through finite angles it is 
esksily seen that the order of the rotations about the axes is important. As a 
simple case suppose the body to be rotated through ^a right angle about each 
of two perpendicular axes Ox and Oy, 

The rotation through a right angle about Ox would bring any point P on Oz 
to a position on the negative axis of y, and a second rotation about Oy would 
not further alter its position. 

A rotation, first about the axis of y, would have brought P to a position on 
the axis of x, and then a second rotation about Ox would not have had any 
effect on its position. 

Thus in the case of finite rotations their order is dearly material. 

226. To Jind the effect o/ two finite rotationa about axes OA anA OB in 

succession, • 

Let the rotations be through angles 2a and 2^3 about OA and OB in the 
directions marked. On the geometrical 
sphere with 0 as centre draw the arcs AO 
and BCt such that 

iBAOsza and lABC^^Py 
the directions AC and BG being tikken, one 
in the same direction as the rotation about 
OAt and the second in the opposite direction 
to the rotation about OB, 

Take C' on the other side of AP, sym- 
metrical with O', so that i C AC and 
Z CBC^2p. 


O 
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A rotation of •the body through ai^ angle 2a about OA would tfdng 00* into 
the position 0(7, and a second rotatfon 2^3 about OB would brmg 00 back 
again into ^he position 00*, * # 

Hence the effect of the two coipponent rotations would be that the position 
of 00* is unalfered, i.e. (fO* is tfffe resultant axis of rotation. 

[If the rotations had been first about and secondly about OA it is 
clear, similarly, that 00 would have teen the resultant axis of rotation.] 

Magnitude of the resultant rotation. 

The point A is unaltered by a rotation about OA ; the rotation 2/3 about OB 
takes it to the point P, where lABP=2^ and 
the arc PP=tho arc BA, and therefore • 

/P^P= IBPA, 

Hence the resultant rotation is through ^an 
angle AC'P{=x) about G*, and C*A = C*P. 

If BO* meets AP in N, then N is the middle 

point of the arc AP and AC'N=NG'P=:^ , 

If the axes OA and OB meet at an angle y, 
then AB=:y, Let AG' be p, , 

Then 

sin 7 8in/3=8in .^N’rrsin p sin ^ ...(1). 


P 



Also, from the triangle ABC*^ we have^ 

cos 7 cos a =5 sin 7 cot p - sin a cot p, 

which gives 

1 ^ sin 7 

smp— /y 8 in 27 +(oo 8 aco8 7 -f sin aoot/3)2* 

Hence (1) gives 

X ^ 

sin 2 = P *J y + y cos a + sin a cot /3)*. 


Hence the position of the resultant axis 00*, and the magnitude of the 
resultant rotation, are given for any case. 


Ex, 1. If a plane figure be rotated through 90° about a fixed point A, and 
then through 90° (in the same sense) about a fixed point B, the result is 
equivalent to a rotation of 180° about a certain fixed point 0 ; find the position 
of 0. 


Ex, 2. Find the resultant rotation when a body revolves through a right 
angle in succession about two axes which are inclined to one another at an 

angle of 60 °. 

Ex, 3. When the rotations are each through two right angles, shew that 
the resultant axis of rotation is perpendicular to the plane through the two 
component axes, and that the resultant angle of rotation is equal to twice the 
angle between them. 
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227* y^elocity of any poir}^ of a body parallel to fixed 
axes in terms of the instantaneous ang%lar velocities oj^ the body 
about^he axes. 

Let P be any point («, y, z) o?^he bbdy. Draw PM per- 
pendicular to the plane oT xy,n MN 
perpendicular to the axis of x, ani 
PT perpendicular to NP in the 
plane NPM to meet NM in T, 

The angular velocity coi about 
Ox gives to P a velocity along TP 
equal to . PN which is equivalent 
to a velocity — coi . PN cos PTN, i,e, 

- ©1 . PN , sin PNT, i.e, — coi,z along 
NT, and a velocity ©i . PN sin PTN, 
i.e. coj . PN cos PNM, i,e, <oi . y along 
MP. 

Hence the «i»i-rotation about Oa? 
gives a component velocity - Wj . a parallel to Oy and 
parallel to Oz, S-i 

So the rotation about Oy by symmetry gives component 
velocities -w^.x parallel to Oz and Wg . z parallel to Ox. 

Finally the rotation about Oz gives -^(o^.y parallel to Ox 
and eos . x parallel to Oy. 

Summing up, the component velocities are 

(o^.z — cos-y parallel to Qx, 
o)s,x-o)^.z „ „ Oy, 

and ©1 . 3 / -y . ir „ „ Oz. 

If 0 be at rest, these are the component velocities of P 
parallel to the axes. 

If 0 be in motion and u, v, w are the components of its 
velocity parallel to the fixed axes of coordinates, then the 
component velocities of P in space are 

w -}■ coa . — (»g . y parallel to Ox, 

v^<o^.x-(Oi.z „ „ Oy, 

oJi.y — Og.aj „ „ Oz. 



and 
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228. A rigid body is movit^ about a fixed point 0 ; to find 
(1) the mojnents of momentum about any axes through 0 fi^ed in 
space, and (2) the kinetic energy of the body. 

The moment of momentum of the body about the axis of x 

* 

But, by the previous article, since 0 is fixed, 

d'tf ^ dz • 

^ = 0 )^. 07-0)*. and - (Oy.sc 

where ©a,, ©y and w, are the angular velocities bf the body about 
the axes.^ 

On substitution, the moment of momentum about Ox 
= 2m [( 2 /® + z^) €Ox — xyiOy — A . ay^ — F • coy — E . eog. 

Similarly the moment of nSomentum about Oy 
= Bcoy — Da}g — F(Ox, 

and that about Oz 

’ = Dcoy. 

• 9 ^ 

(2) The kinetic energy 
= i 2m [x^ -f y* + i^] 

= i2m[(a>y . 2 ? - (Og.yy + (q)^ . a? - ©a; . zY + (ft)* . y - c»y . a?)*] 

• =^2m[co/(y2 + <^*)4-... + -2(Oya>g .yz - ... - ...] 

= ^ (AfiOx^ + + Ca>^ — 2D<t>y(i>g — 2E€Oz(Ox — 2F(OxXy), 

229. In the pre^nous article the axes are fixed in space, 
and therefore since the body moves with respect to thepa, the 
moments and products of inertia A, B, G ... are in general 
variable. 

Other formulae, more suitable for many cases, may be 
obtained as follows. 

Let Ox\ Oyf and 0/ be three axes fixed in the body, and 
therefore not in general fixed in space, passing through 0 and 
let 0 ) 1 , o> 2 , 0)8 be the angular velocities of the body about them. 

The fixed axes Ox, Oy and Oz are any whatever, but let 
them be so chosen that at the instant under consicjpration the 
moving axes Ox', Oy' and Oz' coincide with them. Then 

Q)«sO)l, 0)y=:o>a, 

The expressions for the moments of momentum of the last 
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article are now — and two similar expressions, 
and tbf kinetic energy is 

^ (Aa)i^ +■ 2-D6)2C»8,— 2^^3a>i — 2Fcoi(»>2), 

where A, B, G are now the ^moments of inertia and J), E, F the 
products of inertia about axes 'fixed in the body^and moving 
with it. 

If these latter axes are the principal axes at 0, then D, E and 
F vanish and the expressions for the component, moments of 
momentum are Aco^, Bod^ and G(o^y and that for the kinetic 
energy is » 

230 . General equations of motion of a body with <fne point 
fixed which is acted upon by given blows. 

The fixed point being the origin, let the axes be three 
rectangular axes through it. • 

Let G)a5, (Oyy eoz be the angular velocities of the body about 
the axes just before the action of the blows, and &)*, coy, o)/ the 
corresponding quantities just after. , 

The moment of momentum of the body, just before, about 
the axis of x, is Acos^— Fcoy — Ewz and just after it is 
Aaox — FtOy — Eg>z* 

Hence the change in the moment of momentum about the axis 
of ^ is {(Ox — ft)*) - F{(Oy — (Oy) — E {(Og — (Og). 

But, by Art. 166, the change in the moment of momentum 
about any axis is equal to the moments of the blows about that 
axis. 

If then Ly M, N are the moments of the blows about the 
axes of a?, y and z, we hare 

A {(Ox — (Ox) - F{(Oy' — (Oy) — E (ft)/ — (Oz) = Ly 
and similarly 

B {(Oy — (Oy)—D {(Oz —(Og)—F {(Ox — (Ox) = 
and C {coj — (Og) — E (eo/ — Wx) — B {(Oy — coy) = E. 

These three equations determine a>* , (Oy and co/. 

The axes of reference should be chosen so that A, B, 0, Dy 
E and F m§,y be most easily found. In general the principal 
axes are the most suitable. If they be taken as the axes oi 
reference the equations become 

A {^x — Ly B {(Oy — cDy) = M and C (a>/ — w,) =* N, 
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231. If the body start frcipi rest, so that a)*, fi)y«,nd are 
zero, we have • 

, L , , N 

• a ’ ~ =~Q' 

% 

Hence the direction co^nes of the instantaneous axis are 


L M N\ 
A’ B> G) 


( 1 ). 


The direction cosines of the axis of the impulsive couple are 

(i, M, F) ' (2). 


In general it is therefore clear that (1) and (2) are not the 
same, i.e. in general the body does not start to rotate about a 
perpendicular to the plane of the impulsive couple. 

(1) and (2) coincide if A=B = Gy in which case the 
momental ellipsoid at the fixed point becomes a sphere. 

Again if M=N = 0, i.e, if the axis of the impulsive couple 
coincides with the g^is of % one#of the principal axes at the 
fixed point, then the direction cosines (1) become proportional 
to (1, 0, 0), and the instantaneous axis also coincides with the 
axis of X, i.e, with* the direction of the impulsive couple. 
Similarly if the axis of the impulsive couple coincides with 
either of the other two principal axes at the fixed point. 

In the general case the instantaneous axis may be found 
geometrically. For the plane of the impulsive couple is 


Lx + My + Nz = 0. 

Its*conjugate diameter with respect tb the momental ellipsoid 
Aa^ + By^ + Gz^ = k 


, ^ X y z 

seen to be -r- = -~ = 

k K K 

A B G 

i.e, it is the instantaneous axis. 

Hence if an impulsive couple act on a hody^ jixed^ at a point 
(J and initially at rest, the body begins to turn about the diameter 
of the momental ellipsoid at 0 which is conjugate to the plane of 
the impulsive couple. 
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1 

232. Em 1. A lamina in tha form a quadrant of a circle OHCf^ whose 
centre is H, iias one extremity 0 of its art fixed and is struck by a b]pw P at the 
other extremity O' perpendicular to its plane; Jini the resulting motiq^i. 

Take OH as the axis of x, the tangent at 0 as the axis of y, and a 
perpendicular to the plane at O as the ax\e» of s. » » 

Let O be 'the centre of gravity^ OL perpendicular to O/I, so that 


Then 


A=M 


cfi 

4 * 


B (by Art. 147) = M- 


M 


+ OL^ = M (^1 - a2; 

d=a;=0; 


F= 


0=A+P; 

1 


^ rdOdr (a-r cos $) r sin 6=J\I a*. 


and 


The equations of Art. 230 then give 

A (jjjf - Fujy' — Pa 'I 
-Fujjf— - Pa 
= *0 


B<ay‘ 

C(oJ 


Pa 


These give ^ jr ) A B -F^ * solution can be 

completed. 

If <p be the inclination to Ox of th^ instantaneous ^xis, we have 
_ <Uy' _ A - P _ IO-Stt 


tan = 


F-B~ iOTr-42 


Ex. 2. A uniform cube has its centre fixed and i^ free to turn about it ; it 
'is struck by a blow along one of its edges ; find the instantaneous axis. 

Ex. 8. A uniform solid ellipsoid is fixed at its centre and is free to turn 
about it. It is struck at a given point of its surface by a blow whose direction 
is normal to the ellipsoid. Find the equation to its instanjtaneous axis. 

Ex. 4. A disc, in the form of a portion of a parabola bounded by its latus 
rectum and its axis, has its vertex A fixed, and is struck by a blow through 
the end of its latus rectum perpendicular to its plane. Shew that the disc 
starts revolving about a line through A inclined at tan'^^f to the axis. 

Ex. 5. A uniform trianglilar lamina if PC' is free to turn in my w^^ 
about A which is fixed. A blow is given to it at B perpendicular to its plane. 
Shew that the lamina begins to turn about AD, where D is a point on BC such 
that GB^^CB. 


233. General equations of motion of a body in three dimen- 
sionSy referred to axes whose directions are fixed. 

If {Xy yy z) be the coordinates of the centre of gravity of the 

d?x 

body we haye, by Art. 162, = sum of the components of 

the impresi^ed forces parallel to Oxy and similar equations for 
the motion parallel to the other axes. 
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If <»*, o>y,fi)t be the angu,]|ir velocities at any instant about 
axes through the centre of inertia parallel to tlie axes of 
coordinat'es then, by Arts. 164 and 228, we have 

^^[A(Ox - Foiy - 

= moment aVout a line pavallel to Ox through Q of the effective 
forces = L, 

So ^ [.B(Oy — Dcoz — = Mf 


and ^ — Fwai — ~ 

[If the body be a uniform sphere, of mass ifj , then D = 

2a* 

= 0, and A = B C = M . ; these equations then become 

Tijf d(Dx Y -mj/- 2a* d(Oy -mm m 2a* dcog ^ 


Impulsive forces. If Uy v, Wy Wy, c»« be the component 
velocities of the centre of inertia Q and the component angular 
velocities about lineg through •parallel to the fixed axes of 
coordinates just before the action of the impulsive forces, and 
m', v\ w\ ft)*', ft)/, ft)/ similar quantities just after them, by Arts. 
166 and 228 the dynamical equations are M{v! ~ -w) = etc. 
and A (ft)*' — o)*) — F (o}y — Wy) — E (ft)/ — o)*) 

= the moment of the impulsive forces about Ox, 
and two similar Equations. 

234. Ex, A homogeneous billiard bally spinning about any 
axisy moves on a billiard table 
which « is not rough enough to 
always prevent sliding ; to shew 
that the path of the centre is at 
first an arc of a parabola and 
then a straight line. 

Take the origin as the ini- 
tial position of the point of 
contact, and the axis of x in the 
fnitial direction of its sliding. 

If u and V be the initial velocities 
of the centre parallel to the axes, 
and fl*, Oy and (Ig the initial 
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*» « ) 

) 

angular velocities about the axes^ then since the ijuitial velocity 
of the point of contact parallel t6 the axis of is zero,>we have 

f;4-aft* = 0 ! L..(l). 

At any time t let o)^ and "be the component angular 
velocities, and Fy the component frictions as marked. 

The equations of motion are 


and 


Mx = — -Pas 

My ^ — Fy 

0 = JS~%^ 


M 


2a^ dcox 

~5'W 




M — p 

• 5 dt ^ 


M. 


2a^ da)z 
5 dt 


= 0 


( 2 ), 


(3). 


The resultant friction must be opposite to the instantaneous 
motion of A and equal to yMg, 

w. 

•t Oi Cf/dOy 

and + Fy^ = /*Wy (6). 

Ekjuations (2) and (3) give 




.y. 

a 


Hence (4) gives 


_ y + ai>t 

'Oy 




X Ct/0}y 


y + a(Ox X — atOy ’ 
log (y acoas) = log {x — aG)y) 4“ const. 

... ^,5±?«..o.b,a). 

X—a(Oy — OXiy ^ V / 

Hence (4) and (5) give jPy = 0 and F^ = yMg. 

From (2) it follows that the centre moves under the action 
of a constant force parallel to the axis of x and hence it" 
describes an arc of a parabola, whose axis lies along the negative 
direction of the axis of x. 
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(1), (2), and (3) now give ,, 


and 


y = const, 


U=V) 


a(Ox = coi\st. 

^5 r 

atiy = ^ figt + a£ly 


'( 6 ), 


. 0 ). 


At time t the velocity of the point of contact parallel to Ox 

= <i — aa>y — u — ofiy — ^ figt, 

t 

and parallel to Oy it — y -h atox = w + aVix = 0, by (1). 

The ' velocity of the point of contact vanishes and pure 
rolling begins when 

A 4.1. y V 1v 

XU — fxgt 5 m + 'iaD.y ’ 

%,e. the direction of motion when pure rolling commences is 

inclined at tan""^ - — . the original direction of motion 

bu + 2aily ^ 

of the point of conta^?t. 

On integrating (6), it is easily seen that pure rolling 
commences at the point whose coordinates are 

2 {Qu + aily) ^ 2v (w — aOy) 

YiTg 

It is easily seen that the motion continues to be one of pure 
rolling, and the motion of the centre is now in a straight line. 


EXAMPLES 

1 . If a homogeneous sphere roll on a 6xed rough plane under the 
action of any forces, whose resultant passes through the centre of the 
sphere, shew that the motion is the same as if the plane were smooth 
and the forces reduced to five-sevenths of their given value. 

2. A sphere is projected obliquely up a perfectly rough plane ; shew 
that the equation of the path of the point of contact of the sphere and 

, where a is the inclination of the plane 


5 gx^ sing 


plane c5s^/3> 

to the horizon, and V is the initial velocity at an angle ^ to the 
horizontal 
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3. A hofhogetieous sphere is proje^ed, so as to roll, in any direction 
along the surface of a rough plane iAlined at a to the horizoiftal ; shew 
that th% coefficient of friction must be > f tan a. 

4 , A perfectly rough sphere, of mass* and i^dius a, is^*otating with 
angular velocity Q about an axi» at ri^ht angles to the direction of motion 
of its centre. It impinges directly on aether rough sphere of mass m 
which is at rest. Shew that after separation the component velocities 
of the two spheres at right angles to the original direction of motion of 

the first sphere are respectively | aQ and | a% 


5. A homogeneous sphere spinning about its vertical axis moves on 
a smooth horizontal •table an^ impinges directly on a perfectly rough 
vertical cushion. Shew that the kinetic energy of the sphere is diminished 
by the impact in the ratio 2e*(5 + 7 tan^^) ; 10+49e2tan2^, wheifb e is the 
coefl&cient of restitution of the ball and ^ is the angle of reflection. 

6. A sphere, of radius a, rotating with angular velocity o) about an 
axis inclined at an angle /3 to the vertical, and moving in the vertical 
plane containing that axis with velocity in a direction making an 
angle o with the horizon, strikes a perfectly rough horizontal plane. 
Find the resulting motion, and shew that the vertical plane containing 

the new direction of motion makdl^ an angle tanP'^l^^—^ | with the 

® L 5w cos a J 

original plane. 


7 . A ball, moving horizontally with velocity and spinning about a 
vertical axis with angular velocity ©, impinges directly on an equal ball at 
rest. Shew that the maximum deviation of the first ball from its initial 

direction of motion produced by the impact is tan“^^^-~i^ , where p is 

the coefficient of friction and e of restitution between the balls, and shew 

that the least value of w which will produce this deviation is (1 


8. Shew that the loss of kinetic energy at the impact of two peffectlj^ 
rough inelastic uniform spheres, of masses M and M', which are moving 

before impact with their centres in one plane, is X 4 

where u and v are the relative velocities before impact of the points of 
contact tangentially, in the plane of motion of the centres, and normally. 


lu D. 


20 



CHAPTER XVII 


ON THE PRINCIPLES OF THE CONSERVATION OF 
MOMENTUM AND CONSERVATION OF ENERGY 


235. If X, and z be the coordinates of any point of a 
body at time t referred to fixed axes, its equations of motion 
are, by Art. 164, 



^ ^ d dx ^ ^ 



(1). 




........( 2 ), 


■ 

(3). 



(4), 




(5). 

B^”( 



(6). 


Suppose the axis of a? to be such that the sum of the 
resolved parts of the external forces parallel to it is zero 
throughout the motion, ie, such that’SX = 0 always. 

Equation (1) then gives 


d ^ dx ^ 


t.6. 


or 




dt 


= constant (7), 


dx 

if ^ = constant, 


where 5 is the a?-coordinate of the centre of gravity. 

Equation (7) states that in this case the total momentum of 
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the bodyjineasured parallel to the axis of x remains constant 
throughout the motion. ' ^ 

TlJSs is the Principle of the Conservation of Linear 
Momentum. * 


Again suppose the extSmal* forces tu uo Duuxi uii£bu uue sum 
of their moments about the axis ef ic is zero, me. such that 
X{yZ^zY)^0, 

Then, by equation (4), we have 

dz 


and 


/ dz dy\ 


Sm 


constant (8). 


dz dtt 

Nowv-n — = l>he moment about the axis of x of the 

^ dt dt 


velocity of the mass m, and hence equation (8) states that the 
total moment of momentum of the system about the axis of 
X is constant. 

Hence the Principle of the Conservation of the Moment 
of Momentum (or Angular Momenlium), mz. 

If the sum of the moments of the external forces^ acting on a 
rigid body, about a given line be zero throughout the motion^ the 
moment of momentum of the body about that line remains un- 
altered throughout the motion. 


236. The same theorems are true in the pase of impulsive 
forces. For if the duration of the impulse be a small time t 
we have, as in Art. 16^, on integrating equation (1), 

where Xi is the impulse of the forces parallel to the axis of x, 
i,e, the change in the total momentum parallel to the axis of x 
is equal to the sum of the impulses of the forces in that 
direction. 

If then the axis of x be such that the sum of the impulses 
parallel to it vanish, there is no change in the total momentum 
parallel to it, 

i,e, the i\)tal momentum parallel to the axis of x before the 
action of the impulsive forces* the total momentum in that 
direction after their action. 


20—2 
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Again, integrating equation (4), we have , 

i.e, the change in the angular momentum about the axis of x is 
equal to the sum of the moments of the impulses of the forces 
about that satne direction. 

If then the axis of x be such that the sum of the moments 
of the impulsive forces about it vanishes, there is no change in 
the angular momentum about it, ^ 

i.e. the angular momentum abouji it just before the action 
of the impulsive forces = the angular momentum about the 
same linp just after their action. 


Wherever 


237. Ex, 1. A head^ of mass w, slides on a circular wire^ of mass M and 
radius a, and the wire turns freely about a vertical diameter. If w and he 
the angular velocities of tfii wire when the bead is respectively at the ends of 

uj' m + 2wi 

a horizontal and vertical diameter, shew that — = — ^ — , 

* w M 

ai 

The moment of inertia of the wire about any diameter = M 

a 

the bead may be on the ^ire, th^ action jof it on ^ 
the wire is equal and opposite to that of the wire 
on it. 

Hence the only external forces acting on the 
system are (1) the action ^f the vertical axis AA\ 
which has no moment about AA\ and (2) the weights 
of the bead and wire, neither of which has any 
moment with respect to the vertical axis AA\ 

Hence the momenbof momentum of the system 
(wire and bead) about AAi is constant throughout 
the motion. Also the velocity of the bead along 
the wire has no moment about AA', since its direction intersects A A . 

a2 

Whep the bead is at .4, the moment of momentum about AA' M . w' 



also, when it is at JB, this moment M— w + ma^cu. 


Equating these two, we 


have — = 


Af+2m 

M * 


Ex, 2. A rod, of length 2a, is moving on a smooth table with a velocity v 
perpendicular to its length and impinges on a small inelastic obstacle at a 
distance c from its centre. When the end leaves the obstacle, shew that th^ 

3cv 

angular velocity of the rod is 

Both at the impact, and throughout the subsequent motion Vhilst the rod 
is in contact with the obstacle, the only action on the rod is at the obstacle 
itself. Hence there is no change in the moment of momentum about the 
obstmde. But before the impact this moment was Mcv, Also, if ^ be the 
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angular velficity of the rod when its en^ls leaving the obsta'cle, its moment of 
momei^um about the obstacle is, by Art. 191, M ^ — j co, i.%. ifcf . -j- w. 


Equating these two, we have w = ^. 

4a^ 


If Of' were the angular velooi^ of the rod immediately after the impact, we 
have, similarly, ilfcv = ilf cj\ 


Bx. 3. A uniform circular plate is turning in its own plane about a point A 
on its circumference with uniform angular velocity <a; suddenly A is released and 
another point B of the circumference is fixed; shew that the^angular velocity 

about B is ~ (1 + 2 cos a), where a is the angle that AB subtends at the 


centre. 

In this case the only impulsive force acting on the plate is at B and its 
moment about B vanishes. 

Hence, by Art. 235, the moment of momentum about B is the same after 
the fixing as before. If w' be the required angular velocity, the moment of 
momentum after the fixing ~M {a^ + k^) w' = Af . w'. 

The moment of momentum before the fixing 
= the moment of momentum of a mass M moving with the centre of gravity 
+ the moment of momentum about the centre of gravity (Art. 191) 

= Ma(i} . a coa a + Mk^(a = Mo}a^ {cob a + • 

since before the fixing the centre O was moving at* right angles to AO with 
velocity aw. 

tt t nr 0 f / 1 + 2 cos a 

Hence in w = illwa^ ( cos a + - j . w =w g . 

It is clear that w' is always less than w, so that the energy, \m (k^-\-a^) w'2, 
after the impact is always less than it was before. This is a simple case of Ihe 
general principle that kinetic energy is always diminished whenever an impact, 
or anything in the nature of a jerk, takes place. • 

If a = 120°, i.e. if the arc AB is one-third of the* circumference, the disc is 
brought to rest. 


Ex, 4. A uniform square lamina^ of mass M and side 2a, is moving freely 
about a diagonal with uniform angular velocity w when one of the comers not in 

that diagonal becomes fixed ; shew that the new angular velocity is - , and that 
the impulse of the force on the fixed point is ^ . Maw. 


M 


Let AO be the original axis of rotation. 

As in Art. 149, the moment of inertia about it is 

a2 

. . Let the initial direction of rotation be such 

o 


that B was moving upwards from the paper. 

Let D be the point that becomes fixed and w' the 
resulting angu||ir velocity about DA, a line parallel 
to AC, Since the impulsive force at the fixing acts 

at D its moment about DX vanishes. Hence the 
moment of momentum about DX is unaltered by 
the fixingi 
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After the ^xir^ it = 3f A: V •• 

u'=K +2a*j u' = Jf . 

Also before J:he fixing i|, by A^«191, 

=: moment of momentum about AC + the moxj^ent of momentum of a particle M 

ofi * 

at O and njoving with its=3f^ ~ w. 

Equating these two quantities, we have 

Similarly, the moment of momentum about PB after the fixing = the 
moment of moiSientum before = zero. • 

Hence after the fixing the square is moving about DX with angular 

velocity ^ ^ 

Again, before the fixing the centre of gravity 0 was at rest, and after the 



fixing it is moving with velocity PO . i,e. ^2a. about P. The change 

in its momentum is therefore M , and this, by Art. 166, is equal to the 
impulse of the force required. * 


EXAMPLES 

1 . If the Earth, supposed be a uniform sphere, had in a certain 

^ ] 

period contracted slightly so that its radius was less by - th than before, 

48 

shew that the length of Jjhe day would have shortened by hours. 

2. A heavy circular disc is revolving in a horizontal plane about its 
centre which is fixed. An insect, of mass ^th that of the disc, walks 
from the centre along a radius and then files away. Shew that the 
final angular velocity is times the original angular velocity of the 
disc. 

3. A uniform circular board, of mass M and radius a, is placed on 
a perfectly smooth horizontal plane and is free to rotate about a vertical 
axis through its centre ; a man, of mass M', walks round the edge of the 
board whose upper surface is rough enough to prevent his slipping ; when 
he has walked completely round the board to his starting point, shew that 

M' 

the board has turned through an angle ‘ 

4 . A circular ring, of mass M and radius a, lies on a smooth 
horizontal plane, and an insect, of mass m, resting on it starts and 
Vvalks round it with uniform velocity v relative to the ring. Shew that 
the centre of the ring describes a circle with angular velocity 

m V 

' a* 
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5. If ajlnerry-go-round be set in potion and left toitself, shew that 
in order that a man may (1) move wAh the greatest velocity, (2) bo most 
likely t# slip, he must place himself at a dist&nce from the cen^ equal to 

(1) k,Jn^ (2) ^ l>oing the radius gyration of the machine about 

its axis and n the ratio of its weight -to that of the man. 


6. A uniform circular wire, of radius a, lies on a smooth horizontal 
table and is movable about a fixed point 0 on its circumference. An 
insect, of mass equal to that of the wire, starts from the other end of 
the diameter through 0 aftd crawls along the wire with a uniform 
velocity v relative to the wire. Shew that at the end of time t the wire 

has turned through angle ^ • 

[When the diameter OA has turned through an angle from its 
initial position, let the insect be at P so that l ACP—B^=^^ where C 

is the centre of the wire. Since the moment * 1 ^ momentum about O is 
constant, * 

• •. m (P + a^) </) + m cos^ ~ 0 -f . 2a cos® = constant = 0.] 


* 7. A small insect moves along a unifbrm baj, of mass equal to itself 
and of length 2a, the ends of which are constrained to remain on the 

2a 

circumference of a fixed circle, whose radius is -75. If the insect start 

from the middle point of the bar and move along the bar with relative 
velocity F, show that the bar in time t will turn through an angle 

73**“ a* 


8. A circular disc is moving with an angular velocity O about an 
axis through its centre perpendicular to its plane. An insect alights on 
its edge and crawls along a curve drawn on the disc in the form of a 
lemniscate with uniform relative angular velocity the curve tbuclqpg 
the edge of the disc. The mass of the insect l^ing -j^th of that of the 
disc, shew that the angle turned through by the disc when the insect gets 

to the centre is tan^^ ^ ^ . 


9. A rod OA can turn freely in a horizontal plane about the end 0 
and lies at rest. An insect, whose mass is one-third that of the rod, 
alights on the end A and commences crawling along the rod with uniform 
velocity V ; at the same instant the rod is set in rotation about 0 in sudh 
a way that the initial velocity of A is F ; when the insect reaches O prove 
that the rod has rotated through a right angle, and that the angular 
velocity^ of the rod is then twice the initial angular velocity. 
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10. A partvjle, of mass m, Djpves within a rough circifiar tube, of 
mass My Ijiing on a smooth horizonfial plane and initially the tube is at 
rest while •the particle has 1m angular velocity round the tube# Shew 

that by the time the r€^.ative mbtion ceases the fraction of the 

initial kinetic energy has been dissipated by friction. 

[The linear^ momentum of /he common centre of gravity, and the 
moment of momentum about it, are both constant throughout the 
motion.] 

11. A rodf. of length 2a, is moving ajiout one end with uniform 
angular velocity upon a smooth horizontal plane. Suddenly this end 
is loosed and a point, distant h from this ^id, is fixed ; find the motion, 

4a ^ 

considering the cases when 5 < = > — . 

O 

f 

12. A circular plate rotates about an axis through its centre perpen- 
dicular to its plane with angular velocity w. This axis is set free and 
a point in the circiimfenjvice of the plate fixed ; shew that the resulting 

angular velocity -is ^ • 


13. Three equal particles are attached to the corners of an equilateral 
triangular area ABGy whose mass is negligible, and the system is rotating 
in its own plane about |4. A iS released and the middle point of A is 
suddenly fixed. Shew that the angular velocity is unaltered. 


14. A uniform square plate ABCD, of mass M and side 2a, lies on 
a smooth horizontal plafie ; it is struck at A by a particle of mass M ' t 
moving with velocity V in the direction AB, the particle remaining 
attached to the plate. Determine the subsequent motion of the system, 

and shew that its angular velocity is • 


15. A lamina in the form of an ellipse is rotating in its own plane 
about one of its foci with angular velocity w. This focus is set free and 
the other focus at the same instant is fixed ; shew that the ellipse now rotates 


• 2 — 5^2 

abput it with angular velocity w . • 


16. An elliptic area, of eccentricity e, is rotating with angular 
velocity © about one latus-rectum ; suddenly this latus-rectum is loosed 
and the other fixed. Shew that the new angular velocity is 

1 - 4^2 
® * 1+4^2- 


17. A uniform circular disc is spinning with angular velocity © about 
a«diameter when a point P on its rim is suddenly fixed. Jf the radius 
vector to P make an angle a with this diameter, show that the angular 
velocities after the fixing about the tangent and normal at P are ^ © sin a 
and © cos a. 
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18. A ^be is rotating with ango^^ velocity a> abouiwa diagonal when 
suddenly tBe diagonal is let go, and ojie of the edges which does not meet 
this diggonal is fixed ; shew that the resulting angular velocity about this 

edge is ™ . ^3. 

19. If an octant of an ellipsoid bounded by three principal planes be 
rotating with uniform angular velocity a> about the axi#a, and if this 
axis be suddenly freed and the axis b fixed, shew that the new angular 

, . 2ab(o 

velocity IS 


T!!onservation of Energy 


238. In many previous articles we have met with Examples 
in which the change of kinetic energy of a particle, or system of 
particles, is equal to the work done on particle, or system of 
particles. 

The formal enunciation of the principle may be given as 
follows : 

• If a system move under the acticm of finite forces, and if the 
geometrical equations of the system do not contain the time 
explicitly, the change in the kinetic energy of the system in passing 
from one configuration to any other is equaJ^ to the corresponding 
work done by the forces. 

By the principles of Art. 161, the forces X — 




d?z 

Z — m acting at the point (^, y, z) and similar 


dt 


forces acting on the other particles of the system are a system 
of forces in equilibrium. 

Let lx, ly, Sz be small virtual displacements of the partiole 
m at (cD, y, z) consistent with the geometrical conditions of the 
system at the time t 

Then the principle of Virtual Work states that 

s [(z - »S) 8. + (r- » g) Sj + (^-« §) 8.] = 0 . 

If the geometrical relations of the system do not contain 
the time e^licitly, then we may replace Sx, Sy, Bz by the actuttl 

displacements ^ Bt, ^ Bt and ^ Bt. 
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Hence the«above eqaation«^ves 

-s (y^A.v^y 

^ \dt’‘ dt ■’■ dt» dt ■*■<£<*<;« ~^\r dt'^ ^ di'^^M)’ 

Integrating with respect to <, we Jiave 

( 1 ). 

i.e, the chail^e in the kinetic energy of the system from 
time ti to time U is equal to the work done by the external 
forces on the body from the configuration of the body at time ti 

to the configuration at time 

« 

239. When the forces are such that J'(Xda! + Fdy + Zds) is 

the complete difierential of .some quantity F, t.e. when the 

forces have a potential F, the quantity 2m J(Xdcc+ Ydy^-Zdz) 

is independent of the path pursued fi:om the initial to the fin^il 
position of the body,iind depends*only on the configuration of 
the body at the times ti and The forces are then said to be 

conservative. 

Let the configurations of the body at times and U be 
called A and B. The equation (1) of the previous article 
gives 

Kinetic Erfergy at the time _ y _y 

- Kinetic Energy at the time ~ - b a 


Thcb potential energy of the body. in any position is the 
wofk the forces do on it whilst it moves from that position to a 
standard position. Let its configuration in the latter position 
be called C, 

Then the potential energy at the time ti 

(Xda;^ Ydy-hZdz)=^j 8F=Fof-F^ ...(3). 

So the potential energy at the time ^ 

ef (Xdx-i- Ydy^Zdz)- f BV^Vq- 

J B J B 
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Hencei^the equation (2) gives •• 

Kinetic Energy at the time 4) 

— Kinetic Energy at the time “ 


^ Potential Enei^ at the 
time ti 

i — Potential Ehergy at the 
time ^ 3 , 


the sum of the kinetic and potential energies at the time 
^2 = the sum of the same quantities at the time 

Hence when a body moves under the action of a system of 

Gon§fiTva4Ave Eorces the* sum of its Kinetic and Potential 

Energies is constant throughout the motion, 

240. As an illustration of the necessity that the geometrical equations 
must not contain the time explicitly, let the body be a particle moving on a 
smooth plane which revolves uniformly round a horizontal axis through which 
it passes, the particle starting from a position of rest relative to the plane. 

Let OA be the plane at time t and P i ^e position of the particle then ; 
OB and Q' the corresponding positions at^tim6 

Then ^ ^ ^ke velocities at time t, so 

tHkt ~ dtf ~ dt are the correspondi^ distances 
parallel to the axes described in time dt ; hence 
^St, ^ St are the projections on the axes 

(it dt 

of FQ\ 

Now dx, dy are by the Theory of Virtual Work the projections of a small 
displacement which is consistent with the geometrical conditions at time t, i,e, of 
a small displacement along the plane OA, 

Hence dx and dy are the projections of some such displacement as PQ* 

Hence in this case ~ 6t (f^d ^ dt cannot be replaced by dx and dy. 
dt dt 



Also in this case the geometrical relation is -=:tanif OZ=tan wt, so that it 

X 

contains the time explicitly. • • 

The same argument holds for the general case where the geometrical 
rela^n is — ~ 

0 Vy t) = 0 (1). 

For the latter at each time t gives a surface on which P must lie and also the 
virtual displacement PQ, 
dx d/u d'ff 

But dtf ~ dtt ^ dt are the projections on the axes of PQ\ where Q' lies 
on the neighbouring surface 

<p{x, y, s, t + (2). 

Hence 8x, Sy, 8 m cannot be replaced by 8t unless tie 

sarfhoes (1) and (2) coincide, i,e, unless the geometrical conditions at time t 
coincide with those at time t + dt, and then the geometrical equation cannot 
contaixf the time explicitly. 
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241. In 4}he result of AiPt. 238 all forces may »e omitted 
which do not come into^ the Equation of Virtual Work^i.e. all 
forces wliose Virtual Work is zero. 

Thus roiling friction rfay be omitted because the point of 
application of such a force of frictioA is insT^antaneously at rest ; 
but sliding Jfriction must Hiot be omitted since the point of 
application is not at rest. 

So the reactions of smooth fixed surfaces may be omitted, 
and generally all forces whose directio%i is perpendicular to the 
direction of motion of the point of application. 

Similarly the tensions of an inexl^ensible^etring may be left 
out ; for they do no work since the length of such a string is 
constant', but the tension of an extensible string must be 
included ; for the work done in stretching an extensible string 
from length a to lengtt b is known to be equal to (6 — a) x the 
mean of the initial and final tensions. 

Again, if we have two rigid bodies which roll on one another 
and we write down the energy equation for the two bodies 
treated as one systeni we can omit; the reaction between them. 


242. The kinetic energy of a rigid hody^ moving in any 
manner j is at any instant equal to the kinetic energy of the whole 
masSy supposed collects at its centre of inertia and moving with 
it, together with the kinetic energy of the whole mass relative to 
its centre of inertia. 

Let (Xy y, z) bathe coordinates of the centre of inertia of the 
body at any time t referred to axes fixed in space, and let (a?, t/, z) 
be the coordinates then of any element m of the body; also 
let (a/y y\ z) be the coordinates of m relative to Q at the san^e 
instant,^ so that a? = ^ + a?', y^y-\-y' aifd z='Z'\‘ z\ 

Then the total kinetic energy of the body 



^ « dy dy « dz dz' 
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Now, sftice {x\y\ z') are the coordinates of m relative .to the 
centre of inertia 1 • 

= the iu-coordinate of tU^ centre of inertia Q relative 
to Q itsel4= 0. 

/. = 0, for all values of t % 

« 

^ dx dx' dx ^ dx ^ 

Similarly when x is changed into y or z. 


Also 


2m 




= where v is the velocity of the centre of inertia. 


And 


[fdx\^ /dy'Y fdzY 

2 LW + [W + [aij . 


= ^ 2m X the square of the velocity of m relative to Q 


= the kinetic energy of the body relative ^to O. 

Hence (1) gives 

The total kinetic energy of the body = the kinetic energy of 
the mass AT, if it be supposed collected into a particle at the 
centre of inertia Q and* to move with the velocity of & + the 
kinetic energy of the body relative to 0. 


243 . Kinetic energy relative to the centre of inertia in space of 
three dimensions. 

Let Wxy G>y, o>z be the angular velocities of the body about 
lines through 0 parallel to the axes. 

Then, as^in Art. 227, 


dx' 


dt 


= xtif — ^a>* and 


dt '' 


' ”” XODy 
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i 

Thprefore ^he kinetic energy relative to the centiV; of inertia 

< I' ‘ 

= ~ 2m [o)*® (t/® + -8^®) + ft)y* 4- a^) -¥^1 {a^ + '{f) — 2yza>y<Og 

‘ — 2zx(o^(ji>x — 2ajya)fl5(»y] 

= i [^o)** + Bcoy^ + (7ft)/ — 2Da)ya>g ~ 2i?ft)2ft)a; — 2jPft)a5ft)y], 


where A, B, C are the moments of inertia about axes through 
the centre of inertia O and B, E, F Are the products of inertia 
about the same axes. 

If these axes are the principal axes of the body at (?, the 
kinetic energy becomes ^ [^Ift)/ + -Bft)/ + (7ft)/]. 


244. Ex. 1. An ordin^y to indoy -blind, of length I and mass m, attacked 
to a horizontal roUer, of mass M, and having a horizontal rod, of mass /a, fxed 
to its free end, is allowed to unroll under the action of gravity. Neglecting 


friction, shew that the length of the blind unrolled in time tis ~ (cosh at -1), 


Vf. 


2m 


^ , the thickness of the blind being negligible. 


vohere mr — r% > 

’ M+2m+2/i* 

When the blind has unroUed a distance x, each point of it is moving with a 
velocity x ; the angular vekoity of the roller is then ^ , where a is its radius. 


The total kinetio energy 


= ^w. w* 

x^ 2mg 1 mg .« 

*^4 •l^ia‘~2 *1^2*® • 


The principle of Energy and Work gives 

Img , WM? 


X 

2 ’ 



t^e constant vanishing since x and t are both zero together. 

uX 

/. [coshat-l]. 
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Ex. 2. Jf» uniform rod, of length hangs in a horizontal position being 
supported hy two vertical strings^ each oj| fength I, attached to its en^^ the other 
extremities being attached to fixed points. The n^d is given an angtiliir velocity u 
about a vertical axis through its centre; find its angular velocity when it how 

* Q ly ? 

turned through any angle, and shew that it will rise mrough a distance . 
Prove aUf^ that the time of a small oscillation about the position of equilibrium 


il 2ir 


v1- 


Let AB be the initial position of the rod with the strings CA and DB 


vertical, A^B' its position whej^i it has rliien 
through a vertical distance x and turned 
through an angle 6. Let the horizontal 
plane through A^B' ejit CA ai& BD in K 
and L, and let lA'CA=ift, 

The equation of energy then gives 

+ - mgx...{l). 

Now, since the angle A' KG is a right 
angle, 

X=:AC -CK=l-lGOS<f> ...(2), 
where I is the length of a vertical string. 

0 

Isin0=^'jr=:2a8in~ (3). 

I 


Also 


i=Zsin 0^=tan0. a cos 


Hence equation (1) gives 
1 



0 

- 4a2 sin^ - 

a 




r_£sin*£_ 1-|^1 a* 

i»-4a33in3| » 2 * 

— « — i 


Q =5 ^.-. w2-.wpaj (4). 


This equation gives the angular velocity in any positipn. The rod comes to 

instantaneous rest when d = 0, i.e. when x = %^^ . 

^9 

For a small oscillation we have, on taking moments about O', if T be the 
tension of either string, 


m -r- d = - 2T sin 0 X perpendicular from O' on A'K 
o 


= - T sin 0 . 2a cos 5= 

A 


2a2 


. Tsin 


.(5). 


Also 22’ oos 0 - wip 5= ?na: = )» Q 0*^ , when 0 is small, 


= ¥ ( 6 ). 


Le, to the first order of small quantities, 2r-mp=0. 

ma2 




Therefore t6) gives wi~ ^a= ^ll^g i.e. 
Henoe the required timeB2ir 
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Ex. 3. A uniform tod^ of length 2a, is placed with one end in ^tact with a 
smooth horizontal table and is then allTt^d to fall; if a he its initi^ inclination 
to the verticilf shew that its angular velocity when it is inclined at an a^gle $ is 

Qg oqp a - cos i 

ar**r+3iln^| * 

Find also the reaction of the table. ^ 

There is no horizontal force aotftig on the rod ; hence its centre of inertia G 
has no horizontal velocity during the 
motion since it had none initially. Hence 
O describes a vertical straight line OO. 

When inclined lit 6 to the vertical its 
kinetic energy 

= -ijtfoSe2(8m2« + 4). • 

Equating this to the work done, viz. 

Mga (cos a ~ cos 6), we get 

^^2 - ^ c os tt- co s $ 

• a 1 + 3 sm2 $ 




.. , .. 3<78in0 4~6cosacos^ + 3 co82^ 

Differentiating, we have (l + 3s l 5^ ' ^^ 

Also, for the vertical motion of 6, we have 

Ii-Mg=M ~2 cos ^) =!/[ - a sin 0^ - a cos 6d^\. 

On substitution, we have 


B^Mg 


4-6 cos e cos a + 3 cos® 9 

(l + 38in»dja * 


EXAMPLES 

1. A uniform rod, of given length and mass, is hinged at one end to 
a fijred point and has a string fastened to its other end which, after 
passing over a light pulley in the same horizontal line with the fixed 
point, is attached to a particle of given weight. The rod is initially 
horizontal and is allowed to fall ; find how far the weight goes up. 

2. A light elastic string of natural length 2a has one end, A, fixed 
and the other, B, attached to one end of a uniform rod BC of length 2a 

and mass m. This can turn freely in a vertical plane about its other 
end C, which is fixed at a distance 2a vertically below A. Initially the 
rod is vertical, and, on being slightly displaced, falls until it ib horizontal, 
and then rises again. Shew that the modulus of elasticity is 
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• 

3. A uniform rod moves in a verti^ plane, its ends4>eing in«contact 
with the interior of a hxed smooth Sphere ; when it is inclmed at an 
angle $ to the horizon, shew that the sqiudre of its angular Velocity is 

(cos 6 - cos a), where a is the initfal valuetof 2a itf the length of 

the rod, and c is the distance of its middle point from the centre of the 
sphere. 

4. A hemisphere, of mass M and radius a, is placed with its plane 
base on a smooth table, and a heavy rod, of mass m, is constrained to 
move in a vertical line with* one end P on the curved Surface of the 
hemisphere ; if at any. time t the radius to P makes an angle 6 with the 
vertical, shew that ad^ [if cos^ ^ m sin® ff] = ^mg (cos a — cos &)• 

5. A uniform rod, of length 2a, is held with one end on a smooth 
horizontal plane, this end being attached by a light inextensiblS string to 
a point in the plane ; the string is tight and in the same vertical plane as 
the rod and makes with it an acute angle a. If the rod be now allowed to 
fall under the action of gravity, find it^ inclinS^tion to the horizon when 
the string ceases to be tight, and shew that its angular*velocity just 
before it becomes horizontal is given by the equation 

6aO* sin a (8 + cos® a). 

& i 

6. A uniform straight rod, of length 2a, ha.^ two small rings at its 
ends which can respectively slide on thin smooth horizontal and vertical 
wires Ox and Og, The rod starts at an angle a to the horizon with an 

'angular velocity and moves downwards. Shew that it 

will strike the horizontal wire at the end of time 

2A/|log{tan(|-|)oot|}.* 

7. A straight uniform rod, of mass m, is placed at right angles to 
a smooth plane of inclination a with one end in contact with it ; the rod 
is then released. Shew that, when its inclination to the plane the 

reaction of the plane will be mg 

8. A hoop, of mass M, carrying a particle of mass m fixed to a point 
of its circumference, rolls down a rough inclined plane ; find the motion. 

9. Two like rods AB and J?(7, each of length 2a, are freely jointed 
at AB can turn round the end A and O can move freely on a vertical 
straight line through A, Initially the rods are held in a horizontal line, 
0 being in coincidence with A, and they are then released. Shew tha^ 
when the rods are incli ned at an angle B to the horizontal, the angular 

velocity of either » >y/|' . • 


L. Dl 


21 
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10. <• A Bplieiei of radius 6, roUft without slipping down thi| cycloid 
^aaa(^-J-sin d)f yt=:a(l-cos^). 

It starts from rest with its centre on the horizontal line y«2aC Shew 
that the velocity F of it9 centre Vhen at its lowest point is given by 


11. A string, of length is attached to two points in the same 
horizontal plane at a distance 26 and carries a particle m at its middle 
point ; a uniform rod, of length 2a and mass if, has at each end a ring 
through which the string passes and is let fall from a symmetrical 
position in the straight line joining the erfds of the string ; shew that 
the rod will not reach the particle if 

(?-f-6 - 2a) . (if -I- 2m) if <£ 2 (2a — 

If and 6= a, and the particle be given a small vertical dis- 

placementr when it is in a position of equilibrium, shew that the time 


of a small oscillation is 


27r /2*^3a 

T V “F' 


12. Two equal perfectly rough spheres are placed in unstable equi- 
librium one oq the top of the other, the lower sphere resting on a smooth 
table. If the equilibrium be disturbed, shew that the spheres will 
continue to touch at the same point, and that when the line joining 
their centres is inclined ^at an angle 6 tq the vertical its angular velocity a> 
is given by the equation aV (5 sin^ 7) = lOga (1 - cos 6)y where a is the 
radius of each sphere. 


13. An inextensible^ uniform band, of small thickness r, is wound 
round a thin fixed axis so as to form a coil of radius 6. The coil is 
unrolled until a length a hangs freely and then begins to unroll freely 
under the action of gravity, starting from rest. Shew that, if the small 
horizontal motion neglected, the time which will elapse before the 
banging part is of length ^ is approximately 


h 




log 





14. tA roll of cloth, of small thickness 6„lying at rest on a perfectly 
roffgh horizontal table is propelled with initial angular velocity Q so that 
the cloth unrolls. Apply the Principle of Energy to shew that the radiua 
of the roll will diminish from a to r (so long as r is not small compared 

with a) in time — > where 3G*a*a»4 (c* — a®) g. 

Is the application of the principle correct ? 


246. In many cases of motion the application of the 
principles of this Chapter will give two first integrals of the 
motion, and hence determine the motion. 

Ex» A perfectly rough inelastic sphere, of radius a, is rolling with velocity v 
ott A horisontal plane when it meets a fixed oUtacle of height h. Find the 
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condition til'll the sphere will surmount^ Sie obstacle and^ if*it does, thew that 

it will continue rolling on the plane with velcnty ^1-—^ v. 

Let 0 be the angular velocity immediately after the impact^about the point 
of contact, K, with the obstacle. 

The velocity of the centre befBre the impact was i? in a horizontal direction, 


and the angular velocity was ^ about the centre. 

Since the moment of momentum about K is unaltered, as the only 
impulsive force acts at K, we have 

m (A;2 +• m 0 = ?«v (a ^ + mh^ H . 

a 


^_v{la-5h) 

7a2 


( 1 ). 


Let w be the angular velocity of the sphere about K when the radius to K is 


inclined at $ to the horizontal. The equation of Energy gives * 

-mg {h + a Bine -a) (2). 

Also, if R be the normal reaction at this instant, we have, since the ac- 
celeration of the centre is aw2 towards K, ’ 

maw2=mpsin0-E (3). 


(2) gives . £^(/^^a8in ^~a) (4), 

and (3) gives m ~ ^ ~ ~ 


In order that the sphere may surmount the obstacle without leaving it, 
(i) wmust not vanish before the sphere gets to its. highest point, i,e. w* must 
be positive when d=90°, and (ii) B must not be negative when it is least, 

i,e. when sind= . 

a 

The first condition gives second gives 

Hence, from (1), ’ 

For both these conditions to be true it is clear that 


If these conditions are satisfied so that the sphere surmounts, without 
leaving, the obstacle, its angular velocity when it hits the plane again is 0. 
If its angular Velocity immediately after hitting the plane be wj, we have, 
by the Principle of the Conservation of Momentum, 

7*2 2*2 

m Wi=m . aO . (a - /») + w O, 

since just before the impact the centre was moving with velocity oQ perpen- 
dicular to the radius to the obstacle. 

... »,-o(.-g).(.-g)-.|. 

80 that the sphere will continue to roll on the plane with velocity e , 

21— a 
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' EXAMPLES 


1. A sintJoth unifoAu rod ’is moving on a horizontal table about one 
end which is fixed ; it impinges on an inelastic particle whose distance 

from the fixed •^nd was ^ th of ^he length of the rod ; find the ratio of the 

velocity of the particle when it leaves the rod to its initial velocity. 

[For the im,?a<Jt we have if. ^ = if ^ m ^ ® . 

The Principles of Energy and Momentum then give 


4a® , 

T 




4a® 


and 


if. ^ 


r4a® , 


w +m- 


4a® 




2. A uniform rod, of mass if, is moving on a smooth horizontal table 
about one end j^hich is fixed ; it*’drives before it a particle, of mas^ nM, 
which initially was at rest close to the fixed end of the rod ; when the 

particle is at a distance ^th of the length of the rod from the fixed end, 

shew that its direction vf motion makeia with the rod an angle 

3, A uniform rod, of length 2a, lying on a smooth horizontal plane* 
passes through a small ring on the plane which allows it to rotate freely. 
Initially the middle point of the rod is very near the ring, and an angular 
velocity » is impressed on it ; find the motion, and shew that when the 

rod leaves the ring the*^ velocity of its centre is ^ a®, and its angular 
velocity is 

♦^4. A piece of a smooth paraboloid, of mass if, cut off by a plane 
perpendicular to the axis rests on a smooth horizontal plane with its 
•vertex upwards. A particle, of mass wi, is placed at the highest point 
and slightly displaced ; shew that when the particle has descended a 
distance the square of the velocity of the paraboloid is 

^ 

(if 4* {( if 4- wi) ^ + ifct} * 

[The horizontal momentum of the system is always 2 ero and its kinetic 
^eigy is equal to the work done by gravity.] 

5. A thin spherical shell, of mass M and radius i?, is placed upon 
a smooth horizontal plane and a smooth sphere, of mass and radius r, 
slides down its inner surface starting from a position in which iSie line of 
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centres is hl>rizo]:]ital. Shew that wh^ the line of ceptres makes an 
angle witli the .horizontal the vel^ity of the shell M is given by 

(ir+n»coa?j^) 

[Compare with the example ^f Art. 202.] 


6. A fine circular tube, of radius a»and mass M, li^ on a smooth 
horizontal plane; within it are two equal particles, each of mass w, 
connected by an elastic string in the tube, whose natural length is equal 
to the semi-circumference. The particles are in contact and fastened 
together, the string being stretched round the circumference. If the 
particles become separated, shew that the velocity of the tube when 

the string has regained its natural length is ^ 

the modulus of elasticity. , 

If one of the piwticles be fixed in the tube and the tube be movable 
about the point at which it is fixed, shew that the corresponding velocity 


of the centre of the tube is -y^tim^ it^ value*in the first case. 


7. A heavy pendulum can turn freely about a horizontal axis, and 
a bullet is fired into* it at a depth p below the axis with a velocity which 
ischorizontal and perpendicular to the axis ; the pendulum is observed to 
swing through an angle 6 before Tjomirig to rest* shew that the velocity 

of the bullet was 2 sin | ^1 + . ^py where M and m are 

the masses of the pendulum and bullet, and h and k are the depth of the 
centre of inertia below, and the radius of gyration about, the axis of the 
pendulum, ' ^ . 


8. To the pendulum of the previous question i« attached a rifle in a 
horizontal position at a depth p below the axis and from it is fired 
a bullet of mass m ; shew that the velocity of the bullet is 


^ M* k . 6 rr^ 


where M' is the mass of t!ie pendulum and gun, and K and areAhe 
depth of the centre of inertia below, and the radius of gyration about, the 
axis of M*. ^ — 


9. A thin uniform circular wire, of radius a, can revolve freely about 
a vertical diameter, and a bead slides freely along the wire. If initially 
the wire was rotating with angular velocity £2, and the bead was at rest 
relatively to the wire very close to its highest point, shew that when the 
bead is at its greatest distance from the axis of rotation the angular 


velocity of the wire is Q . , and that the angular velocity of the beaJl 

relative to the wire is ^ mass of the wire being n times 
that of fhe beads 
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10. /Two uniform rods AB^ B(^ are jointed at B and canF rotate on a 
smooth horizontal plane about thd end A which is ^fixed/ From the 
principles ol the Conservation of Energy and Momentum obtain eq^iations 
to give their angular velocities in^any position, 

11. One end of a lig\it inextensible string, of length a, is attached to 
a fixed point 0 of a smooth horizontal table and the other end to one 
extremity of a uniform rod of lehgth 12a. When the string and rod are 
at rest in one straight line a perpendicular blow is applied to the rod 
at its middle point. Apply the principles of Energy and Momentum to 
shew that when^in the subsequent motion the string and rod are at right 
angles they have the same angular velocity. 

12. AB^ BC, and CD are three equal uniform rods lying in a straight 
line on a smooth table, and they are freely jointed qX*B and G, A blow is 
applied at the centre of BG in a direction perpendicular to BG. If <» be 
the initial angular velocity of AB or GD^ and G the angle they make with 

BC at any time, shew that the angular velocity then is ^ . 

€ Vl + sin®^ 

« 

13. c A uniform rod, moving perpendicularly to its length on a smcoth 
horizontal plane, strikes a fixed circular disc of radius 6 at a point 
distant c from the centre of the rod. Find the magnitude of the impulse ; 
and shew that, if there be no sliding between the rod and the disc, the 
centre of the rod will coifie into contact ^ith the disc after a time 

where h is the radius of gyration of the rod about its centre, and v is the 
initial velocity of the rod. 


14. A uniform rod, of length 2a, is freely jointed at one end to a 
small ring, whose mass is equal to that of the rod. The ring is free to 
slide on a smooth horizonjbal wire and initially it is at rest and the rod is 


vertical and below the ring and rotating with angular velocity 


in a vertical plane passing through the wire. When the rod is inclined 
at an^le G to the vertical, shew that its angular velocity is 



1 4-4 008 ^ 

8 — 3cos^d* 


and find the velocity of the ring then. 

[The horizontal momentum of the system is constant throughout the 
motion, and the change in the kinetic energy is equal to the work done 
against gravity.] 


15. A uniform rod AB hangs from a smooth horizontal wire by 
means of a small ring at .d ; a blow is given to the end A jvhioh causes 
it to start off with velocity u along the wire ; shew that the angular 
velocity <0 of the rod when it is inclined at an angle G to the horizontal is 

given by the equation (1 +3 cos^^)** ^ (1 ~ sind). 
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16. A f C)op, of radius a, rolliug m a horizontal road with iwlocity v 
comes into collision with a rough inelastic kerb of height k, which is 
perpendicular to the plane of the hoop. Shew that, if the •hoop is to 
dear the kerb without jumping, v mu^^be 

17. An inelastic uniform sphere, of radius a, is moving without 
rotation on a smooth table when it impinges on a thin rough horizontal 
rod, at right angles to its direction of motion and at a height h from 
the plane ; shew that it will Just roll over the rod if its velocity be 

6be <g. 


18. A sphere, of radius a, rolling on a rough table comes-to a slit, of 
breadth b, perpendicular to its path ; if V be its velocity, shew that the 
condition it should cross the slit without jumping is 


100 


V^> ga (1 - cos a) i^n^ a 


14 - 10 sin^a 
(V-lOsin^a)** 


where 6 = 2a sin a, and 17^a cosa>7 F^+lO^a. 


ff. 19. A sphere, of radius a, rests betjveen two thin parallel perfectly 
rough rods A and B in the saifle horizontal p^ne at distance apart 
equal to 26 ; the sphere is turned about A till its centre is very nearly 
vertically over A ; it is then allowed to fall back ; shew that it will 
rock between A and B if 1062<7a-*, and that, after the nth impact, it will 
turn till the radius vector to the point of contact is inclined at an angle 
to the vertical given by the equation 


cos $n- + 



Shew also that the successive maximum heights of the centre above its 
equilibrium position form a descending geometrical progressioa 


20. An inelastic cube slides down a plane inclined at a to th« horizon 
and comes with velocity V against a small fixed nail. If it tumble over 
the nail and go on sliding down the plane, shew that the least value of F* 

is [V2 — cos a - sin a]. 

o 


21. A cube, of side 2a, rests with one edge on a rough plane and the 
opposite edge vertically over the first ; it falls over and hits the plane ; 
shew that it will start rotating about another edge and that its centre of 

inertia will rise to a height ^ (16 +-^2). 

22. A uniform cube, of side 2a, rolls round four parallel edges in 
successi^iV along a rough horizontal plane. Initially, with a face just in 
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contact^O is thev angular velocity ijpimd the edge which remai^ in contact 
till the impact. Shew that the pube will continue to roll forward after 
the nth. impact as long as ^ < aQ,^ (,/2 + 1) - 5 - 3^. 

23. A rectangular p^irallelep^ed, of mass 3m, having a square nase 
A BCD rests on a horizontal plane and isr movable about CD as a hinge. 
The height of the solid is Sa ^nd the side of the base a. A particle m 
moving with aP horizontal velocity v strikes directly the middle of that 
vertical face which stands on AB, and sticks there without penetrating. 
Shew that the solid will not upset unless v^>^^ga, 

2A A uniform cubical block stands on a railway truck, which is 
moving with velocity F, two of its faceg being perpendicular to the 
direction of motion. If the lower edge of the ^ont face of the block be 
hinged to the truck and the truck be suddenly stopped, shew that the 
block will turn over if F is greater than 1), where 2a is the 

side of the block. 


26. A string, of length 6, witlji a particle of mass m attached to one 
end, is fastened wto a point on the edge of a circular disc, of mass Jf 'and 
radius a, free to turn about its centre. The whole lies on a smooth table 
with the string along a radius produced, and the particle is set in motion. 
Shew that the string will never ^rap round the disc if aM < 46m. « 

26. A uniform rod, of length 2a and mass nm, has a string attached 
to it at one end, the other end of the string being attached to a particle, 
of mass m ; the rod cmd spring being placed in a straight line on a smooth 
table, the particle is projected with vdocity V perpendicular to the string ; 
shew that the greatest angle that the string makes with the rod is 


If- 


28in-i 



and that the angular velocities of the rod and string then are each 


V 


where 6 is the length of the string. 

[The linear momentum of the centre of inertia of the system and the 
angular momentum about it are both constant ; also the kinetic energy is 
constant.] 


27. A smooth circular disc is fixed on a smooth horizontal table and 
a string, having masses if and m at its ends, passes round the smooth rim 
leaving free straight portions in the position of tangents ; if m be projected 
perpendicularly to the tangent to it with velocity F, and the length at 
any instant of this tangent be rj, shew that 
^ {M+m) rj^m F* [(if + w) a*+m (ly*- 6*)], 

where a is the radius of the disc and b is the initial value of if, 

[The total kinetic energy is constant, and also the moment of momentum 
about the centre of the disc.] 
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28. A Bomogeneous elliptio cylici^er rests on a rough plaxie ; shew 
that the least impulsive couple that ^11 make it roll along the»plane is 




2 < 


where m is the mass and a, h the semi-axes. 


29. Explain why a boy in a swing San increase the arc of his swing 
by crouching when at the highest point of his swing and standing erect 
when at the lowest point. 



CHAPTER XVIII 

LAQRANG^E’S EQUATIONS IN GENERALISED COORDINATES 

246. In the previous chapter we have shewn how we ^an 

directly write down equations which do not involve reactions. 
In the present chapter we shall obtain equations which will 
often give us the whole ruQ.tion of the system. « 

They will be obtained in terms of any coordinates that 
we may find convenient to use, the word coordinates being 
extended to mean ai\y independent quantities which, when 
they are given, determine the positions of the body or bodies 
^under consideration. The number of these coordinates must 
be equal to the number of independent motions that the 
system can have, they must be equal in number to that of 
the degrees of freedom of the system, 

247. Lagrange’s ISqnations. 

Let y, js:) be the coordinates of any particle m of the system 
referred to rectangular axes, and let them be expressed in 
terms of a certain number of independent variables 
so that, if t be the time, we have 

e, ( 1 ), 

with similar expressions for y and 
^ These equations are not to contain d, <^... or* any other 
differential coefficients with regard to the time. 

As usual, let dots denote differential coefficients with regard 
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to the time, and let denote partial differential 

coefficients. 

Then, differentiating (1), we ha\^ 

. dx * dx X dx : 

®- 

On differentiating (2) partially with regard to 9, we have 
• ^_dx 

^de dd ^ 

Again, differenliiating (2) with regard to 0, we have 

dx d^x d^x \ d^x : 

de~dm'^W'^ded^'^'^-’’ 

-s[S] 

If T be the kinetic energy of the system, then 

T = ^ Sm [i?® + y* + i®]* (5). 


Now the reversed effective forces and the impressed forces 
/orm a system of forces in equilibrium, so \ha.t their equation of 
virtual work vanishes ; in other words the virtual work of the 
effective forces == the virtual work of the impressed forces. 

The first of these, for a variation of 0 only^ 

.S».[*g+s/§+i§]89 

[*%*■■■ * •••] “ - Hi © + - “ 

by equations (3) and (4), 

- ^ Sm . i + i>) ^ 2m . i + i*] 8^ 

dt dd ^ dd 

" [5 


( 6 ), 
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Age^in, if V be the Work, pr Potential function, have the 
virtual wcrk of the impressed forces, for a variation of 0 alone, 


^'_dw dy 'dd^ dz dd_ 
Ekjuating (6) and (7), we have 

dt \d$) do do 


Be 

BO- 


§.se ...(n 


.( 8 ). 


Similarly, we have the equations 

dt \dij)) d<f> d(l> ’ 
d(dT\_^^^ 
dt \dyfrJ ^ d^lr di^r ’ 

and 86 on, there being one equation corresponding to bach 
independent coordinate of the system. 

These equations are known as Lagrange’s equations ,’n 
Generalised Coordinates. 

Cor. If A” be the potential energy of the system, since 
Fsc a constant — K, equation (8) becomes 

iV— U— +— =0 

dt\dO> de^ dd ' 

If we put T—K = L, so that L is equal to the difference 
uetween the k inetic and p otential-wtergies then, since V does 
not contain 0, etc., this equation can be written in the form 

If— 1- — = 0 
< dt J d0 

L is called the Lagrangian Function or Kinetic PotentiaL 


248. When a system is such that the coordinates of any 
particle of it can be expressed in terms of independent 
coordinates by equations which do not contain differential 
coefficients with regard to the time, the system is said to be 
holonomous. 

‘ 249. Ew. 1. A homogeneous rod OA^ of mass % and lengtk 2a, is freely 
hinged at 0 to a fixed point; at iu other end is freely attached another 
homogeneous rod AS, of mass m, and length 2h; the system moves under gravity; 
dnd eauations to determine the motion. 
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Iiet Oi ftii8 Qi be the oentree ot maae qf th^ode, and $ and ^ thei^taudina- 
tions to the vertical at time U • ^ 

The |inetio energy of OA is ^ 

1 4a2 - , 

is turning round A with Velocity 5^, 
whilst A is turning round 0 with velocity 2af . 

Hence the square of the velocity of 
=s (2ai cos $ + cos 

+ (2ad sin d + 6^ sin 0)> 
m 4a2^ + 62^ + 4a6^0 cos (d — 0), 

Also the kinetic energy of thcarod about 6r, 

=2«i,.8^. 

1 *1 7i3 

+ 2 w*a C4a®d2 + 6*02+ 4a^^ cos (^ - ^)] + 2 ^ 

=1* • 4a»tf» + ^m,.^^ + i»^.4a60^oos(.^-«i) ...(1). 

Also the work function V 

ss miga cos 0 + rngj {2a ooes^ + 6 cos 0) + (7 (2). 

Lagrange’s ^-equation then gives * 



+ Wj J . 4a*i + mj . 2a60 cos 0 - - 2m^ahbi> sin (0 ~ $) 

(^\ 

dt \ dd / dd ( 


d$ 

ss - (i% + 2 j»j) sin 


"** 4ad’ + 2Tna6 [0 cos 0-^-0* sin 0 - a]= ♦ p (mi + 2ina) sin ^ 


So the 0-equation is 

^ 1"^ ^ 2a66> cos (0 — f>)| ^ + WI2 • 2a6(?0 sin (0 - $) 


(3). 


s= - mjbg sin 0, 

<.e. $ # + 2a^ cos (0 ~ ^) + 2aa2 gin (0 - d) s= - p sin 0 (4). 

o 

Multiplying (8) by cub, (4) by adding and integrating, we have 
g (^ + mi) 4a2^ 4a6d0 cos ( 0 - $) 

r:(mi+2mjJpaoos^+m8j^6cos0+a (6). 

This is the equation of Energy. 

Again multiplying (8) by a, and (4) by mji we have, on adding, 

^ ^ ^ 1"^ ^+2ab + 0) COB (0 - 9)j- ^ 

SB -ag(m|+2^sine*f}%bg8in0. 

ThiiiAe the equation derived by taking moments about O for the aystmn. 
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Ex. A uniform rodf of length can turn freely about oni end, which is 
fixed. Init^lly it is inclined at an acu\e angle a to the downward S,rawn vertical 
and it is sef rotating about a vertical axis through its fixed end witf^ angular 
velocity x. Shew that, during the motion, the rod is always inclined to the 

^ * c ^ 3/7 

vertical at an angle which is '^a, according as 


4aoosa 

ease its motion is included between f he inclinations a and 
oofl-^ [ - n + \/l-2»coso+n2] , 

aw2 gin* a 


, and that in each 


where 


3^ 


If it be slightly disturbed when revolving steadily at a constant inclination a, 

shew that the time of a small oscilUMon is 2ir * 

At any time t let the rod be inclined at 6 to the vertical, and let the plane 
through itt and the vertical have ^ 5 « 

tamed through an augle 0 from its O 
initial position. y 

Consider any element V N 

rod at where OP=^ ^ 

If PN be drawn perpendicular to 
the vertical through the end 0 of the 
rod| then P is moving perpendicular 
to NP mik velocity 0 . nP, i.e. , JT 

$sin^0, V 

and it is moving perpendicular to OP 
in the plane VO A with velocity ^e. j 

Hence the kinetic energy of this 
'element 



Therefore the whole kinetic energy T 

“ r ^ fo ® 

Also the work function V ^ 

^ * =m.g ,aGos$ + C. 

Hence Lagrange’s equations give 

^ ^ . 2 sin ^ cos - mga sin $, 


and 

d r 4 ma* r , « .“1 ^ 

dt [-8-^^’ <']=»■ 

U. 

d' - 0* sin ^ cos d= - sin d . 

4 a 

and 

0 sin> 0 s constant s 6; sin^ a . 

* (X) and (2) give, 

on the elimination of 0, 


« w^sin^a ^ ~3a . 


(1). 

.( 2 ). 


(8J. 



Lagromge'fi Equations 


335 


Steady mtion. The rod goes round at a constant in jUnation to the 

vertical if aero when e=a, i.e. if* * 


4a cos a 


.(4). 


When <a has not this particular value, equafiftn (3) gwea on intel^ation 


+ ^ oose + Cs: cu^sin^a + ^ (cos^-cosa) 

Bin2 0 2a # 2a ' 

from the initial conditions. 


8P, 


•( 6 ). 


3^ cos a - cos 0 
“2a sin^d 

L* 


[cos® 5 + 2w cos ^ - 1 + 2n cos a]. 


.( 6 ). 


Hence 0 is zero when 0=a, i.e. initially, or when 

cos® 0 + 2n cos ^ - 1 + 2/i cos a= 0, 

t.c. when cos --n + ~2ficosa + n2 

[The + sign must be taken ; for the - sign ^would give a value of cos 0 
numerically greater than unity.] • 

TiSe motion is therefore included between the values 0=:ti and 0ss^i where 
cos 01 is equal to the right hand of (6). 

Now 01 ^ a, i.e. the rod will rise higher than or fall below its initial position, 
according as cos ^2 > 


i.e. according as - 2n cos a + n® $ cos a +«, 

i.e. according as sin® a J 4» cos a, 

. sin^a ^aw^sin^a 

t.e. according as $ — 5 i 

® 4 cos a ^ dg 

i.e. according as «® 5 7 - — — , 

® ^ 4a cos a 

i.e. according as the initial angular velocity is greater *or less than that for 
steady motion at the inclination a. * 

It is clear that equation (2) might have been obtained from the principle that 
the moment of momentum about the vertical OV is constant. 

Also the Principle of the Conservation of Energy gives 

(02 Bin® d + d®) = mga (cos 0 - cos a) + w® sin* a. 

o o 

On substituting for <f> from (2) this gives equation (5). 

Small oscillations about the steady motion. 

By (4) the value of w* is -r -^ — for steady motion. . If «• has this value. 

4a cos a 

then (3) gives 


-SD 


sin* a oobB 


sin 0 

.008 a sm®^ J 

Here put ^lsa+ where ^ is small, and therefore 

sin 0 as sin a •4* 0 cos a, 

and 00s ^as oos a — 0 sin a* 


•KT). 
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Henoe (7) gives 


^ * [(1 - ^ tan a) '(1 + ^ cot a)-» - (1 + f cot a)] 

* bota + tana] 

a- . 8p(l«h8C08^tt) 

4aoo8<r ’ 


on neglecting squares of 
Hence the required time 


= 2ir 


n/. 


4a cos a 


(1 + 3 COB* a) 


Ex. 8. Four equal rods^ each of length 2a, are hinged at their end$ io as 
to fotm a rhomhtu ABCD. The angles B and D are connected by an elastic 
string and the lowest end A rests on a horizontal plane whilst the end G slides on 
a smooth vertical wire pewsing through A ; in the position of equilibrium the 
string is stretched to twice its natural length and the angle BAD is 2a. Shew 
that the time of a stnaU oscillation about this position is 


2ir (1 + 8 sin^ a) cos a | i 


3g cos 2a 


f 


When the rods are inclined at an angle 0 to the vertical, the component 
velocities of the centre of either ef the unper rods are 

~ [8a cos 0'\ and ~ (a sin 0)^ i.e. * 8a sin 9 ^ and a cos ^ • $. 

Henoe T, the total kinetic energy, 

= 2 X I m + ( - 8a sin 00)^+ {a cos ^ 

5=8??ia*^2[ij + 8in2^]. 

Also the work function V 

^ • ..V f2aBin$x--e , 

cs -mp. 2 . (aoo8tf+ Sacos 5) ~2\ I , dx 

Jo e 

^ =a -8mpa cos ^ - ^(2aBin 

where 2c is the unstretched length of the string and X the modulus of 
elasticity. 

Lagrange’s equation is therefore 


^ j^l6a*m8 Q + J - 16ma*8* sin ^ cos ^ 


aB89?i^asin0-^acos9(2aBin^<-c) (1). 

Now we are given that $ and 9 are aero when 0saa, and that c«a sin a. 


A X« 


2wpc 
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In (1) pttting + where yp is^ small, and negleo^ng squfires and 
products of "yp and we have * 

16a|w^ + sin^ a) 

= %mga (sin a + ^ cos a) - [cos yp sin ci|| [a sin a + fpa cos aj 

sBs — bamgyp (cos a - sin a fan a), 

. v_ oos^g 

^ ’’2acosa(l + 3 8in2a)’ 

nil. - XI. • j X. r. /2aco3a (1 +3sin2a) 

Therefore the required timesB2ir ^ 3p co8 ' 2g ’ 

Ex, 4. Small oscillationa about the stable position of equilibrium for ike 
case of Ex. 1 when the masses ^nd lengths of the rods are equal. 

When mixzm^ and ft =6, the equations (3) and (4) of Ex. 1 become 

~ 2^* cos (<p-0)- 2^ sin (0 - ^)= - — sin $, 

o a 

and 2 ^cos ( 0 -^) 4*^ 0 + 202 Bin ( 0 ~^)= - |sin 0 . 

The stable position is given by ^ = ^^0. taking 0 and 0 to be small, 
and fl^glecting 02 and 02^ and putting 0 and 0 for sin 0*and sin^, these 
equations become 

(y D* + e + 2r)V =0 (1), 

and 2 D».«+*(|d!'+|^ 9>=0* (2), 

d 

where D stands for ^ . 

-at 

Eliminating 0, we have 




To solve this equation put 0=LpCoa (pt + a|)), and we have 

■5'^' 

_ * ^9 M ln\ ^ . /7\ 


giving and (7-2 ^7). 

0 = El cos {pit + ai) + Ea (P 2 ^ + « 2 ) » 

so that the motion of 0 is given as the compounding of two simple harmonic 

motions of periods — and — . 

Pi P2 

Similarly, we obtain 0= Jlfi cos (pit + ai) + Jlfa cos (p^t + a%). 

The constants Ej, Es, iifi and are not independent. For if we substitute 
the values of 0 and 0 in equations (1) and (2) we obtain two relations between 
them. 

m,. , .1^ V. 2^7-1 , Ea 2^7+1 

These are found to be — — and = —— — . 

The independent constants ultimately arrived at may be determined from 
the initi^ conditions of the motion. 


L. D. 


22 
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r ^ 

EqnaMons (1) /wd (2) may be otherwise solved as follows. Mtfitiply (2) by X 
and add to ^1), and we have ^ 

D*[(y+2x)tf+(2+|x)^] + £(30+\^)=0 (3). 

Choose X so that U. X,:Zi±N^. 

O A o 

Putting these values in (8), we laave, after some reduction, 

J)» [W - (2 V7 + 1) «] = - ^ [7 + 2 V7] [99 - (2 V7 + 1) 0] (4), 

and i)*[99+(2v'7-l)0]=-j^[7-2v{7][99+(2V7-l)i^] (6). 

/. 9d - (2 JT + 1) 0 = if cos (pit + ai), 
and 9d + (2 1) cos + ^ 52 )* 

This method of solution has the advantage of only bringing in the four 
necessary arbitrary constants. 


260. If in the last example we put 

9d-(2V? + l)</) = Z, 
and * ‘ 9« + (2V7-1)^=F, 

the equations (4) and (6) become 


(PX 

dP 


-xl, and-^ = -/tF, 


where X and ^ are numerical quantities. 

The quantities X and F, which are such that the corre-^ 
spending equations each contain only X or F, are called 
Principal Coordinates or Normal Coordinates. 

More generally let the Kinetic Energy T, and the Work 
Function F, be expressible in terms of 6, cf), yjr, 0, <j> and yjr in 
the case of a small oscillation about a position of equilibrium, 
so that 

r* + A,^<i>^ + A„yj^ + 2Aj^ + 2Ajyjr 4- 2A^(iyyfr . . .(1), 
and V = G-hOi^ +ai<f> 4. aaa^* 4- a^ylf^ + ...(2). 

If 0, ij>, yjr be expressed in terms of X, F, Z by linear 
equations of the form 

0 — 4“ XqF 4“ X^Zf 

(fi-f^iX + MsF+ZAjJ?, 

and *= PiX + vnY 4- v^Z, 

hnd Xi, Xa, Xa, fltj Pi, V 2 , Vf 

be so chosen that on substitution in (1) and (2) there are no 

terms in T containing YZ, ZZ, JtF, and none in V containing 
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YZ, ZX, iY, then X, Y, Z 9,10 called PrincijAl or Normal 
Coordinates. For then 

and V — 0i -i- di'X -hdiY-^ da Z + + (1^3 Y‘ + d^Z*, 

and the typical Lagrange equation i^ then 

2^n'l = ai'+2au'X, 
i.S. an equation containing X only. 

On solving this and the two similar equations*for F and 
we have 6 given by sum of three simple harmonic motions. 

Similarly if the^originalfequations contained more coordinates 
than three. 


251. Lagrange’s equations for Blows. 

Let i'o denote the values of x before and after the 

action of the blows. Since the victual ifioment of the effective 
impiftfees — is equal to the virtual monf^nt of 

the impressed blows, we have, for a variation in 6 only, 

=2»[x.g+r.| + 2,*]s» (1> 

Let Fo be the values of T just before and just after 


the blows. 

Then, from equations (3) and (5) of Art. 247, 


\deU L 




■M 

de 




d6. 

dz 


n 


and 


\de)a 


^ V , dx .dy , dzl 


! 2m 




,dx, .dy , ,dz 

‘"dO ^d0 dd. 


1- 


Hence the left hand of (1) is 

f^- 

\deJ, 

Also the right hand of (1) 
[dFid® 


LV(j«/. W/.J 


. dVidx dV\dy dY\ dz dY^ 

~ [ixdd^ d^dd^~^de\ ^^~'W ’ 


where SFi is the virtual work oithe blowa 


88—2 
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f ^ 

Hence if SVi be expressed in the form 
the equation. (1) can be written in the form 


(dT\ 

(dT\ 

\d^Ji 

\deJi 


and similarly for the other equations. 

The equation (2) may be obtained by integrating equation (8) of Art. 247 
between the linfits 0 and r, where t is the infinitesimal time during which 
the blows last. 

f LdeJo Ld^Ji \-d0^ 

dT 

Since ^ is finite, its integral during the small time r is ultimately zero. 

mu • . , ,dV . dVi 

The integral of ^ is . 

Hence equation (2). 

252. We give two examples of the preceding Article. Many of the examples 
of pp. 272 — 274 and also Ex. 2 of p. 277 and Ex. 14 of p. 280 may well be 
solved by this method. 

( 1 

Ex, 1. Three equal uniform rodt AB^ BG, CD are freely jointed at B and 
C and the ends A and D are fastened to smooth fixed pivots whose distance 
apart is equal to the length of either rod. The frame being at rest in the form 
of a square, a blow J is giv^n perpendicularly to AB at its middle point and in 

3J2 

the plane of the square. Shew that the energy set up is where m is the 

mass of each rod. Find also the blows at the joints B and G. 

When AB, or CD, has turned through an angle 0, the energy of either is 

1 4^2 . f 1 . 

- m . 0^, and that of ^C, which remains parallel to AD, is ^ w (2a0)K 


(-) =■ 

\<M/1 


0, and 


{-) =«• 

Vd^/o 


Also 

Hence we have 


Wi=^J,ab0. 

20ma^ • ^ • SJ 

-^e=J.a.t.e.e=^. 


required energy = 


10ma2^2 8*7* 


If Y and Yi be the blows at the joints B and C then, by taking moments 
about A and D for the rods AB and DC, we have 

4 a^ * 4 /z^ * 

• m. -^0=rj, a-^Y.2a, and m . — .2a. 

V O 
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Ex, 2. Sxlve by the same method Ex, 12 of page 280. 

Let mi bei^the maes of the rod struck, m 2 that of an adjaoen^roS, so that 
mi __ m2 JJf' • 

a b + 

Let u be the velocity and w the angular ^velocity* communicated to tte rod 
that is struck. • 

Then T= | . 2mi ^^2+ ^ ^ wig flit + a«)2 + (u - a«)i] 


= ( 1 ). 

Also the blow *X=M[V -u-c<^] (2), 

and dVi = M[V--u-^c<a][bx + c5e] (3), 

where tt=i and o)=$. h 

Hence the equations of the last article give 


and 


If 


these give 


M'u=£l=zM(V--ii^co>) 


¥1 

3 


n a-h3b dVi ^ ^ 

3c2 a + b 




MV 


a2 a + 36' 
and ^w= 


MFX 


“■"M(l + X) + M' * Mg + X) + ilf' 

Also, by Ex. 3, Art. 207, the total loss of kinetic energy 


= ^X[T^ + (w + cw)] - ^ X[ti + C(i)^ 

MV[V- (w-t-cw)] = eto. 


(4) , 

( 5 ) . 

.( 6 ). 


EXAMPLES 

1 , A bead, of mass if, slides on a smooth fixed wire, whose inclination 
to the vertical is a, and has hinged to it a rod, of mass m and length 21, 
which can move freely in the vertical plane through the wire. If the 
system starts from rest with the rod hanging vertically, shew thapb 

{4if -h m (1 + 3 cos2 d)} 16 ^ = 6 (i/ + ??i) g sin a (sin ^ - sin a), 
where 6 is the angle between the rod and the lower part of the wire. 

2. A solid uniform sphere has a light rod rigidly attached to it which 
passes through its centre. This rod is so jointed to a fixed vertical axis 
that the angle, 3, between the rod and the axis may alter but the rod must 
turn with the axis. If the vertical axis be forced to revolve constantly 
with uniform angular velocity, shew that the equation of motion js 
of the form (cos 3 ~ cos ff) (cos a - cos 3), Shew also that the total 
energy imparted to the sphere as 6 increases from 3i to 3% varies as 
cos* 3i - cos* 3%. 
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3. A uniform rod, of mass 3m and length 2?, has its middle point Hxed 
and a mae^ m attached at one extremity. The rod when in a horizontal 
position is, set rotating about a vei*tical axis through its centre with an 


angulir velocity equal to 


f^na 


Shew that the heavy end of the rod 


will fall till the inclination of the rod to the vertical is cos“"^ — 

and will then rise again. 


4. A rod OA, whose weight may be neglected, is attached at to a 
fixed vertical rod OB^ so that OA can freely rotate round OB in a horizontal 
plane. A rod A of length 2a, is attached by small smooth rings at X 
and 7 io 0 A and OB respectively. Find an equation to give d, the 
inclination of the rod XY io the vertical at time <, if the system be started 
initially with angular velocity Q about OB^ Shew'that the motion will 


be steady v:ith the rod AF inclined at a to the vertical, if G*r=?^seoa, 

4a 

and that, if the rod be slightly disturbed from its position of steady motion, 


the time of a small oscillation is 4fi 

V' 




a cos a 

3^ (14-3 cos* a)’ 


5. If in the preceding question the rod OA be compelled to rotate 
with constant angular velocity co, shew that, if 4ft)*a > 3^, the motion will 

be steady when cos a « > and that the time of a small oscillation will 

fiiratt) 

\/l6ci)*a*-9^*’ 

[Reduce the system to rest by putting on the "centrifugal force” for 
each element of the rod AF, and apply the principle of Energy.] 


6. Three equal uniform rods AjR, BC, CD^ each of mass m and length 
2a, are at rest in a straight line smoothly jointed at B and C. A blow I 
is ^ven to the middle ro<i[ at a distance c from its centre 0 in a direction 

perpendicular to it ; shew that the initial velocity of 0 is ^ and that the 

om 

initial angular velocities of the rods are o 

" (5a+9c)/ 6c/ (6a --9c)/ 

lOma* ’ 6ma2’ lOwia* ’ 


7. Six equal uniform rods form a regular hexagon, loosely jointed at 
the angular points, and rest on a smooth table ; a blow is given perpen- 
dicularly to one of them at its middle point; find the resulting motion 
and shew that the opposite rod begins to move with one-tenth of the 
velocity of the rod that is struck. 

* 8. A ftamework in the form of a regular hexagon A consists 

of uniform rods loosely jointed at the corners and rests on a smooth table * 
a string tied to the middle point ot A B is jerked in the direction of AB, 
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Find the reenlting initial motion and shew that tne velocities ^ong AB 
and DE of *their middle points are ifi opposite directions an(^ in the ratio 
of 69: 4. " . 

[Lot and i?i be the resulting velocities of the middle point of AB 
along and perpendicular \x> A B and ©i il^ angular velocity^ and lef 
and a>2 give the motion of B0 similarly, and so on. From the motion of 
the comers A, B, (7, etc., we obtain * 

and 

Hence 

i 2m J ^ 2 [9^1* + 3 (we - ^ 2 )* + ( We ~ + ^)*]- 

Also ^ 6F1— */. 5^1, where 

The equations written down by Art. 261 then completely determine 
the motion.] 

9. A perfectly rough sphere lying inside a hollow cylinder, which 
re8t«.on a perfectly rough plane, is slightly displaced f^pm its position of 
equilibrium. Shew that the time of a small oscillation is 

a — 6 lAM 

“IT' 

where a is the radius of the cylinder, b that of* the sphere, and Jf, m are 
the masses of the cylinder and sphere. 

10. A perfectly rough sphere, of mass m ana radius 6, rests at the 
lowest point of a fixed spherical cavity of radius a. To the highest point 
of the movable sphere is attached a particle of mass m' and the system is 
disturbed. Shew that the oscillations are the same as those of a simple 

4m' 

pendulum of length (a ~ b) — — 
m+m' 

11. A hollow cylindrical garden roller is fitted with a counterpoise 
which can turn on the axis of the cylinder ; the system is placed on a 

2ir 

rough horizontal plane and oscillates under gravity; if — be the time of a 
small oscillation, shew that p is given by 

[(2 JI/+ M') - if 'A*]« (2ir+ir0 gk 

where M and M' are the masses of the roller and counterpoise, k is the 
radius of gyration of M' about the axis of the cylinder and A is the 
distance of its centre of mass from the axis. 

12. A thin circular ring, of radius a and mass if, lies on a smooth 
horizontal plane and two tight elastic strings are attached to it at opposite 
ends of a diameter, the other ends of the strings being fastened to fixed 
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t *' # 

I 

points in the diameter produced. Shew that for small oscilktions in the 
plane of tire ring the periods are the values of ~ given by — 1 aaO 

h C . ^ ^ " 

or ^ or - , where h is the na^iyal length, I the equilibrium length, and 
T the equilibrium tension of each string. « 


13. A uniform rod AB^ of length 2a, can turn freely about a point 
distant c from its centre, and is at rest at an angle a to the horizon 
when a particle is hung by a light string of length I from one end. If 
the particle be displaced slightly in the vertical plane of the rod, shew that 
it will oscillate in the same time as a simple pendulum of length 

- a* + 3ac cos^ a + dc^kin^ a ^ 

a^-{'Zac 


(> 

14. A plank, of mass if, radius of gyration h and length 26, can 
swing like a see-saw across a perfectly rough cylinder of radius a. At its 
ends hang two particles, each of mass m, by strings of length 1. Shew 
that, as the system swings, the lengths of its equivalent pendula arew^ and 
i/lr^ +2m6^ 

(if-H2m)a * 


15. At the lowest ppint of ‘a smooth circular tube, of mass M and 
radius a, is placed a particle of mass if' ; the tube hangs in a vertical 
plane from its highest point, which is fixed, and can turn freely in its own 
plane about this point. If the system be slightly displaced, shew that the 

periods of the two independent oscillations of the system are 27 r 



16. A string AC tied to a fixed point at A and has a particle attached 
at (7, and another equal one at B the middle point of AC. The system 
makes small oscillations under gravity ; if at zero time ABC is vertical and 
the jingulhr velocities of AB, BG are a> and Q)', shew that at time t the 
inclinations $ and 0 to the vertical of A By BC are given by the equations 

^ sin nt and — ^2^ = - — where 

AB=BC=a, n^=^(2 — ^2) and + 


17, A uniform straight rod, of length 2a, is freely movable about its 
centre and a particle of mass one-third that of the rod is attached by a 
li^t inextensible string, of length a, to one end of the rod ; shew that one 


period of principal oscillation is 


(^6-hl ) ir ^ 
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18. A uniform rod, of length 2a, which has one end attached to a 

♦ • • 6a * * 

fixed point by a light inextensible string, of length , is perfoitning small 

oscillations in a vertical plane about its position of equilibrium. Find its 
position at any time, and shew that the^eriod^of its prihcipal cficilla* 


tions are 27r 



and TT 



19. A uniform rod, of mass 6wi and length 2a, turns freely about one 
end which is fixed ; to its other extremity is attached one end of a light 
string, of length 2a, which carries at its other end a particle of mass m ; 
shew that the periods of the small oscillations in a vertical plane are the 

same as those of sim^e pendufUms of lengths — and . 


20. A rough plank, 2a feet long, is placed symmetrically across a 
light cylinder, of radius a, which rests and is free to roll on a perfectly 
rough horizontal plane. A heavy particle whose mass is n times that of 
the plank is embedded in the cylinder alf its lowest point. If the 
system is slightly displaced, shew tTiat its periods of oscillation are 

the values of ~ ^ given by the equation - (n 1 2) + 3 - 1) =* o. 

*21. To a point of a solid hotnogene^us sphgre, of mass i/, is freely 
hinged one end of a homogeneous rod, of mass nM^ and the other end is 
freely hinged to a fixed point. If the system make small oscillations under 
gravity about the position of equilibrium, the cejatre of the sphere and the 
rod being always in a vertical plane passing through the fixed point, shew 

27r 

that the periods of the principal oscillations are the values of — given by 
the equation 

2a6 (6 + 7n) - pV (3 + »») + 21 6 (2 + + 1 V (2 + «) = 0 , 

where a is the length of the rod and 6 is the radius of the sphere. 
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SMALL OSCILLATIONS. INITIAL MOTIONS. 
TENDENCY TO 'BREAK 

/ 


263. c In the preceding chapters we have had several 
examples of small oscillations, and in the last chapter we 
considered the application of Lagrange’s equations to some 
problems of this class. 

When the oscillation is that of a single body and the 
motion is in one plane, it is often convenient to make use of the 
properties of the instantaijeous centre. By Art. 214 we know 
that, if the motion Ife a small oscillation, we may take moments 
about the instantaneous centre J as if it were a fixed point, 


and the equation of motion becomes M¥ 


dt^ 


==the moment of 


the impressed forces about /. 

Since the motion is a small oscillation the right-hand 
member must be bmall, and therefore 6 must be small. Hence 
any terms in Ml(f^ wfiich contain 0 may be neglected since we 
are leaving out all quantities of the second order, i,e. we may in 
calculating Mk^ take the body in its undisturbed position. In 
th^right-hand member we have no small quantity as multiplier; 
hence in finding it we must take the disturbed position. 

The student will best understand the theory by a careful 
study of an example. 


254. Ex, One-half of a thin uniform hollow cylinder, cut of by a plane 
through its axU, it performing tmaU otcillationt on a horizontal floor. Shew that^ 

if a he the radius of the cylinder, the time of a small oscillation is 2r \/ ^ 

^ * ^ ^ 

or 2ir » ^ccoi'ding as the plane it rough enough to prevent any sliding, 


or smooth. 
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Let O be^he centre of the flat base^ the cylinder, an ji G its ^lentre of 

inertia, so that let N be the* 

e ^ 

point of contact with the floor in the 
vertical plane through GG^ and 
0^1 NOG, • 


If the floor be perfectly rough, N ie 
the instantaneous centre of rotation; 
hence, taking moments about it we 
have, if h is the radius of gyration 
about (?, • 

Mlk^+NG^]d=:- 

Now 2^G2=a%4- CG^ -2a, GQ. cos 0, 

and M (k^ PgG^) s= moment of inertia about G = Ma^» 

TT /t\ • •A 2a Bind 

Hence (1) gives d= , 2a /CGT cos d 





T a-GG 


, since d is very small. 


a{7r-2) 




9 


Hence the required time is 2ir / 

• Next, let the plane be perfectly gmooth,«nd draw GL perpendicular to CN ; 
then L is the instantaneous centre. For, since thefe are no horizontal forces 
acting on the body, G moves in a vertical straight line, and hence the in- 
stantaneous centre is in GL. So, since N moves horizontally, the centre 
must be in JVC ; hence it is at L. Taking momenta about JL, we have 

M[k^+LG^]0^^M,9.CGBme (3), 

i.s, M [A-a + CCa . sin2 d] d= - ilf . p . CC . sin d. 

Hence, when d is very small, 

•• 2a d 

o*-C<J»+CG». 

2 a 5 f d 2g IT 

w a2-CC3’* ““ a ir2-4® 


.(4). 


Hence the required time = 2ir ^ * 


If we had applied the principle enunciated at the end of the previous 
article, then in calculating the left-hand side of (1) we should have taken 
for NG its undisturbed value, vis, AG, i,e, a-CC, and then (1) gives 

2a 


d= 


-g.GG,$ 


-d . 


k2+C<awi+aa-2a.C(?* 


2aa-2a. 


2a 


d, etc. 


In calculating the left hand of (8), for LG we take its value in the 
undisturbed fKisition which is zero. 

2a 
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^ EXAMPLES 


Ij A thin rod, whose ceptte of mass divides it into portions of 
lengths h and c, rest& in a vertical plane inside a smooth bowl of 
radius a ; if it be slightly displaced, sheW that its time of oscillation is 


the same as that of a simple pendulum of length 




where h is 


the radius of gyration of the rod about its centre of mass. 


2. Two rings, of masses m and m', are 6onnected by a light rigid rod 
and are free to slide on a smooth vertical circular wire of radius a. If the 
system be slightly displaced from its posPcion of equilibrium, shew that 

the length of the simple equivalent pendulum is . , : , » 

. V -f 4* 2mm' cos a < 

where a is the angle subtended by the rod at the centre of the wire. 


3. Two uniform rods, ♦of the same mass and of the same length 2a 
and freely jointed at a common ^extremity, rest upon two smooy? pegs 
which are in the same horizontal plane so that each rod is inclined at 
the same angle a to the vertical ; shew that the time of a small oscillation, 
when the joint moves in a vertical straight line through the centre of Jihe 

line joining the pegs is & . 

V cos a 

4. Two heavy uniform rods, AB and A (7, each of mass M and 
length 2a, are hinged al A and placed symmetrically over a smooth* 
cylinder, of radius c, whose axis is horizontal. If they are slightly and 
symmetrically displaced from the position of equilibrium, shew that 

the time of a small coscillation is 27r a. / - where 

V 3y l-f28in2a’ 

acos® a=«csm a. 


5. A solid elliptic cylinder rests in stable equilibrium on a rough 
horizontal plane. Shew that the time of a small oscillation is 

* _ /h 

^ V g-WZW* 


6. A homogeneous hemisphere rests on an inclined plane, rough 
enough to prevent any sliding, which is inclined at a to the horizon. 
If it be slightly displaced, shew that its time of oscillation is the same 

as that of a pendulum of length ^ ? - 5 cos al , where a is 

o Lv9-648iu2a J 

the radius of the hemisphere. ^ 


7. A sphere, whose centre of gravity (7 is at a distance o from its 
centre Q is placed upon a perfectly smooth horizontal table ; shew that 
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the time of small oscillation of its centre of gravity about its geojjaetrical 

* /P T 4c2+>fc2 a“f 

centre is 2rr ^ ^ I ^ 2 J * ^ radius of gyration 

about and a is the initial small apgle which CQ makes with the 
vertical. • 


8. A uniform rod is movable about its middle point, and its ends are 
connected by elastic strings to a fixed point ; shew that tHb period of the 

rod’s oscillations about a position of equilibrium is ~ , where m 


is the mass of the rod, X th« modulus of elasticity of either string, 6 its 
length in the position of equilibrium, and c the distance of the fixed point 
from the middle point of. the red. 


9. A uniform beam rests with one end on a smooth horizontal ^ane, 
‘and the other end is supported by a string of length I which *is attached 
to a fixed point ; shew that the time of a small oscillation in a vertical 


plane is 27r 



10. A uniform heavy rod OA swings from a hinge at O, and an 
elastic string is attached to a point C in the rod, the other end of the 
string being fastened to a point B vertically below 0, In the position of 
equilibrium the string is at it8 natural lengtk and the coefficient of 
elasticity is n times the weight of the rod. If the rod be held in a 
horizontal position and then set free, prove that, if a> be the angular 

velocity when it is vertical, then A— cj , 

where 2a = length of the rod, 0C=c, and 0B=h, 

Find also the time of a small oscillation and prove that it is not 
affected by the elastic string. • 

11. A uniform rod AB can turn freely in a*vertical plane about the 
end A which is fixed. B is connected by a light elastic string, of natural 
length If to a fixed point which is vertically above A and at a distance h 
from it. If the rod is in ^uilibrium when inclined at an anglj a to the 
vertical, and the length of the string then is k, shew that the time of a 
small oscillation about this position is the same as that of a simple 

pendulum of length ^ . 


12. A rhombus, formed of four eqifal rods freely jointed, is placed 
over a fixed smooth sphere in a vertical plane so that only the upper 
pair are in contact with the sphere. Shew that the time of a symmetrical 

oscillation ir^tbe vertical plane is a / " a 2a is the 

\ off “T SJ cos fl ) 

length of each rod and a is the angle it makes with the vertical in a 
position of equilibrium. 
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13. A circular arc, of radius a, is fixed in a vertical |.lane and a 

uniform circular disc, of mass if* and«radiu8 is placed inside so as to roll 

on the arc. When the disc is in a position of equilibrium, a particle of mass 
M , * * . . • ‘ 

^ is fixed to it in the' vertical diameter through the centre^nd at a 


distance ^ from^the centre. 


Shev/ that the time of a small oscillation about 


the position of equilibrium is 


IT 

6 



14. A uniform rod rests in equilibrium in contact with a rough 
sphere, under the influence of the attraction of the sphere only. Shew 
that if displaced it will always oscillate, and that ^e period of a small 

I 

oscillation is 27 r - ^ r- , where y is the constant of gravitation, m the 

^ (3ym)3 

mass and a the radius of the sphere, and 22 the length of the rod. 


c 

16. centres of force =* (distance)^ J situated at two points S 

and Hy where SH—^h, At the middle point of fixed the centre of 
a uniform rod, of mass M and length 2a ; shew that the time of a small 
oscillation about the position of equilibrium is 2ir — a®)4-\/6/i6. * 


16, A shjQpjsgn consists of a rectangle ABCD which can turn freely 
about its side AB which is horizontal. The wind blows horizontally with 
a steady velocity v and th6 sign is at rest inclined at an angle a to the 
vertical; assuming the wind-thrust on each element of the sign to be 
k times the relative normal velocity, find the value of a and shew that the 
time of a small oscillation about the position of equilibrium is 






cos^ a 


g cos a-ga sin* a ’ 


where BC>= 2a. 


17. A heavy ring Ay of mass nm, is free to move on a smooth 
horizontal wire ; a string has one end attached to the ring and, after 
passing through another small fixed ring 0 at a depth h below the wire 
has its other end attached to a particle of mass m. Shew that the 
inclination 6 of the string OA to the vertical is given by the equation 

h (»+sin* $) ^ 2 = 2 ^ 008 * $ (seoa-seod), 
where o is the initial value of 3. 

Hence shew that the time of a small oscillation about the position of 
equilibrium is the same as that of a simple pendulum of length nh. 

18. A straight rod ABy of mass m, hangs vertically, being supported at 
its upper end A by an inextensible string of length a. A stnng attached 
to J^paeses through a small fixed ring at a depth b below B and supports 
a mass M at its extremity. Shew that the rod, if displaced to a neigh- 



fnitial motions 361 

bouring vert^l position, will remain ^vertical during tie sube^equent 
oscillation if ■* j » and that tho equiv^ent pendulum it? of length 

2 • 


19. A uniform heavy rod AB is in motion in a vertical plane with its 
upper end A sliding without friction on a fixed straight Ijorizontal bar. 
If the inclination of the rod to the vertical is always very small, shew 
that the time of a small oscillation is half that in the arc of a similar 
motion in which A is fixed. 

20. A uniform rod, of length 2^, rests in a horizontal position on a 
fixed horizontal cylinder of radius a ; it is displaced in a vertical plane 
and rocks without slipping; if be its angular velocity ^hen 
inclined at an angle 6 to the horizontal, shew that 


(j ^ + 2^® (cos ^ 4- ^ sin is constant. 

If the oscillation be small, shew that the time is 27r 

y 

21. A smooth circular wire, of radius a, rotates with constant angular 
velocity <o about a vertical diameter, and a uniform rod, of length 26, can 
slide with its ends on the wire. Shew that the position of equilibrium 
in which the rod is horizontal and below^the cenjire of the wire is stable 



if a)®<- 




, where and that then the time of a small 


(3a2~462) 

*oscillation about the stable position is 


/ • Za 
v 3oc — 




3yc-®* (3aa-46*)‘ 


Initial motions 

266 . We sometimes have problems in which initial 
accelerations, initial reactions, and initial radii of curvature are 
required. We write down the equations of motion and the 
geometrical equations in the usual manner, different^te the 
latter and simplify the results thus obtained by inserting* for 
the variables their initial values, and by neglecting the initial 
velocities and angular velocities. 

We then have equations to give us the second dififerentials 
of the coordinates for small values of the time t, and hence 
obtain approximate values of the coordinates in terms of t 

The initial values of the radius of curvature of the path ol 
any point is often e^ily obtained by finding the initififl 
direction of its motion. This initial direction being taken as 
the axis of y, and y and m being its initial displacements 
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expressed in .terms of the tipae t, the value of tlfe radius of 

c T 1 V’* 

curvature = Lt ^ . 

Some easy examples are*^given in the next article. 


c 

256 . JEx. 1. A uniform rod AB^ of mass m and length 2a, has attached to 
it at its ends tro strings, each of length I, and their other ends are attached 
to two fixed points, 0 and O', in the same horizontal line ; the rod rests in a 
horizontal position and the strings are inclined at an angle a to the vertical. 
The string O'B is now cut; find the change in the tension of the string OA and 
the instantaneous angular accelerations of the string and rod. 

When the string is out let the string turn through a small angle whilst 
the rod turns through the small angle 4>, <^nd let T be the tension then. 
Let r and y be the horizontal and vertical coordinaCes of the centre of the 


rod at this instant, so that 

a;=28in (a- ^) + a cos 0= I (sin a-^cosa) +a (1), 

y = lcos(a-0) + a sm0 = l(co8a + dsina) + a0 (2), 

squares of 0 and 4> being neglected. 

The equations of initial motion aie then a 

. .... T T 

I sin a . d*4* = i/ = cos (a-6) = g cos a (3), 


- tcosad* 




and -^$=-a. sin[9O-0-(a-^)]=— .aco8(a + 0-^)= — .aoosa. 


Solving (3), (4) and (5) have 


r= 


mg cos a 




1 + 3 cos^ a * i 1 + 3 cos^ a * 


and if> = 


dg cos2 a 


a 1 + 3 cos2 a ' 


( 4 ) . 

(5) . 


Ex, 2. Two uniform rods^ OA and AB, of masses mi and m^ and lengths 2a 
and 2b, are freely joinied at A and move about the end 0 which is fixed. If the 
rods start from a horizontal position, find the initial radius of curvature and the 
initial path of the end B. 

By writing down Lagrange’s equations for the initial state only, we have 




and 


F=mip . a^+m2^r (2a^ + 60). ; 





+ m2^ . 4a^ + 2m2b$^g {mi + 2mJ, 

V „ 'A 


and 
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_ « 2mi + m2 , v 8^ 

Hence , ^=r— and ,0® — r o“ttV— v) 

a 8mi + bTn2 ft 8mi + 6m2 

Hence, for small values of t, we have*" - , 

6 =^^ 2mij^2 a . 8.^^* 

2a 8/^1 + 6m2 2& 


since 0, <t>y 0 and ^ are zero initially. 

If X and y be the coordinates at this sn^all time t of the end B of the rod, 


we have 


a: = 2 a cos d + 26 cos ^ = 2a + 26 ~ ad* - 6 ^*, 
yz=i^a sin d + 2fe sin (f>=z^ad 4* 26^. 


... p=Ltl?^'^=Lt^ 


TX 

• 2ft - a;) ad* + 60 * 


^ 2MBq 2(2a + 2ft-a;) ad2 + 602 

2a6 fmi 4 ♦wo)^ v ... .. - .,v 

=s s- * on substitution from (1). 

Also the initial path of B is easily seen to be the parabola 
_ _ 4 (ad 4 - 60)* _ 4aft (mj 4- rw 2 )* 

2a + 26 - a ad* 4 - 60* ami* + ft(2ini 4 -W 2 )* * 


EXAMFi.ES 

1. Two strings of equal length have each an end tied to a weight C, 
and their other ends tied to two points A and B in the same horizontal line. 
Ifoone be cut, shew that the tension of the other will be instantaneously 

C ’ 

altered in the ratio 1 : 2 cos* ~ . 

2. A uniform beam is supported in a horkontal position by two 
props placed at its ends ; if one prop be **removed, shew that the 
reaction of the other suddenly changes to one-quarter of the weight 
of the beam. 

3. The ends of a heavy beam are attached by qords of equal length 
to two fixed points in a horizontal line, the cord§ making an angle of 30* 
with the beam. If one of the' cords be cut, shew that the initial tension 
of the other is two-sevenths of the weight of the beam. 

4. A uniform triangular disc is supported horizontally by three equal 
vertical threads attached to its corners. If one thread be cut, Hhew that 
the tension of each of the others is at once halved. 

5. A uniform square lamina A BCD is suspended by vertical strings 
attached to A and B so that A 5 is horizontal. Shew that, if one of the 
strings is cut, the tension of the other is instantaneously altered in 
the ratio 5 : 4. 

6. A uniform circular disc is supported in a vertical plane by two 
threads attached to the ends of a horizontal diameter, each of which 
makes an angle a with the horizontal. If one of the threads be ou^ 
shew that the tension of the other is suddenly altered in the ratio 

28in*a-jU-f-2sin*a. 


L. JX 


£3 
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7. A particle is suspended by three equal strinsfs, of lefigth a, from 
three points forming an equilateral triangle, of side 26, in a horizontal 
plane. If /)ne string be cut^ the tension of each of the others will be 

3^2 _ 452 

instantaneously changed in th^catio — — g — py. 


8 . A circular disc, of radius a and )!\^ight If, is supported, with its 
plane horizontfj, by three equal* strings tied to three symmetrical points 
of its rim, their other ends being tied to a point at a height h above 
the centre of the disc. One of the strings is cut ; shew that the tension 


of each of the others immediately becomes If x 


Vi \/42+a* 


9. An equilateral triangle is suspended- from a point by three strings, 
eachcequal in length to a side of the triangle, atfi&.ched to its angular 
points ; if one of the strings be cut, shew that the tensions of the other 
two are diminished in the ratio of 12 : 25. 


10, A uniform hemispherical shell, of weight If, is held with its base 
against a smooth vertical wall and its lowest point on a smooth floor. 
The shell is then suddenly released. Shew that the initial thru^its on 

* 3 If 17 If 

the wall and floor are respectively — and . 

lU 20 


11. A circular half-cylinder ^supports two rods symmetrically plaad 
on its flat surface, the roJs being parallM to the axis of the cylinder, and 
rests with its curved surface on a perfectly smooth horizontal plane. 
If one of the rods be removed, determine the initial acceleration of the 
remaining rod. ^ 


12. A straight uniform rod, of mass m, passes through a smooth fixed 
ring and has a particle, of mass J/, attached to one of its ends. Initially 
the rod is at rest with its middle point at the ring and inclined at an 
angle a to the horizontal. Shew that the initial acceleration of the particle 

makes with the rod an angle tan”^ /Jf cot a 


j / Jf cot a\ 


^3. A uniform rod, of mass M and length 2a, is movable about one 
end and is held in a horizontal position ; to a point of the rod distant 6 
from the fixed end is attached a heavy particle, of mass m, by means of a 
string. The rod is suddenly released ; shew that the tension of the string 
Mmga (4a — 36) 


at once changes to 


4Jfa^-i-3m6‘^ 


14. A horizontal rod, of mass m and length 2a, hangs by two parallel 
strings, of length 2a, attached to its ends ; an angular velocity cd being 

suddenly communicated to it about a vertical axis through its centre, 
shew that the tension of each string is instantaneously increased by 

4 • 



Initial Motim, ExampUa 855 


15. A uniform rod, movable about one extremity,^ has ati^hed to 
the other e\id a heavy particle by m^ns of a string, the ro^ and string 
being mitially in one horizontal straight ^ine at rest ; prc^e that the 

radius of curvature of the initial patl^^f the particle iij where 

a and h are the lengths of t|je rod and string. 

16. n rods, of lengths ... jointed at their ends and lie 

in one straight line ; a blow is given to one of them so that their initial 
angular accelerations are oi, < 02 , ... o)n* fixed, 

shew that the initial radius of curvature of the other end is 

(«l8)l + + . • . 4* 

17. A rod ABG^oi lengfti is constrained to pass through ^ fixed 
point B. A is attached to another rod OA, of length a, which can turn 
about a fixed point 0 situated at a distance d from B, The system is 
arranged so that A, <9, i?, C are all in a straight line in the order given. 
If A be given a small displacement, shew that the initial radius of 

curvature of the locus of C is f ^ . 


18. A uniform smooth circular lamina, of radius a and maiss if, 
movable about a horizontal diameter is initially horizontal, and on it is 
pfhced, at a distance o from the f^is, a purticle of mass m ; shew that the 

initial radius of curvature of the path of m is equal to 12 . 


[The distance of the particle from the axis being r when the inclination of 
the disc is a small angle the equations of motion are 


r-rO^=ffBin&=g& ( 1 ), 

d 

and — [Mk^0 + mr^0] = mrg cos 0, 

i.e, ^ $ + 2mr$ = mfg (2). 


Now S, 9 and 9 are respectively of the order 0, 1, 2 in t, and hence, from (1), 
f is of the order 2, and therefore r and r - c of the order 3 and 4 in t. 

0 f- ** ^IJICO 

Hence, from (2), on neglecting powers of t, 6 = ~ 


Therefore (1) gives 


Hence 


.'. iszAgt, and 6=^Agt^, 
r=sc. A^gH^ + iAgH^=iAg^(i-\-Ac)tK 




r COB $-0 


r-c-r^ 


sLt 






etc.] 


23—2 
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19. A uniform rod, of length 2a and mass if, can freely v7otate about 
one end^which is fixed ; it is held in a horizontal position &nd on it is 
placed a particle, of mass at a distance h from the fixed end and it is 
then let go. Shew that the initial radius of curvature of the patk of the 

(t 

particle is 




Find also the initial reaction^ between the rod and the particle. 


20. A homogeneous rod ACDBy of length 2a, is supported by two 
smooth pegs, G and 2>, each distant § from the end of the rod, and the 
peg I) is suddenly destroyed ; shew that the initial radius of curvature of 
the path of the end B is , and that the reaction of the peg G is 
instantaneously increased in the ratio of 7 : 8. 


21. In the previous question, if ^ be the middle point of AB^ and the 
single rod be replaced by two uniform rods AE^ EB freely jointed at.^ 
and each of the same densify, she^Y that the same results are true. 


22. A solid cylinder, of mass m, is placed on the top of another solid 
cylinder, of mass Jf, on a horizontal plane and, being slightly displaced, 
starts moving from rest. Shew that the initial radius of curvature of ijlie 

■where c is the distance between its 
centres and all the surfaces are rough enough to prevent any sliding. 


Tendency to break 

w 

267. If we have^a rod AB, of small section, which is in 
equilibrium under the action of any given forces, and if we 
consider separately the equilibrium of a portion PjB, it is clear 
that the action of A P on PP at the section at P must balance 
the ‘external forces acting on PP. 

Now we know, from Statics, that the action at the section 
at P consists of a tension T along the tangent at P, a shear 
P perpendicular to P, and a couple G called the stress-couple. 
The external forces acting on PP being known we therefore 
obtain T, P, and Q by the ordinary processes of resolving and 
taking moments. 

^ If the rod be in motion we must, by D*Alembert*e Principle, 
amongst the external forces include the reversed effective 
forces acting on the different elements of PP. 
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Tendency to break 

Now we know that in the caiee of a rod it ie the ceuple 0 
which breaks it, and we shall therefore take it as tlft measure 
of the liendency of the rod to break. 

Hence the measure of the tendency ijo break* at P Is the 
moment about F of all* the forces, external and reversed 
impressed, on one side of P. 

The rod may be straight, or curved, but is supposed to be 
in one plane ; it is also supposed to be of very small section ; 
otherwise the problem i» more complicated. 

If we had a string instead of a rod the couple 0 would 
vanish, and in thig case iC is the tension T which causes it to 
break. 

The following two examples will shew the metrhod to be 
adopted in any particular case. 

258 . Ex, 1. A uniform rod, of length 2a, moving in a vertical plane 
about one end O which is fixed ; find the actions across the secHon of the rod at a 
point P, distant x from 0. 

Consider any element dy of the rod at a point Q distant y from P. Its 

weight is ~ . mg. • 

aa Cm- 

The reversed effective forces are 

^(.*,18 .«d 
as marked. 

These three forces, together with similar 
forces on all the other elements of the 
body, and the external forces give a system 
of forces in equilibrium. 

The actions at P along and perpen> 
dioular to the rod and the stress couple 
at P, together with all such forces acting 
on the part PA, will be in equilibrium. 

Hence the stress couple at P in the direction ^ 

^ f^^mdy. • 

"J. ■5^(»+!()i 

But, by taking moments about the end 0 of the rod, we have 

( 1 ),^ 

and therefore (oos ^ - oos a) (2), 

where a#as the initial inclination of the rod to the vertical. 
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Henoek the Btreas-couple 

8w^ 4. ^ r® 2a-j;-| 

. sintf(2a-*)»|_g+ 

„ mg^mB 

This is easily seen to be a maximum when a;=~; hence the rod will break, 

• • • A * ^ 

if it does, at a di^ance from O equal to one-third of the length of the rod. 

The tension at P of the rod in the direction PO= the sum of the forces 
acting on FA in the direction FA 

=/r * £ + /r* ^ 

=^(2a-a;)cosd + ^(2a-a;)t2a+ar) ^ 

* ~ cos d + 3 {2a -h x) (cos 0 - cos o)] 

by equation (2). 

The shear at P perpendicular to OP and upwards 


.(3), 


^ dy * . J Cia^X yyifly 
= 2^ “ ^) sin d + ^ (2a - a;) (2a + «) 


JSa?. 3. Owe end o/ a thin straight rod is held at rest, and the other is struck 
against an inelastic table until the rod breaks ; shew that the point of fracture 

is at a distance from the fixed end equal to ^ times the total length of the 

^od. 

When the rod strikes the table let it be inclined at an angle a to the horizon ; 
let « be the angular velocity just before the impact and B the blow. Taking 
moments about the fixed en^ we have 

4^2 

m. w = P.2acoBa (1), 


where m is the mass and 2a the length of the rod. 

Let us obtain the stress-couple at P. 

•- gy 

The effective impulse on an element at Q, where FQ^y, is 

, (x + y) , (a upwards. Hence the reversed 

effective impulse at Q is in the direction marked. 

Taking moments about P, the measure of the 
tendency to break 

f%a-x d,y 

= B (2a - x) cos a - I m(x+y) u> .y 

Jo ^ 

= B . (2a - a) oos o - ^ (2a - *)» (4a + x) 

=B C08 « [(2o - «) - + , (4a* - *•). 
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2(1 

This is ft maximum when x = ififd when B is big enough th^ rod will 
break here. 


EXAMPLES 

1 . A thin straight rod, of length 2a, can turn about one end which is fixed 
and is struck by a blow of given impulse at a distance b fronfthe fixed end ; if 
da 

5 > , shew that it will be most likely to snap at a distance from the fixed end 

O 


equal to 2a \J 


36 -4a 


86 


If 6 < ~ , prove that it will «nap at the point of impact. 

% 

9 . A thin circular wire is cracked at a point A and is placed with the 
diameter AB through A vertical ; B is fixed and the wire is nfade to rotate 
with angular velocity o about AB. Find the tendency to break at any point P. 

If it revolve with constant angular velocity in a horizontal plane about its 
centre, shew that the tendency to break at a poiilt whose angular distance from 

the cAck is a varies as sin^ ~ . 


3. A semi-circular wire, of radius a, lying on a smooth horizontal table, 
ijma round one extremity A with a constant angular velocity If 0 be the 
angle that any arc AB subtends at^he cenfre, shewftthat the tendency to break 
at P is a maximum when tan — 

If A be suddenly let go and the other end of the diameter through A fixed, 
the tendency to break due to the fixing is greatesf at P where tan f. = <p, 

» u 

4 . A cracked hoop rolls uniformly in a straight line on a perfectly rough* 
horizontal plane. When the tendency to break at the point of the hoop 
opposite to the crack is greatest, shew that the diameter through the crack is 

inclined to the horizon at an angle tan“^ 

5. A wire in the form of the portion of the curve r=a (1 + cos 6) cut off by 
the initial line rotates about the origin with angular velocity w. Shew that the 

• IT 12 /2 

tendency to break at the point -- is measured by — 

« o 



6. Two of the angles of a heavy square lamina, a side of which is a, are 
connected with two points equally distant from the centre of a rod of length 2a, 
so that the square can rotate with the rod. The weight of the square is equal 
to that of the rod, and the rod when supported by its ends in a horizontal 
position is on the point of breaking. The rod is then held by its extremities in 
a vertical position and an angular velocity cj given to the square. Shew that 
the rod will break if aut^ > 3^. 
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CHAPTER XX 

( 

MOTION OF A TOP 

c 

4 

269. A top, two of whose py'incipaV moments about the centre 
of inertia are equal, moves under the action of gravity about a 
fixed point 0 in the axis of' unequal moment; find the motion if 
the top be initially set sp'fnning ^iheut its axis which was initially 
at rest * • * 

Let OQG be the axis of the top, Q the centre of inertia, 
OZ the vertical, ZOX the plane in which the axis OG was 6yt 
zero time, OX and OY horizontah and at right angles. 

At time t let OG be inclined at ^ to the vertical, and let 
the plane ZOG have turned through an angle from its initial 
position ZOX. 


Let OA, OB be two perpendicular lines, each perpendicular 
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At tinfe t let a>t, and ft>8 the angular velocities of the 
top about OA, OBf and OC. 

To® obtain the relations between^ a>u and 6, yjr 

consider the motions of A and 0. OG Ije unity, -we hav^ 
d = velocity of G alon^ the arc ZG == ©i sin + a >2 cos (p 

( 1 )> 

^ , Bin 0 ^ yjr X perpendicular from C on OZ 

= velocity of G perpendicular to the plane ZOC 


= — 0)1 cos ^ + ©2 sin (2). 

Also 0)8 = velocity of A along AB 

= <^ + ^ X perpendicular from N on OZ 

= sin (90° — ^ cos 0 (3). 

By Art. 229, the kinetic energy 
y = J \_A(»)i + Ao)^ 

s= ^ A (6^ + yjr^ sin* 0) + i G (<j> + cos 0y (4), 

b^ equations (1), (2) and (3). 

Also F=s: (^cosi — Acos^) (5), 

where h = OG and z was the initial value of 0, 

Hence Lagrange’s equations give 


[A — A sin 0 cos ^ + (7 -h cos 0) yfr sin 0=^ Mgh sin. 0 


( 6 ), 

|[C'(<^ + fco8^)]=,0.. (7). 

and sin* ^ + Ceos + •^(508 0)] = 0 (8). 

Equation (7) gives ^ cos 0 == constant, 
o)t = 4- cos ^ = w, 

the original angular velocity about the axis 00. 

(8) then gives 

A^jr sin* 0+Gncod0^ const. « On cos i (9). 


Also, by (4) and (6), the equation of Energy gives 
A(0^-4-yff^ sin* 0) + On* «= On* + 2Mgh (cos i — cos . .(10), 

since the top was initially set spinning about the axis 00 
which was initially at res^ 
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Eq}iations<(9) and (10) gicp 

A* sin* = A sin* 0 . 2Myh (cfes » — cos ff) — 0‘hi* (cos t —jcoa Oy, 
i.e., if 0*n* = . 4iMghp, we have 

A sin* 0.0^ — 2Mgh (cos i — cos 0) [sin* 0—2p (cos i — cos ^)] 

= 2Mgh (cos Q — cos i) [(cos S —pY — (p* — cos i + 1)] 

= 2Mgh (cos B — cos i) [cos 9 --p -h Vjd^ — 2p cos i +1] 

» [cos 0 — _p — s/p^ — 2p QOS »+l] (11). 

Hence 9 vanishes when ^ = i or 9^ or 9^, where 
cos — 2p cos i 

and cos 9^ = p-h Vp* ~ 2p cos ^ + 1. 

[Clearly cos > unity and therefore 9^ is imaginary.] 

Also 6i > i since it is easily, seen that cos 9i < cos i, since 

p — cos i < — 2p cos i + 1. 

Again, from (10), 6^ is negative if ^ < i, i,e, if cos 9 > cosj ; 
or again, from (11), i^^ > 

cos 9 <p-^ Vp‘^ — 2p cos i + 1. 

Hence the top is never at a less inclination than » or at a 
greater inclination than 9i, ie/its motion is included between 
these limits. 

Now (9) giveg A^fr sin^ 9^ On (cos ^ — cos ^) = a positive 
quantity throughout ihe motion. 

Hence so long as the centre of inertia 0 is above the point 
0, ^ is positive and the plane ZOG rotates in the same way as 
the hands of a watch when looked at from above. This is 
expressed often by saying that the processional motion is 
direct. 

[If O be below the peg, this motion is found to be retro- 
grade.] 

It is clear from equations (9) and (11) that both 9 and 
vanish when 9 = 

Also 


» d 

— ^ 

_ d fcos t — cos 0*" 

1 — 2 cos 0 cosi 4* cos* 9 

dd 


d9 |_ sin* 9 



which is always positive when 0>i. 
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Hence ^ continually increase, as 6 increaseil, for vEjiJaes of 
6 between i and d^, and has jts maximum value,* which is 

easily ^een to be > when 6^ 0,. 

The motion of the top*may therefore tie summed up thus ; 
its angular velocity about its axis# of figure remains constant 
throughout the motion and equal to the initial value n; the 
axis drops from the vertical until it reaches a position defined 
by 0 = ^ 1 , and at the sijme time this axis revolves round the 
vertical with a varying angular velocity which is zero when 
and is a maximum hen 6 = B^, 

The motion of ^he axis due to a change in B only is called 
its nutation.” . 


Ex. 1. If the top be started when its axis makes an angle of 60° with the 

. . A 

upward-drawn vertical, so that the initial^ spin aBout its axis is ^ 

and the angular velocity of its axis in azimuth is 2 1^® angular velocity 

in the meridian plane being initially zero, shew that the inclination $ of its axis 
to«the vertical at any time t is given by the equation 

sec 1 + sech | • 

so that the axis continually approaches to the vertical without ever reaching it. 

Ex. 2. Shew that the vertical pressiye of the top on the point of support is 
equal to its weight when the inclination of its axis to the vertical is given by the 
least root of the equation 

SAMgh cos^ ^ - cos ^ [C*n^ 4- 2AMbgh] -f CVa - A Mgh = 0, 
where a and b are constants depending on the initiiS circumstances of the 
motion. 



260. It can easily be seen from first principles that the axis of the top 


must have a precessional motion. 

Let 00 be a length measilfed along the axis of the 
top to represent the angular velocity n at time t. In 
time dt the weight of the cone, if O be above O, would 
tend to create an angular velocity which, with the 
usual convention as to sense, would be represented by 
a very small horizontal straight line OK perpendicular 
to OC. 

The resultant of the two angular velocities repre- 
sented by OK and OC is represented by OD, and the 
motion of the axis is thus a direct precession. 

If the centre of inertia O be under O, OK would be 
drawn in an opposite direction and the motion would 
be retrograde. ( 
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f ^ 

26} . Twq partioular case^ 

If, as generally the case, m is very large, so that p is very 
large also* then ^ ^ 


' cosd.=p|^l-£(l-?cost + i)^J = 
1 * 

on neglecting squares of - . 

Hence the motion is included between 


cos i 


sin® i 


6 = i and 5==i + 

4 

. ^ . j . 2 AMgh sin i 

i.e. between t and t H 7^— . 


sSht 

2p 


Again if i = 0, then cos = 1, so that 0i is zero also and the 
axis remains vertical throughout the motion ; but, if the axis is 
slightly displaced, the motion Of the top is not necessarily stable. 


262. Steady motion of the top. In this case the axis of the 
top describes a cone round the vertical with constant rate of 
rotation. Hence all 'through the motion 

6=: a, ^ = 0, ^ = 0 and = const. = co. 

The equation (6) or Art. 259 then gives 

Aft)® cos a — Gno) + Mgh = 0 (1). 

This equation gives two possible values of cd ; in order that 
they may be real iSre must have 

(7®71® > 4iAMgh cos a. 

We can shew that in either case the motion is stable. For, 
supposing that the disturbance is such, that 0 is given a small 
valvfte wiiilst is unaltered initially, the equations (6), (7), 
and (8) of Art. 259 give 

Ad — A^ft^ sin 0COS0+ Cnyjr sin 0 » Mgh sin By 
and sin* 0 + (7n cos 0 = const. = Ao) sin® a 4- OVi cos a. 

Eliminating we have 

A^6 — [Aft) sin* a 4* Cn cos a - On cos ^1* 
f sin* 0^ 


Cn 

^sm0 


[A ft) sin® a + Cu cos a — Cn cos 0] = A Mgh sin 0, 
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• • 

Putting + where small, we haye, aftef some 
reduction and using equation (1) above, 

• a _ zi — 2AMghco^ 8os a -f 

Now the numerator df the right hand is clearly always 
positive, so that the motion is stable for both vali^s of w given 
by (1). 

Also the time of a small oscillation 


5= 2TrA ft) -r V — 2 A Mghco^ cos a H- JiPg^h^ . . .(2). 

If the top be set in ipotion in the usual manner, then n is 
very great. Solving (1), we have 

On ± s/G^n^ — 4fAMqh cos a 

ft) = 

2 A cos a 

- fl 4 - ~ 2AMgh cosg 

~ 2A cos a L “ \ 

On Mgh , 

s- or - 77 ^ , very nearly. 

A cos a On ' ^ ^ 

In the first of these casej the precession o) is very large and 

in the second case it is very small. 

Also, when co is very small, the time given by (2) 




_ 27rA 

This will be shewn independently in the next article. 

263. A top is set spinning with very great angular velocity ^ 
and i/nitially its aads was at rest ; to find the mean precessional 
motion and the corresponding period of nutation. 

From Art. 259 the equation for 6 is 
A sin* ^ = 2Mgh (cos i - cos &) [sin* ^ - 2p (cos i - cos 0)] 

0 )- 

If n, and therefore jp, be great the second factor on the right- 
hand side cannot be positive unless cos i — cos 6 be very small, 
i.e. unless B be very nearly equal to i, i.e. unless the top go 
round inclined at very nearly the same angle to the vertical, 
and then, from (9), is nearly constant and the motion nearly 
steady. 
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Pujb 6 = I'V where x is nery small, so that 


COS i — cos d 

sin 6 


= X approx. 


I’hen (1) become^ 

A = 2Mghx (sin 9 — 2px) 

= 2Mghx [sin i — (2p — cos i) x] 

= 2Mghx [sin t — 2jp^], since p is very large. 
iMghp fa;.. .”1 CW , 


where 


9 = 


_ sin i _ AMgh sin i 


4sp 


C-^n^ 


. 

• • .4 I 


da? 


. = COS' 




^ V 2ga?<'— a;^ 

^ = i4-a? = t4*9 1 — cos-^ . 
Hence the period 'of the hutati6n 


Again, 


^ Cn 2 ttA 

; Gn cos i — COS 6 

f .-. — 


sin* 6 


from equation (9) df Art. 259. 


f Cn X Cn X • . 1 

- 7 ■ siir« - T • K 

“)• 

, Mqh ^ AMgh . Gnt 
/. t = sin 


Cn 




The first term increases uniformly with the time, and the 
second is periodic and smaller, containing 
( Hence, to a first approximation, yjr increases at a mean rate 
of P®^ time. 
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Thus, if a top be spun with very great angular velpcity n, 
then, to start with, the axis makes small nutations, of period 

Snd it processes with a mean angular velocity approxi- 
mately equal to At first these oscillations are hardly 

noticeable; as n diminishes through the resistance of the air 
and friction they are more apparent, and finally we come to the 
case of Art. 259. 

264. A top is spinninq with an angular velocity n about its 
ctxis which is vertic(^t ; find the condition of stability , if the^axis 
be given a slight nutation. 

The work of Art. 262 will not apply here because in it we 
assumed that sin a was not small. 

We shall want the value of 0 when ^ is small; equation (6) 
of Ark 259 gives 

A0 = sin ^ cos 0 sin 6 •+• Mgh sin 0 . . .(1). 

Also equation (9) gives 

sin® 6= On (cos i — cos 0) = Cn (1 ~ cos 0 ) . . .(2), 
since the top was initially vertical. 

0 being small, (2) gives 

^ — I — - = ^ + terms involving 0® etc. 

(1) then gives 

qm qm 

+ terms involving 0* etc. 

Hence, if the top be given a small displacement from the 
vertical, the motion is stable, if 
GW 


0 . 


4>A 


■ Mgh, i.e. if n > . 


Also the time of a nutation 


i 27r 


4 . 4 ® 


V (7*n* — 4 A Mgh ’ 
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Cor. ir the body*, inst^d of being a top, b^ a uniform 
sphere of radius a spinning about a vertical axis, and supported 
at its lowest point, then f 

h = , and 0=M^. 

5 , 6 


Therefore n must be greater than • 


If a = one foot, the least number of rotations per second 

in order that the motion may be stable 

^ n/35^ 

27r 27r 


= f bout 6 


Ex, A circular diBc, of radius a, has a thin rod pushed through its centrec 

perpendicular to its plane, the length of the rod being equal to the radius of the 

disc; shew that the system cannot spin with the rod vertical unless the angular 
velocity is greater than • 



APPENDIX 


ON THE SOLUTION OF SOME OF THE MORE COMMON 
FORMS OF DIFFERENTIAL EQUATIONS 

I. yhere JP and Q are functions of jp, 

[Linear equation of the first order.] 

Multiply the equation by and it becomes 




da; 

H?nce constant. 

Es. ^ 

3 D 1 

Here e/^<to^g/ton*<te^g-logco8»^>’_ i_ 

cos^r 

Hence the equation becomes 

1 dv . sin^r \ 

-if +y 1 — 5— “sec^o?. 

ooa a; da; ^ cos* a? 


y _ 


— tanar-hC. 


II. ~ where P and Q are functions of y. 


On putting 
The equation then becomes 

dy 


r, we have 2 ^ g eo that - 1 ^ . 

’ don da^ doo * 2 dy 


H-2P. 


linear equation between T and y, and is thus reduced to the form L 


III. 


Multiplying by 2 ^ and integrating, we have 


I - n*y* + const. «n* (C*— y*^ 
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const. 


nx= I ~T--~-=’SLe 

JVC^-yi , 

y = (7sin(rw?-(*2))=Zsin7ia;4-i/^cos7tJP, 


where Of By Z, afid if are ^bitrarj tonstaats. 

We obtain, a,s in III, 

4- a constant = - C^). 

W4r= j = cosh ~ ^ ^4- const. 

.*. 3^ = (7cosh(?ia?4-i>)=Ze”*4-ife~***, 
where f7, Z, Z, and M are arbitrary constants. 

If- ^-/W, 

Similarly, we have in this case 

(iy=2 

VI. Linear equation with constant coefficients, such as 

S^-S+‘ £+■*■/(*)• 

' [The methods which follow are the same, whatever be the order of the 
equation.] 

Let T) be any solutioi. of this equation, so that 

{D^^^aD^^hD^c)ri^f(x) (1). 

On putting 74*1?, we then have 

(Z3+ai)2 + 6Z4c) F=0 (2). 

To ^iolve^(2), put F=eP*, and we have 

p^’{-ap^-{‘bp’\-c=0 (3), 

an equation whose roots are piyp^y and/)s. 

Hence Ae^'^y Z/**, (where Ay By and C are arbitrary constants) 
are solutions of (2), and hence Ae ^^^ ^ is a solution also. 

This solution, since it contains three arbitrary and independent 
constants, is the most geiieral solution that an equation of the third 
ordi^r, such as (2), can have. 

Hence Fsau4/**4Z/**4 Cfe*"** (4), 

This part of the solution is called the Complembjstakx Fukotion, 



Appendix. Diffhrentml Equations 371 

If soige of the roots of equation (3) are imaginarj', the equation (4) 
takes ancfthcr form. 

F^r let a+fdsj — 1, Ps V® ^he roots. 

Then 

= A [cos 4 - 1 sin /3^] -f [cos ^ sin ^x] + 

— e®* [A 1 cos ^x 4- Bi sin ^x] 4- 
where Ai and Bi are new arbitrary constants. 

In some cases two of ihe quantities piiP 2 y Pz are equal, and then the 
form (4) for the Complementary Function must be modified. 

Let ^ 2 =j^i+‘y) where y m ultimately to be zero. 

Then the form 

= ^ le”-* + Bieo^ + . . . Cfe 

where A^y Bi are fresh arbitrary constants. 

If y be now made equal to #ero, thife becorq^js 

If three roots jOi, p 2 , Pz are all equal, weiiave, similarly, 

as the form of the Complementary Function. 

The value of i \ given by (1) is called the Particular Integral. 

The method of obtaining i \ depends on the form of fix ). The only 

forms we need consider are \x and \ x . 

(i) /(a:)=ar». 

Here, by the principles of operators, 

s=[u4o4’-diZ)4-^2^^4*--* +-d„Z)’*4- . ..j 
on expanding the operator in powers of D, 

Every term is now known, and hence 

+ +d,il.2 ... n. 

(ii) /(*)=«^. 

We easily see that 



372 Appendix. D^erhntial Eqmdiom 

= (-4o <• ili/^ + -42-^^ + . . .) e^* 

^ 

XHaX?+5X + c ’ 

so that in this case t) is obtained by substituting X for 2). 

(iii) /(a?)=*sin Xa?. 

We know that sin X^*= — X^ sin X^, and that 

JD^ sin Xa’ = ( — X 2 )r sii^X^* 

and in general that 

F (2>*) sin \x=^F(^ — X^) sin \x. 

Hence 

=(/)3-a^»+62)- c) . sin X* 

=(2)3-a2?»+62)-o) ■ _ sin X^ 

« (x " ^ - ~ 6)^V(gX^ ~ cos \x + at? sin \x 4 - b\ cosXa?-osin X^r) 

(X^ - hV) cos \x - (aX^ ~ c) sin X^ 

X*(X2-Z^)2-t-(aX‘^-<?)>' • 

* (iv) /(x)s=e'**sinX4?, 

We easily obtain 

D (e^ sin \x)^€f^{D + fi) sin \x, 

(e^ sin \x)»ef*^* (2)+ /i)* sin X:r, 


and, generally, 


IF sin X^) ss (2) -f fxy sin 'Kx, 
F(D) («#** sin X^) — eM* 2?’(2> +/x) sin Xjp. 


Hence 

“ (i)+;t)»+a (Z)+/i.)»+6 (i>+i»)+c 

the value of which is obtained as in (iii). 

Jp some cases wo have t6 adjust the form of the Particular Integral. 
Thus, in the equation 

(2)-l)(2)-2)(2>-3)3^«e2», 
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the partic\^r integral obtained as above becomes inflate ; to get the 
corrected form we maj proceed as follows: 


^ ^ -Si 

' D-2'{D-\){D-Zy 


1 




e** by the result of (ii), 




= - Lt*ie**.ev» 
y»oy 

= something infinite which may be included in the Complementary 
Function -xe^. 

Hence the complete solution is 

y e* 4- Be^ + 

As another example take the^ equation 

(i)3 4) (2) - 3) y as cos ^5r. 

The Complementary Function =^1 cos 2a:‘fi?sin 

The Particular Integral as found by the rule of (ill) becomes infinite. 

But we may write * 

1 i>+3 

i>* + 4 * iD* - 9 ^ 

= -^2^[3cos2a;-2sin2a;] 

“ " ^ y^o [3 cos (2 + y) a: - 2 sin (2 + y) 

1 1 

= ~ i3 Lt ^ ~ ® 

— (3.sin 2^ 4* 2 cos 2.0?) sin y^] 

" If^^-_-y,[(3cos2^-28in2.,) + 

-(38in2a?+2cos2^) ^ya?-^^4* 
=asomethi\^ infinite included in the Complementary Function 


1 
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VII. Lineal? equations with two iudependenifvariables, e. 

/i(J5)y+/j(i))?=0 (1), 

■fi(»)y+^2(^)«=0 ff..(2), 


where 




Perform the operation F 2 (D) on (1) and /2 (D) on (2) and subtract; we 
thus have 

{/i W -F^iD) -/, (D) F^ (jD)} y = 0, 

a linear equation, which is soluble as in VI. « 

Substitute the solution for y thus obtained in (1), and we have a linear 
equation for z. ^ 


M. 


t.d. 

and 

is. 


(i)^+l)^+62>2=0,| 

-Oy + (^* + 2 ) s=O.J 

[(2)«+2)(D*+l)-i).6D]y=0, 

(^2-l)(Z)2-2)y=0. 

y=*de*+J?e-*+C'«V2*+2)e-V2*. 


•d), 

•(2), 


Hence (1) gives 


, dz 


6 2ile* + 2£e * * + 8 Ce V2* + - v2» = 0, 


and hence we have the value of viz. 
On substituting in (2), we find that 
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